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Preface

Preface
This document contains my lecture notes for the third semester of introductory physics.
What actually happens in the class room may be very different. I use an active approach
with a classroom response system. But if I were to lecture the whole time, this is what I
would plan to say. These notes also serve as a review of what we did in class and (and
likely more).
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Introduction: Motion and
Environment?

If you are taking PH220 you should have already taken PH121 or an equivalent class.
In PH121, you learned about how things move. You learned about forces and how force
relates to acceleration

=4 —
F=ma
The force,f}, is how hard you push or pull. This push or pull changes the motion of
the object, represented by it’s mass, m. The change in motion is represented by its
acceleration, a’. Notice that both F and & are vectors. We will need all that you

learned about vectors in PH121.

Since physics is the study of how things move, we are going to study the motion of
objects again in this class. But in this class we will learn about new sources of force,

that is, new ways to push or pull something.

Really these new sources of force are not entirely new. You have heard of them and
probably experienced them. They are electrical charge and magnetism. You have
probably had a sock stick from you after pulling it out of a dryer, and you have probably
had a magnet that sticks to your refrigerator. So although these new sources of force are

new to our study of physics, they are somewhat familiar in every day lives.

To get us started this semester | want to review a particular force, the force due to
gravity. Think of most of our experience with gravity. We have an object moving near
the Earth. There is a force acting on the object, and that force is because of Earth’s

gravity.

We can think of the Earth as creating an environment in which the object moves, feeling

the gravitational force.

2 Note to editors: Yes this is a chapter number 0. I know this is not customary, but zero is a perfectly good

number. There is no requirement that a book start with chapter 0. So please don’t change this. I want the new
material for the course to start with chapter 1. So don’t undo hundreds of years of mathematical debate and
negate zero. It’s a nice number.
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Think of a ball falling, We considered this as an environment of constant acceleration.

In this environment, the ball feels a force proportional to their mass
—

F =mg
where g = 9.81+2 is the acceleration due to gravity. This is true anywhere near the
Earth’s surface. We could draw this situation as follows:

where the environment for constant acceleration is drawn as a series of arrows in the
acceleration direction (downward toward the center of the Earth). Anywhere the ball
goes the environment is the same. So we draw arrows all around the ball to show that
the whole environment around the ball is the same.

This environment is caused by the Earth being there. If the Earth suddenly disappeared,
then the acceleration would just as suddenly go to zero. So we can say that the Earth
creates this constant acceleration environment.

Notice that there are two objects involved, the ball and the Earth. Also notice that one
object creates an environment that the other object moves in. In our case, the Earth
created the environment and the ball moved through the environment. This situation
will recur many times in our course, so let’s give the objects these names, the Earth as
the “Environmental object”, and the ball as the “mover.”

Now you might object, because the force of gravity requires both objects, so how can
we be sure that we have chosen the right objects to be the environmental object and the
mover? Well, you remember that this depends on which reference frame we use to view
the situation. Since we are sitting on the Earth, it is most common to see the Earth as
sitting still and the ball going by. Then the Earth is the environmental object and the
ball is the mover. But if we were a [y sitting on the ball, we might see the ball as the

environmental object and the Earth as the mover!
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Both views are equally valid! It is easier to view the Earth as the environmental object,
though, and we will find that in our problems this semester it is important to look at our

problems to see which reference frame will let us get a solution easier.

The important thing here is to view the situation as an environment and it’s

environmental object with a mover object moving through the environment.






Fundamental

Charge

In the past two courses our goal was to learn now things move. We learned in PH121
and/or ME204 how objects move. We learned all about Newton’s laws which are our
description of how things move. If you have taken PH 123 you learned how groups
of things move, like water molecules in waves or air molecules in the room. We also
learned about how light moves, but there was a mystery there that we need to illuminate
this semester. That is, we really did not deal with the mechanics of how you make light.
By the time we are done this semester you will know how this works!

But most of the semester we will learn about the cause of a particular force, the force
created by electric charge. You have probably felt this force when you put on a sweater
that has a static charge. You may have found a stray sock sticking to your sweater.
(hopefully before you wore it to class). This semester we will learn about this force and
the magnetic force. Then, of course, we can apply these new forces to our dynamics
problems from PH121 to see things move in new ways. We start, then, with the source
of these new forces. Charge

Concepts

e There is a property of matter called “charge.”
e There seem to be two types of charges, called “positive” and “negative.”

e We have a model for how charge acts. The model tells us there are two types of
charge, and that charges of similar type repel and charges of different type attract.

e We call the types of charge “positive” and “negative”

e In metals, the valence electrons are free to move around. We call materials where
the charges move “conductors.”

e Materials where the valence electrons cannot move are called “insulators.”

e In insulators, the atoms can “polarize.”
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What is Charge

Baloon and 2 by 4
demo

Balloon on wall
demo

Comb and bits of

paper demo

Glass and Rubber
Rod Demo

But what is charge? How do we know there are such things as charged particles?

That is the subject we will take up next. Then we will study the motion and actions of
these charged particles. Finally we will show that the fields made by charged particles
can act as a medium for waves, and that there is good evidence that those waves exist.

Evidence of Charge

Let’s start with something we all know. Let’s rub a balloon in someone’s hair. If we do
this we will find that the balloon sticks to the wall. Why?

We say the balloon and comb have become charged. What does this mean? We will
have to investigate this more as we learn more about how matter is structured, but
for now let’s assume charge is some property that provides this phenomena we have
observed with the balloon (i.e. it sticks to the wall). Now lets try rubbing other things.
We could rub two rubber or plastic rods.

— .
Two charged rubber rods are placed close together. The rods repel each other.

and we could also rub two glass rods

+,. 0+, +, o+, + +, 0+, +, 4+, 0+
+ 0+ 0+ L+ L+ + L+ O+ L+ L+
4 4 gy ty tg 4 4ty oty 4

— —
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Notice that in each case we have created a force between the two rods. The rods now
repel each other.

Now let’s try a glass and a rubber rod

—l -

Now the two different rods attract each other.

Notice that in our demo, rods that are the same repel and rods that are different attract.
We make the intellectual leap that the different rods have different charges. So we are
really saying:

1. There are two types of charge.

2. Charges that are the same repel one another and charges that are different

attract one another.

3. Friction seems to produce charge, but you have to rub the right materials

together.

We will call the rubber or plastic rod charges negative and the glass rod charges positive
but the choice is arbitrary. Ben Franklin is credited with making the choice of names.
He really did not know much about charge, so he just picked two names (we will see
that in some ways his choice was somewhat unfortunate, but hay, he was an early
researcher who helped us understand much about charge , so we will give him a break!).

Types of Charge

We now have reason to believe that there are at least two types of charge, one for rubber
and one for glass. But are there more?

Let’s start by introducing a new object, only this time we won’t rub it with anything.

Now this is strange. The new item is attracted to both rods! What is going on? Have we
discovered a new type of charge, one that attracts the other two types we have found?
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Question 223.19.4
Question 223.19.5

Maybe, but maybe the explanation of this phenomena is a little different. To understand

this, let’s consider how charge moves around.

Movement of Charge

One of the strange things about charge is that it is quantized. We learned this word in
when we found that only certain standing waves could be formed between boundaries.
We are using this word in a similar way now. It means that charge has a smallest unit,
and that it only comes in whole number multiples of that unit. Charge comes in a
basic amount that can’t be divided into smaller amounts. So like our standing wave
frequencies, only certain amounts are possible As far as we know, the smallest amount
of charge possible is the electron charge.* This charge we will call negative. We say
that the electron is the principle charge carrier for negative charge. This fundamental

unit of charge was found to be about
e=1.60219 x 10719 C (1.1)
where the C stands for Coulomb, the ST unit of charge.

Any larger charge must be a multiple of this fundamental charge
RQ=nxe (1.2)

The proton is the principle charge carrier for positive charge. From chemistry, you
know protons are located in the nucleus of an atom, along with the neutron. In the Bohr
model of the atom, the nucleus is surrounded by a cloud of electrons. The proton has

the same amount charge as the electron (e), but is opposite in sign.

In a gram of mater, there are many, many, units of charge. There are about 5.
0125 x 1022 carbon atoms in one gram of carbon. Each carbon atom has twelve protons
and about twelve electrons. That is a lot of charge! But notice that the net charge is zero

(or very close to it!). It is common for most mater to have zero net charge.

As far as we know, charge is always conserved. We can create charge, but only in plus
or minus pairs, so the net charge does not change. We can destroy charge, but we end

up destroying both a positive and a negative charge at the same time. The net charge in
the universe does not seem to change much. So when something becomes charged, we

expect to find that the charge has come from another object.

4 Tam not counting quarks here, which have a charge of % or % of the basic electron charge. But still, % of

the basic electron charge seems to be a real fundamental unit.



What is Charge 9

Lets go back to our rubber rod and glass rod demo. We rubbed the rod that was in our
hand, but where did the charge come from? We believe that we are moving charge
carriers (usually electrons) from one object to another, stripping them from their atoms.

This happens when we use friction (rubbing) to charge the rods.

But what about our object that we did not rub, or our paper (we did not rub the bits
of paper). We believe that charge can move, that is why scientists looked for and
found charge carriers. Even in an atom, if [ bring a charged object near the atom then
the negative charge carriers (electrons) will experience a force directed away from
the charged object, and the positively charged nucleus will experience a force pulling

toward the charge object

Notice that the electrons and the nucleus will attract each other, so the atom won’t split
apart. But it will become positively charged on one side because there are more positive
charge carriers on that side. It will become more negatively charged on the other side,
because there are more negative charge carriers on that side. We could draw the atom

like this (figure 1.1)The force due to charge depends on how far away the charges are

.

Figure 1.1.Polarized Atom

from each other. The attractive force between the positively charged side of the atom
and the negative rod will have a stronger force than the negatively charged side of the
atom and negatively charged rod will experience because the negative side if farther
away. We will say that the atom has become polarized.

The positive side will experience an attractive force. The negative side will experience
a repelling force. The net force due to the charge will be an attractive force. The atom
will be accelerated toward the rod! We have seen something like this before. Remember

an object in a [uid experiences a downward pressure force on the top, and an upward
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Salt Shaker Demo

Question 223.19.6

Metal Demo

pressure force on the bottom. The pressure force is larger on the bottom, so there is an
upward Buoyant force. The case with our polarized atom is very similar. We have a net
electrical attractive force.

P

Now suppose we have lots of atoms (like our uncharged object or our bits of paper).
Will they be attracted to the rod? Yes!

How about if we use a glass rod?

ST T
ty tg oty 4y oty

Everything is the same, only we switch the signs. The glass rod is positively charged. It
will attract the electrons, and repel the nucleus. The atom becomes charged. The net

force is attractive (positive rod and closer negative side of the atom)

We sometimes call the separation of charge in an insulator polarization.

Flow of Charge

Let’s start by introducing a new object, a salt shaker (my salt shaker is glass with a
metal top). We will rub the salt shaker and see if it gets charged by placing it next to
our charged rods.

Now this is strange. We rubbed the object, but it was attracted to both rods as if there
were no charge. We know glass can be charged. What is the problem?

It turns out that some materials allow charge carriers to [ow through them. Our
experience with the lighting in our house might suggest that metals will do this. Let’s
try some other metal objects and see what we find.

It seems that the atoms are not maintaining a charge separation in these metal atoms!
Some materials allow charge carriers to move through them. Usually these materials are
metals, but most materials will allow some charge to go through them-even you-which
is what is happening in this case. I charge the rod, but the charge leaves through my
body. Other materials resist the [ow of charge. Materials that allow charge to [ow are

called conductors. Materials that resist the [ow of charge are called insulators.
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Charging by Induction

Knowing that charge carriers can [ow though a material, we can think of a way to

charge a conductor. Lets suspend a conducting rod.

It is not initially "charged" meaning that it has the same number of positive charges and

negative charges, and they are evenly mixed together. I will bring a charged rod next to

it.
AT T T T
+ - -+ TTFET
+ T4ty g Thg-

but let’s attach a wire to the other end of the rod to allow the charge to [ow away from
our conducting rod. We will connect the rod to the ground (in this case, to a water pipe)
because the ground seems to be able to accept large amounts of charge carriers. So the

charge carriers will [ow to the ground.
+ _ > . _oo_ o
+- t+- ety '++-:'
e S e ST

Figure 1.2.

I

(The strange little triangular striped thing is the electronics sign for a connection to the
ground)

Now let’s disconnect the wire from the rod. Is there a net charge on the conducting rod?
+  +- 4+ _+ _+
SlE S S S
+4 -ty +y g g
The answer is yes, because we now have more positive charges in the conducting rod

than we have negative charges, so the net charge is positive.
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Take home lab as-
signment (using
Scotch Brand Tape)

Charging by Conduction

Suppose instead, I perform the same experiment, but I touch the rods. Now charge

carriers can [ow. Starting with and uncharged conductor,

I again bring in a charged rod. Again the charges separate in our conducting rod.

+ = - -
+ "+ o+ -

R e

+ T4 T4 Fg Ty

Then we touch the two rods. The excess charge on our charged rod [bws to the
conductor. Since in our drawing, the excess charge is negative, then some of the positive

charge on the conductor is neutralized.

Lo TR
a +yp-hy-T

When we separate the rods, our conducting rod will have an excess of negative charge.

Notice that there is something different in our study of this new force. In the past, it
was easy to tell which object was creating the environment and which was the mover.
The Earth, being so much larger than normal objects, was the environmental object
creating the gravitational acceleration that balls and cars and people move it. Then the
balls and cars and people were the movers. Generally the thing causing the force, the
environmental object, was much bigger than the mover. That is not true in our charge
experiments so far. The rods are about the same size. So which is the environmental
object and which is the mover? We will have to pick one to be our environmental
object, and the other to be our mover. Sometimes the context of the problem helps. If
the problem you are solving asks for the motion or the force on the rod on the right side
of the diagram, then it is the mover and the rod on the left is the environmental object.
If one charge is much larger than the other, we might be justified in calling this large

charge the environmental object and a smaller charge near the big charge would be the
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mover.

Model for Charge

Question 223.20.1
Question 223.20.2
Question 223.20.3
Question 223.20.4

A model is a mental explanation for something. We are looking for a model, or an
explanation of how charge acts.

Let’s summarize what we tried to learn last time:

Model for Charge

Frictional forces can add or remove charge from an object

There are two, and only two kinds of charge

Two objects with the same kind of charge repel each other
To objects with different kinds of charge attract each other

The force between two charged objects is long ranged

The force between two charged objects decreases with distance

Uncharged objects have an equal mix of both kinds of charge
There are two types of materials, conductors (in which charges can move)
and insulators (in which charges are fixed in place)

Charge can be transferred from one object to another by contact between the two objects

A serious shortcoming of this model is that it does not tell us what charge is. This is a
shortcoming we will have to live with. We don’t know what charge is any more than we
can say exactly what mass or energy are. Charge is fundamental, as far as we can tell.
We can’t find a way to change charge into something else to change something else
into charge. For fundamental particles (like protons and electrons) either a particle has
charge, or it does not.

Conservation of charge

In some ways, this is really great! We have a new quantity that does not ever change.
We can say that charge is conserved in the universe. Like energy, we can move charge
around, but we don’t create or destroy it>. When we rubbed the plastic rods with rabbit
fur or wool, we were removing charge that was already there in the atoms of the fur. If
you take PH279 you might find that there are some caveats to this rule. We can make

positron and electron pairs from high energy gamma rays. But when we do this we

> There is really a way to create charge, but you have to create both a positive and a negative charge

together, so the net charge in the universe never changes.
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must always make a pair; one positive, and one negative. So the net charge remains
unaffected.

Insulators and Conductors
Question 223.20.5

Let’s return to charges and atoms. We have an intuitive feeling for what is a conductor
and what is an insulator, but let’s see why conductors act the way they do.

Potential Diagrams for Molecules

Back in high school or in a collage chemistry class you learned that electrons move
around an atom.

& ™ Electrens

Nucieus with
\ ® Electron

i protons and
N ’ neutrons

Porticles not drown io scole

In the figure there are two energy states represented. You may even remember the
names of these energy states. The orange-yellow lines show one “orbital distance” for
the electrons near the nucleus. The red line shows another electron at a larger orbital
distance. The inner orbital is a 1s state and the outer orbital is a 2s state. If these were
satellites orbiting the earth, you would recognize that the two orbits have different
amounts of potential energy. This is also true for electrons in orbitals. If we plot the
potential energy for each state we get something that looks like this

2s

Energy

1s

(Schematic)

You can think of this as potential energy “shelves” where we can put electrons. If you
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were a advanced high school student, you learned that on the first two shelves you can
only fit two electrons each. The higher shelves can take six, and so forth. But that won’t

concern us in this class.

Building a solid

Note also that so far I have really only talked about single atoms. What happens when

we bind atoms together?

Let’s take two identical atoms. When they are far apart, they act as independent
systems. But when they get closer, they start acting like one quantum mechanical

system. What does that mean for the electrons in the atoms?

Electrons are funny things. They won’t occupy the exactly the same energy state. I can
only have two electrons in a 1s state, but as I bring two atoms near each other I will
have four! How does the compound solve this problem? The energy “shelves” split into

more shelves. As the atoms get closer, we see something like this

2s

Energy

1s

Distance, r
(Schematic)

At some distance, 7, the states split. So each electron is now in a different state.

Suppose we bring 5 atoms together.
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2s

Energy

Distance, r
(Schematic)

I get additional splitting of states. Now I have five different 1s states, enough for 5
atoms worth of 1s electrons. But solids have more than five atoms. Let’s bring many

atoms together.

2s

Energy

1s

Distance, r

(Schematic)

Now there are so many states that we just have a blue blur in between the original
two split states. We have created a nearly continuous set of states in two bands. Each
electron has a different energy, but those energy differences might be tiny fractions of a
Joule. The former two states have almost become continuous bands of allowed energy

states.

The atoms won’t allow themselves to be too close. They will reach an equilibrium

distance, r, where they will want to stay.
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- 2s
o
Q
c
L
1s
Mo Distance, r

(Schematic)

Since this is where the atoms usually are. We will not draw the whole diagram anymore.

We will instead just draw bands at r,.(along the dotted line). Here is an example.

3p

33{
]

2s A

1s  {

This means we have bands of energies that are allowed, that electrons can use, and gaps

of energy where no electron can exist.

Conduction in solids

Notice that in our last picture, the 3s and 3p bands have grown so much that they
overlap. The situation with solids is complicated. Notice also that the lower states are
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blue. We will let blue mean that they are filled with electrons taking up every available
energy state. The upper states are only partially filled. Yellow will mean the energy
states are empty. We will call the highest completely filled band the valance band and
the next higher empty band the conduction band.

We have three different conditions possible.

metals

In a metal, the highest occupied band is only partially filled

the electrons in this band require only very little energy to jump to the next state up
since they are in the same band and the allowed energies are very closely spaced.
Remember that movement requires energy. So if I connect a battery to provide energy,
the electrons must be allowed to gain the extra energy, kinetic energy in this case, or
they will not move. But in the case of a metal, there are easily accessible energy states,
and the electrons [ow through the metal.

We can say that the outer electrons are shared by all the atoms of the entire metal, so
the electrons are easy to move for metals.

Insulators

A second condition is to have a full valance band and an empty conduction band. The

bands are separated by an energy gap of energy F,.
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Conduction Band

Energy Gap, E4

Valance Band

In this case, it would take a whopping big battery to make the electrons move. the
battery would have to supply all of the gap energy plus a little more to get the electron
to move. If we do connect a very large battery, say, 33000 V, then we can get electrons
to jump the gap to a higher energy “shelf.” But high voltages are not normal conditions,
so this is not usually the case. A material that has a large energy gap between it’s

valance band and an empty conduction band is called an insulator.

A mental picture for this might be as shown in the next figure.

L] . L]
- . - - . .
Insulator Conductor

The insulator atoms keep their valence electrons bound to the nuclei of the atoms. But

for a conductor, the valence electrons are free to travel from atom to atom.

In an isolated conductor, normally the charge is balanced, so the electrons may move
but generally they stay near a nucleus. But if a conductor has extra electrons, the
electrons that can move will move because they repel each other. So any extra charge

will be on the surface of the conductor.
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Question 223.20.8

This happens very quickly, generally we do find the extra charge distributed on the
outside of a conductor.

Semiconductors

The third choice is that there is a band gap, but the band gap is small. In this case, some
electrons will gain enough thermal energy to cross the gap. Then these electrons will
be in the conduction band. Devices that work this way are called semiconductors. We
won’t deal with semiconductors much in this class, but you probably used many of

them in ME210. Diodes, and transistors are made from semiconductors.

Charging and discharging conductors

Conductors can’t usually be charged by rubbing. The electrons in the conductor may
move when rubbed, but then they are free to move around in the conductor, so they
don’t leave. But if we rub an insulator, the electrons are not free to travel in the
insulator material, so we can break them free. Once this happens, we can take our
charged insulator and place it in contact with a conductor. The charge can [‘ow from
the insulator to the conductor (and arrange itself on the conductor surface). Once the
charge has moved to the exterior, it will reach what we call electrostatic equilibrium.
All of the repelling electrical forces are in balance, so the charges come to rest with
respect to the conductor.

We can remove the extra charge by creating a path for the charge to follow. Consider
charging a balloon by rubbing it on your hair. Then you connect a wire to the balloon
that is also connected to a metal water pipe. The charge can [ow through the metal
conducing wire. If there is a large body that can attract extra charge, the charge will
[ow. The Earth is such a large body that can attract the extra charge. The charge will
[ow through the wire and pipe and go into the ground.
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TurboBlow™

Bilow Dryer

The third wire in electrical devicesis
connect to the ground

You may have heard of electrical grounds. This literally means tying your device to the
Earth through a wire. Since you are made mostly of water that contains positive ions,
you are also a conductor. So if we touch a charged object, we will most likely discharge
the object. This is also why we must be careful with charge. Large amounts of charge
Cowing through us leads to death or injury.

If an object is grounded, it cannot build up extra charge. This is good for appliances
and houses, and people.

We talked last time about insulator atoms being polarized.

Remember that for each atom the electrons are displaced relative to the nucleus.

p:

o

EEED -

- B
We can define a center of charge much like we defined a center of mass. In the case in
the figure, we can define a negative center of charge and a positive center of charge.
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Center of
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Charge =

L
Center of
Positive
Charge
=
®
Question 223.20.9 Notice that the negative and positive center of charge are not in the same place when the

atom is polarized. We have a name for a pair of positive and negative charges that are
separated by a distance, but that are still bound together. We call it an electric dipole.
Often we just draw the centers of charge joined by a line.

Center of

Negative
Charge

Center of

Positive — e

Charge
Using this we can explain why humidity affects our last lecture experiments so much.
The water molecule has two hydrogen atoms and one oxygen atom. The covalent
bond between the oxygen and hydrogen atoms forms when the oxygen “shares” the
hydrogen’s electrons. The electrons from the hydrogen atoms spend their time with the
oxygen atom making one side of the molecule more positive and the other side more
negative.

Center of
Negative
Charge

Center of »

Positive ey @
®

Charge

Thus if you have a charged balloon on a humid day, one side of the water molecules in
the air will be attracted to the extra charge on the balloon. The extra charge will attach
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to the water molecules, and [oat away with them. This will discharge the balloon.

Note on drawing charge diagrams

We will have to draw diagrams in our problem solutions. Normally we won’t draw
atoms, so we will be drawing large objects with or without extra charge. We know that
all materials have positive nuclei and negative electrons. When these are balanced,
there is an electron for every proton, so if we add up the charges we get zero net charge.
These charges don’t contribute to net forces because for every attraction there is a
repulsion of equal magnitude.

So we won’t draw all of these charges, but we should remember they are there. We

usually draw a cross section, so here is the cross section of a round, conducting ball.

But if we have extra charge, we should draw it. We will just add plus signs or minus

signs. We won’t draw little circles to show the electrons (we can’t draw them to scale,
they are phenomenally small). Here is an example of two round objects, one positive

and one negative

If the objects are not conductors, the extra charge may be spread out. We draw the
charge throughout the cross section of the object.
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+4++ 4+ +++ 4
+ 4+ 4+ ++
+

+ +
+ +
+
+

Note that if you transfer charge, from one object to another, you should try to keep the

[73%2)

same total number of “+” or “-” signs to show the charge is conserved.

Basic Equations
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Coulomb’s Law
My experience so
far is that Statics
and Dynamics did
not teach Newton’s
law of gravitation
so teach it here.

Question
223.21.0.1

Question
223.21.0.2

Question
223.21.0.3

Question
223.21.04

Coulomb’s Law and Lines of
Force

Concepts

e Our “charge” force is called the Coulomb force, and is given by F' = ke‘qﬂ#

e A field is a quantity that has a value (magnitude and direction) at every point in
space

e The Coulomb force is caused by an electric field

e We use field lines to give ourselves a mental picture of a field

Sometime ago in your Dynamics or PH121 class you learned about gravity. Let’s

review for a moment.

From our experience we know that more massive things exert a stronger gravitational
pull than less massive things. We also have some idea that the farther away an object is,

the less the gravitational pull. Newton expressed this as

mima
Fy =G~
12

where the two masses involved (say, the Earth and you) are m; and ms and the distance

between the two masses is 712 (e.g. the distance from the center of the Earth to the
center of you). The constant G is a constant that puts the force into nice units that are

convenient for us to use, like newtons ( N) . It has a value of
2

N
G = 6.67428 x 10711 —
K

g
You might ask, how do we know this? The answer is that Newton and others performed

experiments. Newton’s law of gravitation is empirical, meaning that it came from
experiment. Lord Cavendish used a clever device to verify this law. He suspended two
masses from a wire. Then he placed two other masses near the suspended masses.
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He knew the torsion constant of the wire (how much it resists being twisted). Then by
observing how far the suspended masses moved, he could work out the strength of the
gravitational force. This is called a torsion balance.

Charles Coulomb thought he could use the same device to measure the strength of the
electric force. Here is his experimental design.

M e ofe A dor Sl A 25 g 505 Y, T,

Coulomb’s Torsion Balance Apparatus

You can see this is really just a torsion balance. This time objects with equal mass and
equal charge are suspended on either end of a rod. The rod is hung on a wire. Two
other charges are brought an equal distance, 712, from the other charges. Knowing the
torsional properties of the wire, the force due to the charges can be found.
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Torsion Balance

-®
o

Coulomb determined that the force due to a pair of charges has the following properties:

1. It is directed along a line connecting the two charged particles and is inversely
proportional to the distance between their centers

2. It is proportional to the product of the magnitudes of the charges |¢; | and |g2] .

3. It is attractive (the charges accelerate towards each other) if the charges have
different signs, and is repulsive (the charges accelerate away from each other) if the
charges have the same signs.

We can write this in an equation

|Q1\ |CI2‘
5 2.1
712

Note how much this looks like gravitation! In the denominator, we have the distance,

F =k

r12, between the two charged particles’ centers. We have two things in the numerator.
But now we have |¢ | and |go| instead of m; and my. We have a constant k. instead
of G, but the equation is very much like Newton’s law of gravitation. That should be
comforting, because we know how to use Newton’s law of gravitation from PH121 or
Dynamics. There is a very big difference, though. Gravitation can only attract masses,

The Force due to charges can attract or repel.

Again there is a constant to fix up the units. Our constant is

N m?
oz (2.2)

which allows us to use more meaningful units (to us humans) in the force equation.

k. = 8.9875 x 10°

How about strength? Is gravity or is this force due to charge stronger?

Force Varies with Distance Attracts Repels Acts without contact | Strength
Gravity Yes Always Never Yes Weaker
Charge Force Yes Sometimes | Sometimes Yes Stronger
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Lets try an example problem:
Example 2.1 Calculate the magnitude of the electric force between the proton and

electron in a hydrogen atom. Compare to their gravitational attraction. We expect the
electrical force to be larger. We need some facts about Hydrogen

Item Value
Proton Mass 1.67 x 107 %"kg
Electron Mass 9.11 x 1073 kg
Proton Charge 1.6 x 10719C
Electron Charge —-1.6 x10719C
Proton-electron average separation | 5.3 x 10~ m
then,
F = k |Q17|nl%|
o Nm? (1.6 x 107 C) (1.6 x 10719 C
= 8.9875 x 10°— ( )( _ )
C (5.3 x 10~ 11 m)
g
= —8.1908 x 10 Sgkg
and
mimso
Fy = G 2

_ 667 x 10~ N (167 X 107Tkg) (9.11 x 1077 kg)
kg? (5.3 x 10~11 m)?

_ —47 10
= 3.6125x 10 ?kg

which shows us what we expected, the gravitational force is very small compared to the
electric force.

Permittivity of free space

It is customary to define an additional constant

! 8.85 x 10712 ¢ (2.3)

6 = = . .

° Ak, N m?
Using this constant
1 a1l lge]
=—— 2.4

4dme, 12 2.4
Question 223.21.3 which really does not seem to be an improvement. But if you go on to take an advanced

Question 223.21.4 class in electrodynamics you will find that this form is more convenient in other unit

Question 223215 systems. So we will adopt it even though it is an inconvenience now.
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Direction of the force
Question 220.2.2

What about direction? So far we have only calculated the magnitude of the force. But a
force is a vector, so it must have a direction. Notice that our equation has absolute value

signs in it. We will only get positive values from Coulomb’s law.

To find a strategy for getting the direction, let’s observe two charged objects

Experiments show that they seem to be pulled straight toward each other. The force
seems to be along the line that passes through the center of charge for each of the two
charged objects. We have to find this line from the geometry of our situation and our
choice of coordinate systems. To make matters worse, we could have two of the same
kind of charge.

The force will still be on the line connecting the centers of charge, but it will be in
the opposite direction compared to the last case where the charges were of different
sign. This seems complicated, and it is. We must observe the geometry of our situation
and note whether the charges are the same or different signs to find the direction. Our
equations can’t tell us the direction on their own. You can’t put the signs of the charges
into the formula and expect a direction to come out! You have to draw the picture. Here
is the process:

1. Define your coordinate system.

2. Find the line that connects the centers of charge. The force direction will be on that
line.

3. Determine the direction by observing the signs of the charges. If the charges have
the same sign, the force will be repulsive, if the charges have different signs, it will
be attractive.
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More than two charges

Question 223.21.6

It is great that we know the force between two charges, but we have learned that there
are billions of charges in everything we see or touch. It would be nice to be able to use
our simple law of force on more than one or two charges. We did this with gravity.

Let’s review.

Suppose I have a satellite orbiting the Earth. That satellite feels a force given by
Fp = G

Mg
- 6 ()

but consider that on the Earth below the satellite, there is a rock on the surface of the
Earth.

%

i F.'-ﬁ
FP'; g

. Rexburg Rock

Earth

Part of the force due to gravity on the satellite must be due to this rock. We could write
our force due to gravity as
Miyest . Myock ..
Fg =G (%Strrest + %Trock) ms

rest s

where M,..; is the mass of all the rest of the Earth, minus the rock. If we take the Earth

rock by rock, we would have

M.

Fg =G (E,—sz‘z) mg

i
where M, is the mass of the it piece of the Earth and t; is the direction from M; to
ms. We would not really want to do this calculation, because it would take a long time.
Instead, back in PH121 or Dynamics we found we could add up all the mass and treat
the Earth as one big ball of mass and represent it as if the mass was all at it’s center of
mass (as long as there is no rotation so no torque). But let’s think about all this mass.

Does the force between a rock in China and our satellite get diminished because our
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rock in Rexburg is in the way?

* Feg

FRS

Rexburg Rock.__

China Rock

No, the force due to gravity is really the sum of all the little forces between all the parts
of the Earth and our satellite. One bit of mass does not interfere with the force from

another bit of mass.

Now let’s look at the electric force. Suppose we have many charges in some
configuration (maybe a round ball of charge). We could call the total charge, (). Then
our force magnitude on a mover charge ¢q,, would be

- 2

The collection of charge (Q would be the environmental charge. But we can picture this

as the individual parts of @ all with little forces pairs acting on ¢, summing up to get

E,.
|Qil
Fe = keZZ < 7"2 r; |q0|

?

where @; is a piece of the total charge Q.

This is an amazingly simple idea. The force on a mover charge, ¢,, due to any number
of charges is just the sum of the forces due to each charge acting on g,. Sometimes the
mover charge is called a fest charge, but we will call it a mover charge and we will call

the Q; environmental charges.

Suppose in our ball of charge, we have an element of charge on the opposite side of the
ball and another element of charge close to us. Would the near charge element “screen
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Draw picture
board

on

off” or some how reduce the force due to the far charge element?

Like with gravity, it would not. Note that because one charge is farther away, the
force from the far charge is not the same magnitude as that of the near charge. But we

calculate both using our formula, and add them up (a vector sum) with all the others.

While we are talking about it, it might seem that the rest of the matter in the ball will
screen off the electric force. But matter, itself, does not interfere with our electric force.
Only other charges will change the force, and then only following the idea of that their
forces add as vectors (remember that for electricity they can cancel, because we have
both positive and negative charges).

If you took PH123 you will recall that in our study of waves, when we had two waves
in a medium we found we could just added up displacements point for point. We called
this superposition. We will use the same word here, but it has a slightly different
meaning. We are not adding up wave displacements. We are adding up forces. But we
still do it point for point.

Now where there are forces, there will be Newton’s second law! Let’s consider a
problem. Suppose we have three charges, equally spaced apart as shown where each
has the charge of one electron (g.) but the middle charge is positive and the other two

are negative

— - — -

We identify the middle charge as the mover (since we are asked for the force on this
charge) and the left and right charges as the environmental charges. We can draw a free
body diagram for the mover charge.

Fu Fr
S >

and find the net force on the mover charge, then

F>’rLet:7/77'€>:F—R)'i_f>L
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We only have x-components so we can write this as
Fnetz :ma:FRz_FLx
where the minus sign is used for F,, because it is pointing to the left and that is usually

the minus x direction.

We may ask, is this mover charge accelerating? We may suspect that the answer is
no, but here we have something new. We don’t know the magnitude of F'r or F7,. We
now have to find the magnitudes to know. Back in PH121 you would have been given
the magnitude of the forces, but in a charge problem we know how to calculate the
magnitudes, so let’s do that. We can use the formula for the Coulomb force

F=k, |Q1\l<J2\
r
we can use r as the distance from the middle charge to each of the other charges since

in this special case they are both the same distance from the middle charge. Then

2

g
1«%:166;E
Fp =kl

these are the magnitudes. We should notice that F, points to the left. So we need to

include a minus sign in front of it’s magnitude.

Fnetw:ma:FRr_FLm

2 2
Fret, = ma=ke %
T T

= 0

now we can say that the middle charge is definitely not accelerating.

Of course this is a pretty easy Newton’s 2nd law problem. It was all in the z-direction.

But suppose that is not true. Then we need to take components of the forces vectors.

=
© @

Here is a new configuration of our charges. There will be a Coulomb force between

Let’s try one of those.

each negative charge the positive charge. What is the net force on the positive charge?

Again we need Newton’s second law and the Coulomb force equation. We identify the

positive charge as our mover, and the negative charges as the environmental charges.
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Our basic equations are

F=k, |CI17!€12\
F=ma
but this time we need an = and a y Newton’s second law equation. Let’s draw the free
body diagram. I have chosen the positive y-direction to be upward and the positive

x-direction to be to the right.

R

The negative charge that is above our positive charge will cause an upward force.
The negative charge to the right will cause a force that pulls to the right. This is a
two-dimensional problem, so we need to split our Newton’s second law into two
one-dimensional problems.

Fnetz = Mag = FL
Fnety = may = Fy
SO
2
de
F’net,ch = ke'l"_Q
2
de
Fnety = ke'l"_Q

We can see that there will be a force in both the x and the y direction. How do we

combine these to get the net force? We use our basic equations for combining vectors:

— 2 2
Fnet - Fnetz + Fnety

2 2
q? q2
V (w) + (%)
1 2
- \/§T_2keqe

but we are not done. We need a direction. Generally we use the angle with respect to
Fhet,
6 = tan! (_>
F, nety

a

— e n2

= tan ! 22
keﬁ

= %rad

so we have a net force of F' = \/5%2 keq? at a 45 ° angle with respect to the z-axis.

the positive x-axis.
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Of course, this is still fairly simple, we should also review taking components of vectors

that are not directed along the = and the y axis. Suppose we move the top charge as

@
© Qe

Once again the positive charge is the mover and the negative charges are the

shown below

environment. Now our free body diagram looks like this:
Fa

. 88

Once again we have a two-dimensional problem. We need to convert it into two
one-dimensional problems.
Foet, = magy =Fp, + Fa,
Fret, = may=Fr, + Fyy
but we don’t know F7p,_, b, FLy, and F5,,. But our basic equations should include
how to make vector components
v, = wvcosl
vy = wvsinf

where 6 is measured from the positive z-axis. So

Foet, = may = Frcosfr + Fbcosfy
Fret, = may = Fpsinf + Fysinf;
and we realize that
0L =0
and that
cos(0) = 1
sin(0) = 0
)
ma, = Fr+ Fycosby
ma, = 0+ Fysinf,

This gives the = and y components of the net force on the positive charge. Using our
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Coulomb force for the magnitudes, we have

% %
e e
Fnetm = k’e—2 + k€—2 COS 92
T T
q2
e .
Fnety = k’e 7“_2 s 02

[ will tell you 62 = 7 rad (or 45 °). So we can find

2 2 2
q g (V2 q V2
Fret, = ker_;Jrker_; (7) :ker_; <1+7
Fow, = RE (X2
net,  — eT2 2
and
Fret = }7'3@16m + F’r%ety

2 2
R (1 Y2 (g (V2
“r2 2 “r2\ 2
keq?
“e 242
,
This is not so nice and easy. The angle for the net force is
2

5 (£)

ket (14 2)

(1 V2
= tan -_
24V2+1
= 0.39270rad

= 22.5°

Note that I am using symbols as long as I can. This will become important in this

§ = tan!

course. The problems will become very complicated. It is easier to make mistakes if

you input numbers early.

Also notice that I carefully placed the charges the same distance, r, from each other. Of
course that will not always be true. If the distances are different, we will use subscripts

(e.g. r1, r2) to distinguish the distances.

Fields

Let’s pause for a minute and think of our mover and environmental objects. We
think of the Earth as creating an environment in which the object moves, feeling the
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gravitational force. And this is a property of all non-contact forces.

Recall our falling ball. We considered this as an environment of constant acceleration.
In this environment, the ball feels a force proportional to their mass

—
F=mg

where g = 9.81-1 is the acceleration due to gravity. This is true anywhere near the

Earth’s surface. We could draw this situation as follows:

Mg

where the environment for constant acceleration is drawn as a series of arrows in the
acceleration direction (downward toward the center of the Earth). Anywhere the ball
goes the environment is the same. So we draw arrows all around the ball to show that
the whole environment around the ball is the same.

Notice that the environment is described by an acceleration, g given by

.
. F
g =—

m

that is, the environment is described by the force per unit mass.

We know that this environment is caused by the Earth being there. If the Earth suddenly
disappeared, then the acceleration would just as suddenly go to zero. So we say that the

Earth creates this constant acceleration environment.

Recall that there are two objects involved, the ball and the Earth. Also notice that one
object creates an environment that the other object moves in. In our case, the Earth
created the environment and the ball moved through the environment. We called the
Earth the “Environmental object”, and the ball the “mover.”

We know now that something like this happen with our electrical force. The electric
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van de Graff and
test charge

forces is also a non-contact force. So it makes sense to view one charge as creating
an environment in which the other charge moves. But if there is an environment, what

would that environment be. Would it be an acceleration, or something else?

Michael Faraday came up with answers to this questions. To gain insight into his
answers, let’s consider our force again.

Fe — ke ‘QE|Q|Qm|
T

but let’s take q,,, as a very small test charge that we can place near a larger distribution of
charge Q. This is like the Earth and our small ball. The large Qg is the environmental
charge and the small g, is the mover charge.

Fe — ke ‘QE|2|qm|
T

We want ¢,, to be so small that it can’t make any of the parts of (i rearrange
themselves or any of the atoms forming the body that is charged with Q¢ to polarize.
Then we define a new quantity -

-
This is the force per unit charge. This is Vewqﬁnke our gravitational acceleration which
is a force per unit mass. Then

F =g,E (2.5)
This is really like

F =mg
but with the mass replaced by g, and the acceleration replaced by this new
force-per-unit-charge thing. For gravity it is the mass that made the gravitational pull.
With the electric force it is the charge that creates the pull. So replacing m with ¢,,
makes some sense. But what does it mean that the acceleration has been replaced by
E. Well, since g was the representation of the environment, can see that this new
quantity is taking the place of the environment, but it can’t be an acceleration. It does

not have the right units. Let’s investigate what it is.

Let’s write the magnitude of F

dm
Qe

r2
But this is really not a quantity that we have seen before It depends on how far away

we are from the environmental charge Q. It has a value at every point in space—the



A field is a quan-
tity that has a value
(magnitude and/or
direction) at every
point in space.
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whole universe! (think of our acceleration environment being all around the moving
ball) though it’s values for large r are very small. The quantity is only large in the near
vicinity of the charge, Q.

We can picture this quantity as being like a foot ball field with something (an
environmental charge) hidden out there on the grass. If we know where the object is,
we can tell a searcher how “warm” or “cold” they are as they wander around looking
for the object. For every location, there is a value of “warmness.” If we extend this
idea to three dimensions, we are close to a picture of E. The environment quantity E
has a value at every point in three dimensional space. Since this is a new quantity, we
need to give it a name. We will call it an electric field. But we have to add one more
complication. It is a vector, so it also has a direction at each point in space as well. This
direction is the direction the force would be on ¢,, the mover, if we placed it at that
location.

But where does this field come from? We say that an environmental charge () creates
a field

N

E =k =T (2.6)
centered at the charge location. The field is our environment for our mover.

Now we can understand more about how gravity works! Have you wondered how a
satellite knows that the Earth is there and that it should be pulled toward the Earth? The
Earth sets up a gravitational field because it has mass. The gravitational field shows up
as an acceleration field. The satellite (the mover) feels the gravitational field because

the field exists at the location of the satellite (it exists at all locations, so it exists at the
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Question 223.21.7

Field Lines

Question 223.21.10

Magnet and Iron
Filings

satellite’s location). The satellite does not have to know that the Earth is there, because
it feels the field right where it is. The satellite reacts to the field, not the Earth that
created the field.®

Likewise, our charge Qg has the property of creating an electric field as the
environment around it. Other charges (movers) will feel the field at their locations, and
therefore will feel a force due to the field created by Q.

We need a way to draw the environment created by the environmental charge Q). We
could draw lots of arrows like in the previous pictures. and we will do this sometimes.
But there is another way to draw the environment that has become traditional. Have
you ever taken iron filings and placed a magnet near them? If you do, you will notice
that the filings seem to line up.

If you took PH121 you probably heard that there is a magnetic force. It is a non-contact
force, so we expect it has a magnetic field. The iron filings are aligning because they
are acted upon by the field. It is natural to represent this field as a series of lines like the

ones formed by the iron filings. We will do this in a few lectures!

But there is a similar experiment we can do with the electric force. This is harder, but
we can use small seeds or pieces of thread suspended in oil. These small things become
polarized in an electric field. They line up like the iron filings.

http://stargazers.gsfc.nasa.gov/images/geospace images/electricity/elec_field lines.jpg
We can represent the electric field by tracing out these lines. The last figure would look

¢ Here I am taking a quantum mechanical view of gravity. In General Relativity, the “field” is space that is

warped by the mass of the Earth.
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like this

We can’t tell if the charge was negative or positive from oil suspension picture, but if
it was positive, by convention we draw the field lines as coming out of the charge. If
it were negative the field lines would be drawn as going in to the charge. Here is a

charge or dipole.
= SENaY

combination of a negative and a positi

http://stargazers.gsfc.nasa.gov/images/geospace_images/electricity/elec field lines2.jpg
In this case both the positive and negative charges are working together to make the
environment or field that a third charge could move through. The field line drawing
would look like this.

A

This combination of positive and negative charges had equal charges, the only

difference was the sign change. Here is one where the positive charge has more charge
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Question 223.21.11

than the negative charge.

Notice that the number of field lines is proportional to the field, but there is no set
proportionality. If the field from one charge is twice that of the other, we pick a number
of field lines for, say, the negative charge, and double the lines on the larger positive
charge.

This gives us a way to picture the electric field in our minds!

Some things to notice:
1. The lines begin on positive charges

2. The lines end on negative charges

3. If you don’t have matching charges, the lines end infinitely far away (like the single
charges in the first picture).

4. Larger charges have more lines coming from them
5. Field lines cannot cross each other

6. The lines are only imaginary, they are a way to form a mental picture of the field.

We only draw the field lines for the environmental charges. Of course the mover charge
also makes a field, but this self-field can’t cause the mover charge to move. If it could
we could have perpetual motion and that violates the second law of thermodynamics.
Since the mover’s self-field is not participating in making the motion, we won’t take the
time to draw it!”

7 This picture will be a little more complicated when we allow for relativistic motion of charges and
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Remember, field lines are not real, but are a nice way to draw the field made by the
environmental charge. We will use field lines often in drawing pictures as part of our
problem solving process.

On-Line fun

An applet that demonstrates the electric field of point charges can be found here:
http://phet.colorado.edu/sims/charges-and-fields/charges-and-fields_en.html

If you prefer a video game, try Electric Field Hockey:
http://phet.colorado.edu/en/simulation/electric-hockey

As a wacky example of Coulomb forces, see this video of charged water droplets
orbiting charged knitting needles on the Space Shuttle:

http://www.nasa.gov/multimedia/videogallery/index.html?media_id=131554451

Basic Equations

other more difficult effects, but that can wait for more advanced physics courses. For most engineering
applications, this is a great approximation.
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Electric Fields of Standard
Charge Configurations Part |

Fundamental Concepts

e Adding of vector fields for point charges

e Standard configurations of charge

Standard Charge Configurations

Point Charges

Actual engineering projects or experimental designs require detailed calculations of
fields using computers. These field simulations use powerful numerical techniques that
are beyond this sophomore class. But we can gain some great insight by using some
basic models of simple charged objects. We will often look at the following models:

Standard Configurations of Charge
Point charge
Several point charges
Line of Charge
Semi-infinite sheet of charge
Charged sphere
Charged spherical shell
Ring of Charge

We have already met one of these standard configurations, the point charge

— 1
E-——2%2;
4dre, 72

The field of the point charge is represented below
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Question 223.22.1
Question 223.22.2
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This picture requires a little explanation. The arrows are larger nearer the charge to
show that the field is stronger. But note that each arrow is the magnitude and direction
of the charge at one point. We really need a three dimensional picture to describe this,
and even then the fact that the arrows have length can be misleading. The long arrows
cover up other points, that should also have arrows. We can only draw the field at a
few points, and at those points the field has both magnitude and direction. But we must

remember that there is really a field magnitude and direction at every point.

The extension is a group of point charges
— —
E=)E,

were we recognize that we are summing vectors. Let’s take a look at a few combinations
of charges and find their fields

Two charges

Let’s go back to our idea of an environmental charge, @) g, and a mover charge, ¢,,,. The
mover charge is considered to be small enough that its effect on Qg is negligible. So

the field due to the large charge is unaffected by this small charge.

Of course, the total field is a superposition of both fields. But recall that the mover’s
self-field can’t move the mover. So we don’t draw the field due to ¢,,,. We we can
envision an environmental field that is just due to the environmental charge, Q g, as if
there are no other charges any where in the whole universe. Of course this is not the
case, but this is how we think of the field due fo charge Q.
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Question 223.22.4
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We can identify that a charge ¢,,, placed in this field due to Q g will feel a force

— —
F e = dm E
dme, 12

— 1

E = @f
. . . 47T€O T2 . . .

where this field is just due to Qg and does not contain the contribution from ¢,,. So

due to the field

the charge ¢,,, only feels a force due to the field created by charge Q. A third charge,
Qnew brought close to the other two would feel both ﬁQ and ﬁq. Then both Qg and
our original g, would be environmental charges and the new charge g,,.,, would be the
mover. At this point, we would probably relabel Qg and ¢, as Q1 and Q)> and relabel
Qnew 8S ¢ SO0 we could tell that the original two charges are now the environment and
the new charge is the mover.

Vector nature of the field

Remember that the field is a force per unit charge. Forces add as vectors, so we should

expect fields to add as vectors too. Let’s do a problem.
Ty

0
=

e o W
Q
[ 9]
—

Two charges are separated by a distance d. What is the field a distance L from the
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center of the two charges?
We should recognize this as our old friend, the dipole.

Note that both of these charges are environmental charges. We are asked in this problem
to find the environment, the field. We don’t really have a mover charge. But we could
pretend we do have a mover, g, at point P where we want to know the environment if
it helps us picture the situation. But really we are calculating what the environment

around the two charges will be.

We start by drawing the situation. I chose not to draw field lines. Instead I drew the
field vectors at the point, P, where we want the field. The field lines would tell me
about the whole environment everywhere, and that might be useful. But this problem
only wants to know the field at one point, P. So it was less work to draw the field using
vectors at our one point.

y

0
fers

e
)

e m————————s () ———————————
—
M
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Note that I need a vector for each of the environmental charges. Each contributes to the
environment. The contribution to the field due to environmental charge ¢; is labeled F;
and likewise the contribution to the field from environmental charge ¢ is labeled Es.
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The net environment is the superposition of the fields due to each of the environmental

charges.
— — —
Enet = El + E3

From the figure, we see that if we had a small mover charge, ¢, on the axis a distance

at point p then we would get two forces, one from each of the environmental charges

q1 and go. We can use Newton’s second law to find the net force on our imaginary

qo- Of course, since this is a two-dimensional problem we will split it into two

one-dimensional problems.

Fret, = ma, =—Fycosf+ Fycosf
Fyet, = may = Fisinf + Fysinf
we can see that the distance from each charge to point P is
d? )
=4/—+L
T 1 +
SO J
sinf = —————
dZ
2/ + L2
we also know from Coulomb’s law that
1 g9
F = F = —_—
! 2 e, T2
but we want the field, so we need to divide all of this by g,
1
B = E» d

4me, T2
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Our Newton’s second law becomes an equation for the components of the combined

electric field.

F. F F:

“net: = _Zleosf 4+ —2cosd
qo 4o qo

F, F, F

e = Zlging 4+ —2sind
4o 4o 4o

or just
Enet, = —FEjcosf+ Eycosf
Enet, = FEisinf+ Eysinf

We can see from the figure that in the z-direction we will have no net field,
E,=—FEycos(f)+ E1cos0 =0

But in the y-direction we have

E, = E;sinf+ Eysinf
= 2E1 sin 6
2 q .
- 4me, T2 sin 0
and since we found that
. d
sinf =
2,/ % + L2
we can write our field as
2 q d

E, =

1 qd
PN
4re, ( %2 + Lg) 3
This is our total field at the distance L away on the axis. This is the environment that a

mover charge could move through.

Note that we pretended that we had a mover, g, but in finding the field the g, canceled
out, so indeed we are left with just the environment in our calculation, we just have the
field.

Now suppose our mover charge is very far away. That is, suppose we make L very

large. So large that L > d then
1 1
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Then our field becomes

2 d
E = Y~ 4re d2 - 5
(T +L2)”
B 1 qd
4me, L?

Since many charged particles are small, like atoms or molecules, this limit is often
useful.

Now suppose we repeat the calculation, but this time we chose a point that is L away,
but that is on the y-axis above the charges, we would find

pep, -2 4
Y dge, L3
E, n
L
E;, ¥
v
Qi
O
| ~.
[ .
| r
| ~
I .
0/ QA/‘
d L a! /./"‘
| L
I ././/
| -r
| a _./’/
¥

The result is similar, but the field is a little stronger in this direction.
Let’s look at one of these cases by graphing it.

E (N/C) 100 .

50 ~

0 f f f f f f f et

0.0e+0 1.0e-6 2.0e-6 3.0e-6 4.0e-6 5.0e-6 6.0e-6 7.0e-6 8.0e-6 9.

o

We can see that the dipole field (solid green line) falls off much faster than a point



52 Chapter 3 Electric Fields of Standard Charge Configurations Part |

charge field (dashed red line). This makes sense because the farther away we get,
the more it looks like the two charges are right next to each other, and since they are
opposite in sign, they are essentially neutral when viewed together from far away. We

can see why atoms don’t exhibit a significant charge forces at normal distances.

This arrangement of charges we already know as a dipole. We are treating the two
charges as a unit making the environment that other charges might move in. Since we
are treating the two charges as one unit, it is customary to define a quantity

p=qd
and to make this a vector by defining the direction of p to be from the negative to the

positive charge along the axis.

Then we can write the dipole field as

— 2 D

— P
Y 4re, L3
We could also treat this dipole as a complicated mover charge in some other

environmental field!. Then this quantity p will help us understand how a dipole will
move when placed in an environmental electric field. For example, we know that water
molecules are dipoles. A microwave oven creates a strong environmental electric field
that makes the water molecules rotate. When we studied rotational motion we found a
mass-like term that helped us to know how difficult something was to make rotate. That
was the moment of inertia. This dipole term, P, will tell us how likely a dipole is to

spin, so we will call p the dipole moment.

Three charges



Question 223.22.5

Point Charges 53

T

I

I

I

I

d

| Es

X - -
: &
I

| E,

d

i

|

¥

We are working our way toward many charges that will require using integration to sum
up the contributions to the field. But let’s make this transition slowly. Next let’s add just
one more environmental charge, for a total of three.

Let’s just start with the fields this time. From our picture, we expect in this case to have
only z-components. Since all the charges are the same sign,
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then
Epet, = Eq cos (—9) + E5 + E5cos (9)

We can guess from symmetry that

L q
Ey =FE3= =
! 3 4me, T2
But this time, since we have redefined d, the distance from ¢; and g3 to the point P

where we want to know the field is

r=+/d*+ L?

) )
q
E p— E = —
! 3 4d7e, d? + L2
and )
q
FEy= ——
> Are, L2
and observing the triangles formed and remembering our trigonometry, we have
L
cosl) = ——
Vd? + L2
)
5 1 q L
T dme, 2+ L2 /@2 + L2
4L g
4me, L2
1 q L

+47reo d2 +12.\/q2 ¥ L2
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2L 1
E,. = 1 q 37 T )
T \ (a2 4+ 12)2 L

Once again let’s consider the limit L > d. If our answer is right, when we get very

or

This is our answer.

far from the group of charges they should look like a single charge with the amount of

charge being the sum of all three environmental charges. In this limit

lim——— =L
L>d(q2 4 [2)3 E

q 2L 1
E, =~ —+ =
47e, <L3 + LQ)

_ L (3
T 4qe, \ L2

- 1 3q\ &~
E ~ — |k
4me, \ L2
And indeed, this is very like one charge that is three times as large as our actual charges

SO

so on the central axis

if we get far enough away.

This shows us a pattern we will often see. Far away, our field looks like what we would
expect if the net charge were all congregated in a point. Near the charges, we must
calculate the superposition of the fields. But far away we can treat the distribution as a
point charge. This is very like what we did with mass in PH121 or Dynamics. We could
often treat masses as point masses at the center of mass, if the distances involved were

Question 223.22.6 larger than the mass sizes.

Combinations of many charges

We have found the field from a point charge.

Eo_L i 3.1)

" dre, 12
where the field is in the same direction as 7 if the charge is positive, and in the opposite

direction if the charge is negative (think of our field lines, they go toward the negative
charge). This will become one of a group of standard charge configurations that we will
use to gain a mental picture of complex configurations of charge. We have done this
already for combinations of point charges. We can combine the point charge fields to
get the total field.

The other standard models are combinations of many, many charges.
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Line of Charge
Another is an infinitely long line of charge, or a infinite charged wire. Since this long

line of charge is infinite, it must have an infinite amount of charge. But we can describe

“how much” charge it has with a linear charge density

Q

L

Semi-infinite sheet of charge

A sheet or plane of charge,usually a semi-infinite sheet of charge is also useful

We have the same problem of having infinite charge, but if we define an amount of

charge per unit area

_Q
"=

we can compare sheets that are more charge rich than others.

Sphere of charge

Finally, we have drawn a sphere of charge already
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We can define an amount of charge per unit volume to help describe this distribution

_Q
=y
The spherical shell of charge is related to a sheet of charge, so we will include it here

O

This configuration of charge is drawn in cross section like the others. From your
calculus experience you can guess that a spherical shell of charge with a certain volume
charge density might be useful in integration, but we also can easily produce such a

configuration of charge by charging a round balloon or a spherical conductor.

0

The ring of charge is similar to the spherical shell, but is also much like the line of

charge.
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In our next lecture, we will take on the job of finding the fields that result from these
last few charge configurations except the spherical shell, which will have to wait a few

lectures.

On-Line Fun
A point charge field at a distant point visualization applet can be found at following this
link:

http://ocw.mit.edu/ans7870/8/8.02T/f04/visualizations/electrostatics/03-
ChargeField3d/03-chargeField320.html

For a 2D visualization of the field try:
http://www.falstad.com/emstatic/index.html
And here is a 3D visualization:

http://www.falstad.com/vector3de/

Basic Equations
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Fundamental Concepts

e Integrating vector fields for continuous distributions of charge
—
o Startwith E = ;L [ %3

4me,

e find an expression for dq
e Use geometry to find expressions for r and to eliminate &
e Solve the integral

Fields from Continuous Charge Distributions

Question 223.23.1

Suppose we have a continuous distribution of charge with some mover charge ¢,, fairly
far away. You might ask, how do we get a continuous distribution of charge? After
all, charge seems to be quantized. Well, if we have a collection of charges where the
distances between the individual charge carriers are much smaller that the distance
from the whole collection of charges to some point where we want to measure the field
(where the mover charge might be), then in our field calculations at this distant point
we can model the charge distribution causing the field as continuous. As an analogy,
think of your computer screen. It is really a collection of dots of light. But if we are a
few feet away, we see a continuous picture. We can treat the dots as though there were
no space in between them. For our continuous charge model, it is the same. We are
supposing we are observing from far enough away that we won’t notice the effects of

the charges being separated by small distances.

We should remember, though, that this is a macroscopic view. At some point it must
break down, since charge is carried in discrete amounts. If we want the field very

close to a distribution of charges, we must treat our charge distribution as a collection
of individual charges like we did in the last lecture. Notice in our last lecture that we

found that the field infinitely far from the charges was always zero. That is too far away
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for our continuous charge model to be useful. But if we went far enough away-but not
too far, the three charge configuration looked like a point charge with a total charge that
was the sum of the individual charges. At such distances, the separation between the
charges become unimportant. This is the sort of large distance we are talking about in

our continuous charge distribution model.

To find the field due to a continuous charge distribution, we break up the charged object
into small pieces in a calculus sense. Each small piece is still a continuous distribution
of charge. It will have an amount of charge Aqg, where here the A means “a small
amount of.” Then we calculate the field due to this element of charge. We repeat the
process for each element using the superposition principle to sum up all the individual
field contributions. This is very like our method of finding the field from individual
charges, only instead of a sum we want to let Aggp becomes very small and use an

integral. The field due to this bit of charge is
— 1 Agg
AE = 'y
4dme, 12 t
Recall that here A means “a small bit of” and is not a difference between two charge

values or two field values. We learned that we can sum up the fields from each piece
— —
E ~ Y AE;

1 Ag;
_— - (9
4re, ; r2 "
and now we use our M215 (or M113) tricks to convert this into an integral. We let
our small element of charge become very small (but not so small that we violate our
assumption that the charge distribution of Agg is continuous).
1 Ag;
E) = lim Z #f-z

1
Agq;—0 47‘(60 Ty

1 dgg .,
—T
47e, r2
The limits of the integration must include the entire distribution of charge if we want

the total field. This will be our basic equation for finding the field for continuous

distributions of charge.

Let’s do some examples.

Line of charge
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MIT Visualization:
integrating a line of
charge
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dg

I

STRIED

Let’s try this for a line of charge. This may seem like a simple charge configuration, but
this problem is really quite challenging. Let’s say that the charge is evenly distributed
along the line. Then we can use the linear charge density

A=Q/L
to find dg. The quantity ) is the total amount of charge on the wire and L is the length
of the wire. Then

dq = M\dy

Of course, we may not always have a constant density, then we need to have and
element of charge that varies with position. For a line charge, we would have

dq = A(y)dy
but for now, let’s assume the linear charge density is constant. Our basic formula tells
us that we should add up all the dg elements. But we have an obstacle. We need a

different ; for every dq;. How do we deal with this?

Just like with last lecture, we only need the component of the part of the field that does
not cancel. Here we need to have drawn a good picture. From our drawing we can tell
that, in this case, only the z component will survive (the y-components cancel). So we
only need to find

_
E.=E k
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This is a good thing, because our basic equation has an f in it
= 1 d
E = Ly
dme, | 12

and we don’t know how to do this integral including the . As always we will take this

two-dimeinsional problem and split it into two one-dimensional problems before we
can proceed. We will split our problem into z and y-components. But since we know

that only the the z-component will survive, we can just calculate the z-component,

~

—
E, = E-k

= 1 /L/2 @f«.f{
dmey J_pyo T2

and we recognize

r-k=-cosf

L/2
E, = L/ @ cos
dmeo J_p)2 T2

which is much more likely be be integrable with what we know from M113 or M215.

So we are left with just

Like in our last lecture, we will want to express

S

z

/ y2 + 22
Then our integral can be written as

5o 1 /L/2 Ady z

dmeo J_p)2 Y2+ 22 \fy? + 22

Y /L/2 dy
dmeo J_ 1) (y2+22)%

This now looks like a M215 or M113 problem. We can find this integral in an integral

and it makes it easier if we write

cost =

table or you can use your calculator, or a symbolic math package, or you can remember
your M215 or M113 and prove that

/L/2 dzr _ +x
~L/2 (22 + a2)% a?Vr? £ a?
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SO

5o Az /L/2 dy
? dmeo J o (2 + 22)%
- L2
Mz Y
dmeo | 2VyP 22y,
Az L/2 B —L/2
meo | 2 (w242 2 /(-L/2° + 2
o L
Amze, (L/2)2 12
1 Q

e (§) 42

This is the field due to a charged rod of length L.

Note that there are only a few integrals that we can solve in closed form to find electric
fields. It might be a good idea to build your own integral table for our exams, including

the integrals from the problems and examples we work.

An infinitely long line of charge is one of our basic charge models. So far our line of
charge is not infinitely long. We can find the field due to an infinite line of charge by
letting L become large

1 Q

L—>oo47T€oz <£)2+22
2

1 Q
12X\
47e, =z
12X\
4re, 2

or if we use r now in place of z to define the distance from the center of the line of

E, =

charge (so it is easier to compare to our point charge formula), we have
= 1 2\-
E —k

. =

" dwe, 1
Question 223.23.3 We should get a mental picture of what this means.
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The field around a long line of charge only depends on the distance away from the
line, and on the linear charge density. As we would expect, the field gets weaker as
we get farther away. But it does not get weaker as fast as the point charge case. That
makes some sense, because our infinite line of charge is, well, really big. You are never
really too far away from something that is infinitely big. So we should not expect
such a charge configuration to look very like a point charge no matter how far away
we go. Of course and infinite line of charge is not something we can really build. So
this is a useful approximation near, say, a charged wire. But farther from the wire the
approximation would not be so good and we would have to go back to our finite line

solution.

Ring of charge
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MIT Visualization:
Integrating a ring of
charge
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Using what we have learned from the line of charge, we can find the axial field of a ring
of charge. Again, our picture is critically important. We will need to solve the problem
of eliminating #. From the picture, we can see that we will only have an z-component

again. So we can eliminate I the same way as in the last problem. We model the ring as
a line of charge of length 27 R that has been bent into a circle. Again we have the basic

equation

— 1 dq
E = — T
dme, | T2 r
Since the ring of charge is like a line of charge bent into a hoop. So we can plan to

work this problem very like the the line charge. Start again with

dg = \dy
but now we know that for the hoop
dq = Mds
where s is the arc length. Recall that
s = Ro
ds = Rdo

where R is the radius of the ring and ¢ is an angle measured from the x-axis. So our dg

expression becomes

dq = ARd¢
For the whole ring
Q = AMR2rw
= 27R\

We also need to use geometry to find r, the distance to our point were we want to know
the field.

r=1/y? + 22
but since this is a ring, our y; = R for all <. So

r =/ R2+ 22

and using the same reasoning as in our last problem,
z

VR T 2

We need to split our three-dimensional problem into three one-dimensional problems.

cosb =

We will split our vector equation into x, y, and z components. But once more, we know

from symmetry that only the z-component will not be zero. Then we can set up our
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integral.

— A
E, = E-k

= 1 /L/2 @f«.ﬁ
dmey )y 12

Putting in all the parts we have found yields

5 1 / dq z
* 0 dme, ] R2422/R2 1 22
B 1 zZARdp
e, / (R2+2'2)%

2
_ ZAR i / dé
dme, (R%2 4 22)2 Jo

This is an easy integral to do! and we see that the axial field is
22w R\

dre, (R? + 22)%

E, =

or, using our form for )

Once again we should check to see if this is a reasonable result. If we take the limit as
z goes to infinity, we get zero. That is comforting. But if we just let z be much larger
than R, but not too big

1 A
IimE = lm——— ¢ g
Z>R =>R4me, (R2 + 22)2
1 N
- z Q3 k
4me, (22)2
1 2Q+-
= —k
4dme, 23
1 Q-
—k
4mre, 22
we again have a point charge field with total charge (). Since a ring of charge should

look like a point charge if we get far enough away, this is reasonable.

We have worked two problems for continuous charge distributions. The pattern for
solving both problems was the same. And we will follow the same pattern for solving
for the field from continuous charge distributions in all our problems:

o Startwith E = L [ 44

4me, r2

e Find an expression for dgg

e Use geometry to find an expression for 7, the distance from dqg to the point, P,
where we want to know the field.

e Eliminate ¥ in the usual way by turning a two or three-dimensional problem into
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two or three one-dimensional problems (using vector components, etc.)

e Solve the integral(s) (don’t forget to report the direction)

If you have a harder problem, one where you need the field from a continuous charge
distribution at a point that is not on an axis, or your problem has little symmetry, you

can go back to
i

1 Ag;
47e, Z Frl

and perform the sum numerically. We won’t do this in our class, but you might in

practice or in a higher level electrodynamics course.

Basic Equations

The basic equation from this chapter is the equation for finding the field from a

distribution of charge
= 1 dgs
E = — T

. . . ._ 4me, r2
The process for using this equation is
—
o Startwith E = 2 [ %£}
TEo T

e Find an expression for dqg
e Use geometry to find an expressions for r

e Break the two or three-dimensional problem into two or three one-dimensional
problems.

e Solve the integral(s) (don’t forget to report the direction)
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Motion of Charged Particles
in Electric Fields

Fundamental Concepts

Sheet of Charge
Question 223.23.5

e The capacitor
e Field of an ideal Capacitor

e Motion of particles in a constant electric field

Let’s try a two dimensional distribution of charge, a uniform [at sheet of charge. We

will assume that the sheet is infinitely large (so we don’t have to deal with what happens
at the edges). Let’s call the surface charge density 7 = @Q/A where @ is the total charge
and A is the total area. Of course, we can’t calculate this surface charge density directly
from the totals, because they are infinite. But we could take a square meter of area and
find the amount of charge in that small area. The ratio should be the same for any area
so long as 7 is uniform. We will find the electric field to the right of the sheet at point P.
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Once again we start with

— 1 dq
E = —T
4me, / 2"

We need to find dg, an expression for r, and get rid of 7*

Since the disk is uniformly charged, then, knowing the surface charge density

_@
A
we can find the total amount of charge for an area
Q=nA
)
dg = ndA

but what area, dA, should we use? Notice the green patch in the figure that is marked
dA. Think for a moment about arc length
s = Ro¢

This little area is about ds = Rd¢ long, and about dR wide. If we let dA be small
enough, this is exact. So

dA = Rd¢dR
Then our dgq is just 7 times this

dq = nRd¢pdR

From geometry we identify

r=1/22+ R?
and, due to symmetry we expect only the z-component of the field to survive. So to get
rid of # we multiply (dot product) by k. There will be an angle, 0, between 7 and k. So
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we expect the result of the dot product to be that we multiply by the cosine of 0
z

Ny

We want to put all this into our basic equation. This time the radius R changes, so let’s

cosb =

call it R’ so we recognize that it is a variable over which we must integrate. We s;lit our

integral equation into components, so
1 d
_)E q &

4re, r2

1 [ nRdsdR _ .
4W60/(22+R’2)r !
1 [ nRd6dR

dre, / (Z2+R’2)r

becomes

BN

and

1 nRd¢dR'
dre, / (22 +R’2)r

1 nRd¢dR’
4me, / (22 + R7?) cos
and we will integrate from R’ = 0to R’ = R.

Note that from our symmatry we cab argue that £, and E, must be zero, so we only

m an’d¢dR’
47reo / / (22 + R/Q
Performing the integration over d¢ just gives us a factor of 2m
2z (B 2RAR
4me, /0 (22 + R/Q)%
where, for convenience, we have left the 2 inside the integral (it will be useful later).

need to calculate

2

E, =

We need to solve this integral. A u-substitution is one way. Suppose we let
u=z*+ R

S0
du =2R'dR’'

We will need to adjust the limits of integration, for R’ = 0 we have

and for ' = R
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Question 223.23.6

then our integral becomes

We get

The result is

or

1
2mn R?\ 7
E, = 1-(14+—
? 47reo< (+z2> )

This looks messy, but this is the answer.

But wait, this is really a disk of charge with radius R. We wanted an infinite sheet of

charge. So. suppose we let R get very big. Then

1
2 R?\ ?
Fr.oo = 1 1- (14—
R Rgnooélﬂ'eo ( < + 22) >
_ 2my
T dre,
_ o
2¢€,

This is the field for our semi-infinite sheet of charge.
We should take some time to figure out if this makes sense.

This sheet cuts the entire universe into to two parts. It is so big, that it is hard to say
anything is very far away from it. So we can understand this answer, The field from

such a sheet of charge is constant every where in all of space. No matter how far away
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we get, it will never look like a point charge, in fact, it never really looks any farther

away!

Note we did just one side of the sheet, there is a matching field on the other side. So

this sheet of charge fills all of space with a constant field.

of course this is not physically possible to build, but we will see that if we look at a large
sheet of charge, like the plate of a capacitor, that near the center, the field approaches

this limit, because the sides of the sheet are far away.
Let’s go back and consider the disk of charge.

1
21 R*\*
E, = 1-(14+—
? 47reo< (+22> )

Suppose we look at this distribution from vary far away for a finite disk. We expect that
it should look like a point charge with total charge Q. Let’s show that this is true. When
z gets very large R/z is very small.

1
27 R?\ 2
EZ>>R:R<1_<1+?> )

Let’s look at just the part
1
R2 -2
<1 + ?>

This is of the form (1 + z)" where z is a small number. We can use the binomial

expansion
1+2)"~1+nx r<1
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to write this as .
R2 -2 1 R2
(1 + _) ~1-LE

22 2 22
so in the limit that z is large we have
21 1 R?
E, = 1-14=-—
>k 4re, ( + 2 22 )
_ I ‘n'cla%2 R2
T drwe, 22
_ e
T 4ye, 22

Which looks like a point charge as we expected. We have just a small, disk of charge
very far away. That is looks like a point charge with total charge Q.

Spheres, shells, and other geometries.

I won’t do the problem for the field of a charged sphere or spherical shell. We could,
but we will save them for a new technique for finding fields from configurations of

charge that we will learn soon. This new technique will attempt to make the integration

much easier.

Constant electric fields

Let’s try to use what we know about electric fields to predict the motion of charged
particles that are placed in electric fields. We will start with the simplest case, a charged
particle moving in a constant electric field. Before we take on such a case, we should

think about how we could produce a constant electric field.

We know that a semi-infinite sheet of charge produces a constant electric field. But we
realize that a semi-infinite object is hard to build and hard to manage. But if the size of
the sheet of charge is very large compared to the charge size, using our solution for a

semi-infinite case might not be too bad if we are away from the edges of the real sheet.

We want to study just such a device. In fact we will use two finite sheets of charge.

Capacitors

From what we know about charge and conductors, we can charge a large metal plate by
touching it to something that is charged, like a rubber rod, or a glass rod that has been
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rubbed with the right material.

+Q

If we have two large metal plates and touch one with a rubber rod and one with a glass

rod, we get two oppositely charged sheets of charge.

What would the field look like for this oppositely charged set of plates? Here is one of
our thread-in-oil pictures of just such a situation. We are looking at the plates edge-on.

Figure 5.3 .http://stargazers.gsfc.nasa.gov/images/geospace _images/electricity/charged plates.jpg

Near the center, the field is close to constant. Near the sides it is not so much so. We
are probably justified in saying the field in the middle is nearly constant. A look at the

field lines shows us why
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Fields are equal in
=" strengthand
opposite in direction

Fields are
equalin
strength and
in the same ™ [
direction [~ [

- s v
= =

All bets are off near the edges

Note that in between the plates, the electric field from the positive plate is downward.
But so is the electric field from the negative plate. The two fields will add together.
Outside the plates, the field from one plate is in the opposite direction from that of the
other plate. The two fields will nearly cancel. If our device is made of semi-infinite
sheets of charge, they will precisely cancel, because the field of a semi-infinite sheet of
charge is uniform everywhere.

We call this configuration of two charged plates a capacitor and, as you might guess,
this type of device proves to be more useful than just making nearly constant fields. It
is a major component in electronic devices. Before we can build and iPad or a laptop,
we will need to understand several different types of basic devices. This set of charged

plates is our first.

Of course, for real capacitors, the fields outside cancel completely only near the center
of the plates. Near the edges, the direction of the fields will change, and we get the sort

of behavior that we see in figure 5.3 near the edges.

It is probably worth noting that outside the capacitor the field has a magnitude of zero
(or nearly zero). It is not really correct to say that there is no field. In fact, there are two
superimposed fields, or alternately, a field from each of the charges on each plates, all

superimposed. The fields are there, but their magnitude is zero.
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Particle motion in a uniform field

Question 223.24.1
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Particle motion in a uniform field
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Now that we have a way to form a uniform electric field as our environment, we can

study charged particles moving in this field. And this is really something we are

familiar with. It is very much like a ball in a uniform gravitational field. But we have

the complication of having two different types of charge. The force on such a particle is

given by

but we can combine this with Newton’s second law

to find the particle’s acceleration

— —
F=q¢,.E
F=ma

—
— gmE
a — im—

m
Note, this is NOT true in general. It is only true for constant electric fields.

Millikan

Let’s try a problem. Perhaps you have wondered, “how do we know that charge comes

in packets of the size of the electron charge?” This is a good story, and uses many of

the laws we have learned.

Robert Millikan devised a clever device in the early 1900’s. A picture of his device is

given below.
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Charged Plates

Atomizer

IR

Telescope

Millikan’s oil-drop apparatus: Diagram taken from orginal Millikan’s paper, 1913,
Image taken in 1906 (Both Images in the Public Domain)
Schematically we can draw the experiment like this.

o Qil Drops

o

Millikan made negatively charged oil drops with an atomizer (fine spray squirt bottle).
The drops are introduced between two charged plates into what we know is essentially
a constant electric field. A light shines off the oil drops, so you can see them through a
telescope (not shown). We can determine the motion of the oil drops just like we did in
PH121 or Dynamics. If the upper plate has the positive charge, then the electric field E
is downward. A free body diagram for a drop is shown in the figure to the left of the
apparatus. We can write out Newton’s second law for the drop (our mover charge).

Fret, = mgay = —Fy = Fp + F¢



Particle motion in a uniform field 79
where Fp is a drag force because we have air resistance.

If the upper plate has the positive charge, then the electric field E is downward. So
Fo=—quE

The field points down, the charge is negative, so the force is upward (positive in our
favorite coordinate system). We can write newtons’s second law as

mqay = —Fy £ Fp +qF
If F, is large enough, we can make the oil drop [oat up! Then the drag force is
downward

mqay = —mg — Fp +qF
and if we are very careful, we can balance these forces so we have the drop [bat upward
at a small constant velocity.

0=-mg—Fp+qFE
The constant speed is really slow, hundredths of a centimeter per second. so we can
watch the drop move with no problem (except for patience). Once he achieved a
constant speed, by knowing the drop size and density Millikan could calculate the mass,
and therefore the charge.
mg+ Fp = qgnE

we see that
mg+ Fp

m = E
Which is where our problem ends. But Millikan went farther. He had actual data, so he
could compare charges on different droplets. He found that no matter what the value

for g, it was a multiple of a value, g. = 1.602 x 107° C. So

Qm = NQqe n=0,+1,+2 ...
to within about 1%.8. So the smallest charge the drops could have added to them was
1 X g. and any other larger charge would be a larger multiple of ¢.. The conclusion is
that charge comes in units of g.. We recognize ¢. as the electron charge. You can’t add
half of an electron charge. This experiment showed that charge seems to only comes in

whole units!

Free moving particles

8 There is actually some controversy about this. Apparently Millikan and his students threw out much of

their data, keeping only data on drops that behaved like they thought they should. They were lucky that this
poor analysis technique did not lead to invalid results! (William Broad and Nicholas Wade, Betrayers of the
truth, Simon and Schuster, 1983)
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I [ S B
d d
F= mg F= Q'E
L v

We may recall that for an object falling in a gravitational field, say, near the Earth’s
surface, the acceleration, g, is nearly constant. If we have a charge moving in a constant

electric field, we have a constant acceleration. From Newtons’ second law,
ma = g, F

we can see that this acceleration is
qm b

m
From our Dynamics or PH121 experience, we have a set of equations to handle

problems that involve constant acceleration

L o
T = Xyt vttt §a$t
VUpf = Uzt gl
vgf = 02, +2a, Az
and
L o
Yr = Yi T uyt+ §ayt
Vyf = Uy tayt
vif = vii + 2a,Ay

These are know as the kinematic equations. You derived them if you took Dynamics (or
derived them and then memorized them if you took PH121). Let’s try a brief problem.
Suppose we have a positive charge in a uniform electric field as shown.
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T F +gE

Let y = 0 at the positive plate. How fast will the particle be going as it strikes the

negative plate?

We use the acceleration
0 - qmF
Y m

a, = 0

For this problem we don’t have any z-motion, So we can limit ourselves to.

1 QmE 2
yr = yi+th+§ _m t
qmFE

wr = v+ (2E)

2 2 qmE

= 42— A
Uyt Vyi + < m ) Y
We don’t have the time of Light of the particle, but we can identify
Ay=d

The particle started from rest, so

Vyo =0
Therefore it makes sense to use the last of the three equations, because we know
everything that shows up in this equation but the final speed, and that is what we want
to find.

)
mE
Vi o= 042 (%) d
2qm Ed
Uyf = m

There is a complication, however. With gravity, we only have one kind of mass. But

with charge we have two kinds of charge. Suppose we have a negative particle.
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Of course the negative particle would not move if it was started from the positive side. It
would be attracted to the positive plate. But suppose we start the negative particle from
the negative plate. It would travel “up” to the positive plate. We defined the downward
direction as the positive y-direction without really thinking about it. Now we realize
that the upward direction must be opposite, so upward is the negative y-direction. Our

negative particle will experience a displacement Ay = —d.
Then
2 2 —qmE
= 42 A
Uys Uyi + ( m ) Y
2 _QmE
= 042 —d
29 Ed
Uy = AT

m
we get the same speed, but this illustrates that we will have to be careful to watch our

signs.

In this last problem we have had only an electric force, no gravitational force. This
is important to notice. If there were also a gravitational force, we would need to use
Newton’s second law to add up the forces like we did with the Millikan problem.

Let’s take another example. This time let’s send in a negatively charged particle
horizontally through the capacitor. The particle will move up due to the electric field
force. How far up will it go as it travels across the center of the capacitor?

L
F= q ;
—
Vv
Let’s define the starting position as
Tr; = 0
yi = 0
We can identify that
Viz = Vo
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Qy

Ay

Particle motion in a uniform field

gmE
m

0

We can fill in these values in our kinematic equations

and

(0)

(0)

0+ (0)

1
0+ vt + = (0) 2

2
vo+ (0)t

v2 4+ 2(0) Az

()
m
+ (M> t

m

+2(225) o)

t—l—l
2
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From the first set we see that v,y = v,, that is, the z-direction velocity does not change.

That makes sense because we have no

force component in the x-direction.

After ¢ seconds we see that the charged particle has traveled a distance

Ty = Vot

If we measure xy = L then we can see how long it took for the particle to travel

through the capacitor

Now let’s look at the de[ection. We ca

Yr

t=—

Vo
n use the first equation of the y-set
()"
(=5 (5)

2 m
qmFE

m

1

2

L

Vo

Let’s see if this makes sense. If the electric field gets larger, the particle will delect

more.
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This is right. The field causes the force, so more field gives more effect from the force.
If we increase the charge, the del ection grows since the force depends on the charge
of the moving particle. This also seems reasonable. If the mass increases, it is harder
to move the particle, so it makes sense that a larger mass makes a smaller de[ection. If
the particle is in the field longer, the del ection will increase, so the dependence on L
makes sense. Finally, if the initial speed is larger the particle spends less time in the
field, so the delection will be less.

Non uniform fields

Of course all of this depends on the field being uniform. For a non uniform field the
force is still

— —

F =qE (z,y,2)
but now the field is a function of position. This makes for a more difficult problem. For
now we will stick to constant fields. If we had to take on a non-uniform field, we would

likely use a numerical technique.

Basic Equations

The magnitude of the electric field due to a disk of charge along the disk’s axis
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1
27 R?\ 2
B 47reo< (+22> )

:2—60

The magnitude of the electric field inside an ideal capacitor

TS
I
1]

e e L

E= @
Ae,
Motion of a charged particle in a constant electric field

P

E

=1

m

Tf =X+ Vil + %amt2 Y = Yi + vyt + %ayt2
Vg f = Ugi + Qgt Uy f = Vyi + ayt

vgf =2, + 2a,Ax vgf = vgi + 2a,Ay
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Dipole motion, Symmetry

Fundamental Concepts

e Force and torque on a dipole in a uniform field
e Force on a dipole in a non-uniform field

e Drawing the shape of a field using symmetry

This lecture combines two topics that might be better separated. The first relates to
forces on charges in uniform fields. This is what we discussed last lecture. The next is
the beginning of the ideas that will allow us to use symmetry and geometry to avoid
integration over charges. But because our lecture times are only an hour, and we

can only do so much at once, they are combined here together. But they form a nice
transition between the two topics this way. We will first study the motion of dipoles in
uniform, and not so uniform fields. We will find symmetry and geometry plays a part in
our solutions. Then we will study the fields of standard symmetric objects.

Dipole motion in an electromagnetic field

Question 223.25.1

We remember dipoles, a pair of charges of equal magnitude but opposite in charge,
bound together at set separation distance. Let’s take our environment to be a constant

electric field, and our mover to be a dipole.

r_—

Here is a diagram of the situation.
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Notice that as usually, just the environmental field is drawn. There is a field from the

dipole, too,

but this is the mover’s self-field and it cannot create a force on the dipole, so we will
not draw it. Of course, if we introduce yet another charge, g,¢.,, the environmental
field this new charge would feel would be a combination of both the dipole field and the

uniform field! We would have to draw the superposition of the two fields.

Yet another charge

But that is a different problem!

Here is our case again. We only draw the environmental field that will cause the motion

of the mover object we are studying.
—_— — — — —>

To understand these figures,we have to remember that the red field arrows are an
external field that is, the dipole is not making this field. something else must be. We did
not draw that something else. Since it is a uniform field, it is probably a capacitor. Here

is what it might look like
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Question 223.25.3
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> > > > >
> > > > >
> > > > >

> D> > > >

The positive side must be to the left, because the red external field arrows come from
the left. The negative side must be to the right, because the field arrows are pointed that
direction. We can get away with not drawing the source of the external field because the

force on the dipole charges is just

— —

F =q,E
If we know E), then we don’t need any information about it’s source to find the force.
Since the field is the environment that the mover charges feel, the field is enough. Let’s

find the net force on the dipole due to the environmental field.

We use Newton’s second law to find that
Foet, = —F_+ F, =ma,

and our definition of the electric field to find

F. = qF

Fy = ¢ F
so since [q—| = g+ | = q

—qFE + qF = ma,

which tells us that there is no acceleration, no net force. The center of mass of a dipole
does not accelerate in a uniform field. But we remember from PH121 that we can make

things rotate.

|

—_ = — —

X

—_— —>
—_ = —

F,

— —

|

|

—_— - —>

If the dipole is not aligned with it’s axis in the field direction, then the forces will cause

a torque.
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Question 223.25.4

We remember that torque is given by
N
T=TxF
substituting in our force and defining the distance between the charges to be a we can

write this out

The magnitude of the torque is given by
|7| = rFsinf
where 6 is the angle between r and F. It is easier to find that angle if we redraw each

displacement vector from the pivot and each force with their tails together

Then for one charge, say, g
T= 4 qF sinf
We use the right-hand-rule that you learned in Dynamics or PH121 to find the direction.
We can see that the direction will be out of the page. But we have two charges, so we
have a torque from each charge. A quick check with the right-hand-rule for torques will
convince us that the direction for the torque due to ¢ is also out of the page, and the
magnitude is the same, so our total torque is
Tnet = T4+ +7T—
= aqFsind
which we can write as
Tnet = pE sinf
or the dipole moment, p, multiplied by F sin 6. Recalling the form of a cross product
A x B = ABsin6i
where 11 is perpendicular to both A and E), we have a hint that we could write our
torque as a cross product. We would have to make p a vector, though. So let’s define
P as a vector with magnitude aq and make its direction along the line connecting the

charge centers, with the direction from negative to positive.
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Then we can write the torque as

—

F=PxE 6.1)

which is our form for the torque on a dipole.
Let’s try a problem. Let’s find the maximum angular acceleration for a dipole.

Recall that Newton’s second law for rotational motion is

Yr=1a
where [ is the moment of inertia and « is the angular acceleration. Then we can find
how the dipole will accelerate

Tnet
o =
. o I
For a dipole, I is simple
I = m_rZ+ my“i
(5) +m(3)
= m|= m (=
2 2
L5
= gma
so our acceleration is
pE sin 6
o sl
%ma2
_ 2pEsind
N ma?

Suppose we look at this for a water molecule in a microwave oven. What is the
maximum angular acceleration experienced by the water molecule if the oven has a
field strength of £ = 200V / m?

The dipole moment for a water molecule is something like
Pw =6.2x1073°Cm
and the separation between the charge centers is something like
a=39x10""%m
and the molecular mass of water is

M = 18—8_
mol



92  Chapter 6 Dipole motion, Symmetry

which is
M = mNA
so the mass of a water molecule is
M 18-

- mol
Na  6.022 x 1021
= 2.989 x 1070 kg

m =

then when sin § = 1 we will have a maximum
2(6.2x 107*°Cm) (200 V/m)

(2.989 x 1026 kg) (3.9 x 1012 m)?

o =

d
— 5455 x 10°'
s
Our numbers were kind of rough estimates, but still the result is amazing. Imagine if
this happened inside of you! which is why we really should be careful with microwave

ovens and microwave equipment.

Induced dipoles
Suppose that we place a large insulator in a uniform electric field.

Excess

negative
charge on the Interior charges from one dipole negative
surface will cancel charges from another dipole chargeon the
experience a surface will

force ﬁ / experience a
force
— -
K’ A
: \

o-Lo--
\_ v

Excess

The atoms tend to polarize and become dipoles. We say we have induced dipoles
within the material. Notice that in the middle of the conductor there is still no net
charge. But because we have made the atoms into dipoles, one side of the insulator
becomes negatively charged and the other side becomes positively charged. This does
not create a net force, but we will find that separating the charges like this can be useful

in building capacitors.
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Non-uniform fields and dipoles

Suppose we place our dipole in a non-uniform field? Of course the result will depend
on the field, so let’s take an example. Let’s place a dipole in the field due to a point
charge.

A

* 4 El

N A
€ <« <—\T/—'>°—>_}
0t
¥ i N

v

We can see that the field is much weaker at the location of the positive charge than it is
at the negative charge location. If we zoom in on the location near our dipole we can

see that now we will have an acceleration!

YF,=—-F_+F; =ma,
SO
_quarge + qFEsman = ma,

Let’s go back to our charged balloon from many lectures ago. We found that the charge
“leaked off” our balloon. We can see why now. The water molecules in the air are
attracted to the charges, and stick to them. When the water molecules [bat off, they
will take our charge with them. We can calculate the net force easily with our field from

a dipole that we found earlier,

— 2 ?
E,= —
4me, L3



94  Chapter 6 Dipole motion, Symmetry

then the force on the electron on the balloon is
F = qF
2¢e p

4me, L3

So if the dipole is about a 0.01 cm away
2(1.602x107"7)  6.2x1073°Cm

F = 4 -
A (8.85><10*12 c ) (0.01cm)

N m2
= 1.7862 x 107*°N
But wait! we used the dipole as the environmental object and the single charge as the
mover. So this is the force on the single charge! But by Newton’s third law, the force on
the dipole due to the electron must have the same magnitude and opposite direction so
Fipote = —1.7862 x 1072 N

We could also use Coulomb’s law for a point charge, since we know the field equation.
Taking the point charge as the environmental charge and the dipole charges as the

movers,

_quarge +qEBma1 = mag

19V, (1Qy
4 dme, r2 q dmen T3 - v

Qq(l 1)
S T 3 = MGy = L'pet

dwe, \rL T
this is the net force on a dipole due to the point charge.

From our estimations, the effective charge on one side of the water molecule is
p 62X 10730 Cm

a  39x1072m
= 1.5807x 107 '®As

(how can this be true?) so if the dipole is abut a 0.01 cm away then
(1.0 x 10719) (1.5897 x 10~ ¥ As)

Fret = >
4 (8.85 x 1071252

1 1
>< J—

(0.01 cm + 3.9><1(2)712 111)2 (0'01 cm — 3:9x10712 m)2

2
= -1.1150x107*°N

We expect the negative sign, both forces should be to the left. The answers are different,

but within one order of magnitude. This is pretty good since for our dipole field we

assumed that the distance from the dipole is very large and 0.01 cm is a somewhat

shorter version of very large!
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Symmetry

The symmetry of the uniform field figured strongly in the dipole problem. When the
shape of the field changed, so did the resulting motion. This suggests that we could
solve some problems just knowing the symmetry, or at least that symmetry might help
us do simple predictions to help get a problem started. We need to be able to predict the
field lines of a geometry to draw a picture to start solving a problem.

We have run into two geometries so far that have been helpful

h A e
e
e g ~
= A~

2
\

&« ~ Semi-infinite Sheet of Charge

Infinite Line of Charge

The infinite line of charge and the semi-infinite sheet of charge. We have found for
the sheet that the field is constant everywhere. This is strongly symmetric. We could
envision translating the sheet within the plane right or left. The field would look the
same. We could envision rel ecting the sheet so the left side is now the right side.
That would also not change the field. We can say that the field of the sheet would be
symmetric about translation within the plane of the sheet and symmetric on rel ection.

Suppose we look at the sheet side-on. Suppose that we thought the field came off the
sheet at an angle as shown.
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Question 223.25.5

LLLLL!
AN

Notice that if we shift the sheet right or left, the field would still look the same, but if
we rel ected the sheet about the y-axis. Then we would have

NN
/11177

But (and here is the important part) the shape of the charge distribution did not change

on relection. The sheet really looks just the same. It dose not make sense that we
should change the shape of the field if the shape of the charge distribution did not
change. So we can tell that this can’t be the right field shape.

We can do this with any symmetric distribution of charge. Think of the infinite line of
charge. If we move it left or right the field definitely changes. So it is not symmetric
about translation along, say, the z-axis. But if we move the wire along it’s own axis,
(for my coordinate system, along the y-axis) it should be symmetric because the charge
distribution won’t look different. We can guess from the last example that the field must
come straight out perpendicular to the line of charge. It must be perpendicular, but what
direction? Look at this end view. The field lines do come straight out, so this meets our
criteria for being perpendicular to the line.

Line of Charge, End View

We could rotate the line about the axis of the line. Then the charge distribution would
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look just the same. The field would also look just the same on rotation. But if we rel ect
the charge distribution across the axis shown, the charge distribution looks just the
same, but the field would change.

Line of Charge, Reflection

We can tell that this is not the right field. We can tell that the field should look more
like this.

Line of Charge, End View

Combinations of symmetric charge distributions

We can combine sheets or lines of charge to build more complex systems. We did this

to form a capacitor
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The field lines follow our symmetry guidelines. Because of the symmetry of the sheet
of the field lines must be perpendicular to the sheets.

Again building from the line of charge, we can build more complex geometries
- -
b o

re ~
Infinite Line of Charge

Charged Coaxial Cylinders

In the figure we have two positively charged concentric cylinders. The field is very
reminiscent of a line charge field, and we can see that it must be using the same
symmetry rules.

Of course the cylinders don’t have to have the same charge.



Symmetry 99

Oppositely Charged Coaxial
Cylinders

If the interior cylinder is positively charged and the exterior cylinder is negatively
charged, we have a situation much like the capacitor. Each cylinder has a field outside
the system, but those fields cancel out if there are equal charges on each cylinder. This

situation is similar to a coaxial cable, and we will revisit it later in the course.

For the charge configurations we have drawn so far, we must keep in mind that they are
infinite in at least one dimension. Finite configurations of charge in lines or sheets will
have curved fields at the ends. The fields will be symmetric on rel ection about their
centers, but not on translation of any sort. Still, we will continue to use semi-infinite
approximations in this class, and these constructs are good mental images under many

circumstances.

Of course we can have a sphere. Spheres are very symmetrical, so we can guess using
our symmetry ideas that the field from a charged sphere should be perpendicular to the
surface of the sphere everywhere.

We can see that this is true for both the sphere and for concentric spheres or any
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configuration of charge that is spherical.

Basic Equations

al!

ol

=



[ Electric Flux

Fundamental Concepts

e Electric [ux is the amount of electric field that penetrates an area.

An area vector is a vector normal to the area surface with a magnitude equal to the

area.
e For closed surfaces, [ux going in is negative and [ux going out is positive by
convention.
The Idea of Flux
Van de Graaff Gen-
erator Demo
Question 223.26.1 If you took PH123 or have had a class that deals with [uids, I can use an analogy (if

not, you will probably be OK, because you have probably used a garden hose). Let’s

recall some [uid dynamics for a moment. Remember what we called a "ow rate? This
was from the equation of continuity

v1 A = 124

A

We wanted to know how much liquid was going by a particular part of the pipe in a
given unit of time. We called vA a [ow rate.
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Question 223.26.2

The idea of electric [lux

I want to introduce an analogous concept. But this time I want to use the electric field
instead of water speed

d=FA
This is just like our [ow rate in some ways. It is something multiplied by an area. In
fact, it is how much of something goes through an area. We could guess that it is the
amount of electric field that passes through the area, A. Now the electric fields we have
dealt with so far don’t [ow. They just stay put (we will let them change later in the
course). So it is only /ike a [ow rate. But it is useful to think of this as “how much
of something passes by an area,” and the “something” is the electric field in this case.

Let’s consider a picture
Area=A

\
\

=

/1.1

In this picture, we have a rectangular area, A, and the red arrows represent the field
lines of the electric field. The arrows penetrate the area like a target. So there is a
number of arrows that go through the area. They don’t [ow through the area, but they
do penetrate it. We can picture the quantity, ¢, as the number of field lines that pass
through A. Remember that the number of field lines we draw is greater if the field
strength is higher, so this quantity, ®, tells us something about the strength of the field

over the area.

But, what if the area, A, is not perpendicular to the field?
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=

We define an angle, 6 (our favorite greek letter, but we could of course use 5 or «,

or ( or whatever) that is the angle between the field direction and the area. A more
mathematical way to do this is to define a vector that is perpendicular to (normal to) the
surface fi. Then we can use this vector and one of the field lines to define 6. It will be

the angle between 1 and the field lines.

Area = A

=

Of course either way gives the same 6.

Now our definition of @ can be made to work. We want the number of field lines
passing through A, but of course, now there are fewer lines passing through the area

because it is tilted. We can find ¢ using 6 as
d = FAcos0 (7.1)
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Tip a [at object

Domenstrate  with
a document with
writing on one side

but let’s consider what

Acosf
means. We can start with our original area.
Side View Front view
Original Area

Original Position

If we tip the area, it looks smaller

Side View Front view

Original Area
Original Position

New Position Projected Area

1
L
Lo
1%
1

]
1
L
!
The smaller area is called the projected area.

We can see that by tipping our area, we get fewer field lines that penetrate that area.

Really the number of field lines is just proportional to E, so we won’t ever really count
field lines. But this is a good mental picture for what [ux means. Really we will
calculate

® = FAcosf

The cos 6 with two magnitudes (field strength and area) multiplying it should remind
you of something. It looks like the result of a vector dot product. If £ and A were both

vectors, then we could write the [ux as
- —

dP=E- A (7.2)
Well, we can define a vector that has A as it’s magnitude and is in the right direction to
make

- —
E-A=FAcos#
We define the area vector
A =iA (7.3)

Notice that for an open surface (one that does not form a closed surface with a empty
space inside) we have to choose which side ii will point from. We can choose either

side. But once we have made the choice, we have to stick with it for the entire problem
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we are solving.

Flux and Curved Areas

Suppose the area we have is not [at? Then what? Well let’s recall that if we take a
sphere the surface will be curved. But if we take a bigger sphere, and look at the same
amount of area on that sphere, it looks less curved.

Region of ?
Interest |

This becomes more apparent if we remove the rest of the circle or sphere to take away

the visual cures our eyes and minds use to say something is curved

Suppose we take a curved surface but we just look at a very small part of that surface.
This would be very like magnifying our circle. We would see an increasingly [at

surface piece compared to our increased scale of our image.

This gives us the idea that for an element of area, A A we could find an element of Tux
A for this small part of the whole curved surface. Essentially A A is [at (or we would
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Question 223.26.3
Required

Question 223.26.4
Required

Question 223.26.5

just take a smaller AA).
— —
AP =E - -AA (7.4)
This is just a small piece of the total [ux through the curved surface, the total [ux

through our whole curved surface is
opr ) A (7.5)

Of course, to make this exact, we will take the limit as AA — 0 resulting in an integral.
We find the [ux through a curved surface to be

dp= i E AA, = E.-dA 7.6
E_A}JEO; . i_Lurface ' ()

Notice that this is a surface integral. It may be that you have not done surface integrals

for some time, but we will practice in the upcoming lectures.

Closed surfaces

Suppose we build a box with our areas.

Negative Flux Positive Flux

Then we would have some lines going in and some going out. By convention we will
call the [ux formed by the ones going in negative and the [ux formed by the ones
going out positive. From these questions we see that if there is no charge inside of the
box, the net [ux must be zero. We could take any size or shape of closed surface and
this would be true! But if we do have charge inside of the box we expect there to be a
net [ux. If it is a negative net charge, it will be an negative [ux and if it is a positive
net charge it will be a positive net [ux. Next lecture we will formalize this as a new
law of physics, but for now we need to remember from M215 or M113 how to write an
integration over a closed surface. We use a special integral sign with a circle

- —
Op = 7{ E -dA (7.7)
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Flux example: a sphere

For each type of surface we choose, we need an area element, dA, with which we
perform the integration. This is a lot like finding dq in our electric field integral. In our
integration of the electric field due to a distribution of charges, we have used elements
of area for [at surfaces. Remember our integration of over a disk of charge. We had a
small area element

dA = rdrdg
and to find dg we just multiplied by the surface charge density.

E-dA

is very similar. So we are familiar ground when we find elements of area.

But so far we have not found an area element for a sphere. Let’s tackle that now. We

can start by finding the coordinates of a point, P, on the surface of the sphere.

y

We define the coordinates in terms of two angles, 6 and ¢. Let’s look at them one at a

time. First 0
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o

Side View

and now ¢

Top View

Let’s build an area by defining a sort of box shape on the surface by allowing a change
in 6 and ¢ (A6 and A¢). First A,
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N=r1AO

Y20

Side View

The angle 6 just defines a circle that passes through the “north pole” and “south pole”
of our sphere. By changing 6 we get a small bit of arc length. We remember that the
length of an arc is
sg =10 (7.8)
where 6 is in radians. So we expect that
Asg =rAf (7.9)
We can check this by integrating

27 2
/ rdf = r/ df = 27r (7.10)
0 0

Just as we expect, the integral of arc length around the whole circle is the circumference
of the circle. Then Asy is one side of our small box-like area, the box height.

Now let’s look at ¢
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¢ also forms a circle on the sphere, but it’s size depends on . Near the north pole, the
radius of the ¢-circle is very small. At § = 0, the ¢-circle is in the zy plane and has
radius 7. We can write the radius of the ¢-circle as a projection over 90 °© — 6 which
gives us a radius of 7 sin 8. Then we use the arc length formula again to find
s¢ = (rsinf) ¢ (7.11)
a change in arch length will be
Asy = (rsinf) A¢ (7.12)

e - N=rsin® Ag

Top View

This is the other side of our box, the box width.

Now let’s combine them. We multiply Asg x Asy to obtain a roughly rectangular area.

z

AA = rsinBABrAg

AA = Asg x Asy = rAfrsin0A¢ (7.13)
which is the area of our small box. We have found an element of area on the surface of
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the sphere! all we have to do is to let the A’s become d’s.

dA = dsg x dsg = rdfrsin 0d¢ (7.14)
Let’s check our element of area by integration. After changing A to d and rearranging
dA = r?sin 6dfde (7.15)
then
A= / / r? sin 0dfd¢ (7.16)

we have to be careful not to over count area. Let’s view this as first integrating around
the circle of radius r sin 6 over the variable ¢, then an integration of all these circles as

0 changes from 0 to 7

T 27
A = / / 2 sin Od¢de (7.17)
0 0

™ 2m
= 7“2/ sin@d@/ do
0 0

= 27rr2/ sin 0d6
0

= dnr?

as we expect.

We are now ready to do a simple problem.

Spherical Closed Surface
Q

Let’s calculate the [‘ux through a spherical surface if there is a point charge at the center
of the sphere. The field of the point charge is

= 1 Qg

E = —F

e, 12 t

/
/

but I is always in the same direction as dA for this case, so

then the [ux through the surface is

by = ¢E-dA
e
4dre, 12

#.dA

f-dA = (1)dAcos(0) =dA
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which gives us just

Qr [1
dp = —dA
B 4dme, | 12
= f—E%%HSianadqﬁ
meo ) T
T 27
= 46’721_5/ (/ d¢> sin 6d6
o Jo 0
_ Qg
o 47reo47r
e
€o

Some comments are in order. Our surfaces that we are using to calculate [ux might
be a real object. You might calculate the electric [ux leaving a microwave oven, or a
computer case to make sure you are in keeping emissions within FCC rules. But more

likely the surface is purely imaginary—just something we make up.

Symmetry is going to be very important in doing problems with [ux. So we will often
make up very symmetrical surfaces to help us with our problems. In today’s problem,
the fact that ¥ and dA were in the same direction made the integral much easier.

Until next lecture, it may not seem beneficial to invent some strange symmetrical
surface and then to calculate the [1x through that surface. But it is, and it will have the

effect of turning a long, difficult integral into a simple one, when we can pull it off.

Flux example: a long straight wire

Let’s take another example. A long straight wire.
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We remember that the field from a long straight wire is approximately
1 2]A
T dme, T
The symmetry of the field suggests an imaginary surface for measuring the [ux. A

cylinder matches the geometry well. Let’s find the [ux through an imaginary cylinder
that is L tall and has a radius r and is concentric with the line of charge. Note that we

are totally making up the cylindrical surface. There is not really any surface there at all.

The Cux will be
By = f .dA

We can view this as three separate integrals

%:f E.dmf E.dA+7§ £-dA
top side bottom

since our cylinder has end caps (the top and bottom) and a curved side.

Let’s consider the end caps first. For both the top and the bottom ends, E - dA = 0
everywhere. No field goes thorough the ends. So there is no [ux through the ends of
the cylinder.

There is [ux through the side of the cylinder. Note that the field is perpendicular to the
side surface everywhere. So E-dA = EdA. We can write our [ux as

dp = j{ EdA
side

1 2)
A
7{47%0 r - ¢

Integrated over the side surface. But we will need an element of surface area dA for a

cylinder side. Cylindrical coordinates seem logical so let’s try
dA = rdfdz

| 2\/\|
(b =
. j'{ f ez
el / / " o
47760 0 0

AP
= 2r L
2me, ( )
A
I,
€o
So far we have, indeed, made integrals that look hard but are really easy to do. But note

then

that this would be much harder if the wire were not at the center of the cylinder, or if in

the previous example the charge had been off to one side of the sphere.
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We would still like to remove such difficulties if we can. And often we can by choosing
our imaginary surface so that the symmetry is there. But sometimes that is harder. or
worse yet, we don’t know exactly where the charges are in a complicated configuration
of charge. We will take this on next lecture when we study a technique for finding the
electric field invented by Gauss.

Basic Equations

The electric [ux is defined as
- —
P =E -A =FAcosf

where the area vector is given by

and for a curved area, we integrate



8 Gauss’ Law and its Applica-
tions

Fundamental Concepts

e Gauss’ Law tells us that the [ux through a closed surface is equal to the charge
inside the surface divided by ¢,:
d = Qin
€o
e Gauss’ Law combined with our basic [ux equation
Oy = 7{ E.da -9

€o

Gauss’ Law

Last lecture we did two problems. We found the [ux from a point charge through a
spherical surface to be

Qe

(psphere,point =
and the [ux from a line of charge through a cylinderoto be

b,

@cylindar,line =
€o
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Question 223.27.1

Let’s rewrite the last one using

Q

A==
L

then
L
@cylindar,line — %L
= @
6O

which is just what we got for the point charge and sphere! That is amazing! Think
about how much work it was to find each [ux, and in the end we got the same result.
Wouldn’t it be great if the [ux through every closed surface was this simple? Then we

would not have to integrate at all!

To see if we can do this, first let’s think of our answer.

Qe

It does not depend on the radius of the spherical surface. So any spherical surface

(psphere,point =

centered on the charge will do! This makes sense. No matter how big the sphere, all the
field lines must leave it. Since [ux gives the amount of field that penetrates an area, for
our charge at the center of a sphere we see that all of the field penetrates the spherical

surface no matter the size of the sphere. So the [ux is the same no matter r.°

The key to making our last lecture problems easy was that the field was always
perpendicular to the surface so E -dA = EdA was easy to find.

Using geometry we can arrange to make nearly all of our [ux problems like this. To

demonstrate, let’s take the case of a point charge that is off center.

9 If this still seems strange, remember that the area of a sphere is 4772 and that the field of a point charge

is 4736 T% The [ux is like the product of these two quantities. The -2 terms must cancel. So the fact that the
o

[ux is the same for any sphere is due to the 2 dependence of the field.
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Spherical Closed Surface

This would make for a difficult integration because E and dA have different directions
as we go around the sphere. But let’s consider, would there be less [ux through the
surface than there was when the charge was centered in the sphere? Every field line that
is generated will still leave the surface. Flux gives us the amount of field that penetrates
the surface.'” Since [ux is the amount of field penetrating our surface, it seems that the
[ux should be exactly the same as when the charge was in the center of the sphere. To
prove this, let’s take our surface and approximate it using area segments. But let’s have
the area segments be either along a radius of a sphere centered on the charge, or along
the surface of a sphere centered on the charge.

Spherical Closed Surface .

No [ux goes through the radial pieces. And the rest of the pieces are all parts of spheres
centered on the charge. But for the spherical segments, the field will be perpendicular
to the segment no matter what sphere the segment is a part of, because we chose only
spheres that were concentric with the charge. The r we have for the little spherical
pieces does not matter, so on all of these surfaces E -dA = EdA. Then the integration

for these pieces will be easy.

10" Think of water “ow rate again. We could place the end of a garden hose in a wire mesh container. The

water would [ow out the hose end and through the wire mesh sides of the container. The [ow rate tells us
how much water passes through the container surface. The [ow rate does not depend on the shape of the
container. The hose end is like a charge. The hose is the source of water, the charge is the source of electric
field.
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Of course this surface made of little segments from other spheres is a poor
approximation to the shape of the offset sphere. But we can make our small segments
smaller and smaller. In the limit that they are infinitely small, our shape becomes the

offset sphere. That means that once again our [ux is

oo Qe

€o
This is fantastic! We don’t have to do the integration at all. We just count up the charge

inside our surface and divide by ¢,,.

What happens if the charge is on the outside of the surface?

Y/

Lo
x

Every field line that enters goes back out. We encountered this last time. The [ux going
in is negative, the [ux going out is positive, and they must be the same because every
line leaves that enters. So the net [ux must be zero. The means we should still write
our [ux as

P — Qinside
because outside charges won’t contribute to tﬁg [ux. So in a way, our expression works

for charges outside our closed surface.

We know that fields superimpose, that is, they add up, so we would expect that if we

have two charges inside a surface,
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/+

SN
iﬁ\

we would add up their contributions to the total [ux

Diotar = P1 + P2
which means that Q);;,s;4¢ 1S the sum of all the charges inside. We recognize that if
some charges are negative, they will cancel equal amounts of charge that are positive.

This leaves us with a fantastic time savings law

The electric [ux ¢ through any closed surface is equal to the net charge inside the
surface multiplied by 47k.. The closed surface is often called a Gaussian Surface.

@E:%E-dﬁz@ (8.1)

This was first expressed by Gauss, and therefore this expression is called Gauss’ law.

Examples of Gauss’ Law

Question 223.27.2

But why do we get so excited about [1ux? The reason is that we can use the idea of
[ux combined with Gauss’ law gives us an easy way to calculate the electric field from
a distribution of charge if we can find a suitable symmetric surface! If we can find the
field, we can find forces, and we can predict motion.

Let’s show how to do this by working some examples.
Charged Spherical Shell

First let’s take a charged spherical shell and find the field inside.We need to be able to
guess the shape of the field. We use symmetry. We can guess that the field will be radial
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Spherical Closed Surface

Figure 8.4.

both inside and outside of the shell. If it were not so, then our symmetry tests would
fail.

The shell has a total charge of +Q). If we place a spherical surface inside the shell, then

we can use Gauss’s law.
b= Qinside
€0 .
We can tell from the symmetry of the situation that E is everywhere colinear with (but

.,
in the opposite direction as) d A so

@:]{E’-dX:f%EdA

because the field is everywhere perpendicular to the surface. We can even make a guess
that the field must be constant on this surface, because all along the spherical Gaussian
surface there is extreme symmetry. No change in rel ection, or rotation etc. will change
the shape of the charge, so around the spherical surface the field must have the same
value. Then

&=-F 7{ dA=—-FA

Equating our [‘ux equations gives

—EA = Qinside
€o
or
B=_ Qinside
Ae,
but what is Q;nsiqe? It is zero! so
0
E=- =0

Ae,
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There is no net field inside!

This may seem surprising, but think of placing a test charge, q,, inside the sphere. The
next figure shows the forces acting on such a test charge. The force is stronger between

the charge and the near surface, but there is more of the surface tugging the other way.
Spherical Closed Surface

+/% o,
S/ A ,+
|(+ |I|l‘{—\"j}$ l II|| j
N y

¢ /
\ /7

The forces just balance. Since
F =qF

if the net force is zero, then the field must be zero too.

Is there a field outside of the spherical shell? It is still true that

- =
@:]{E-dA:]{EdA

— —
but this time we have a positive sign on the last integral because E and d A are in the
same direction. Then
EA = 4 Xinsude anszde

We now choose our surface around the entire shellAll of our analysis is the same as in

Spherical Closed Surface

Figure 8.5.
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our last problem, except now (Q;,,side 1 not zero
_ Qinside
T Ae,
The area is the area of our imaginary sphere

E = Qinside

(4mr?) e,

+Q

4e,r?

and since Q;5iqe = +Q, then

and we have found the field.

Note that this field looks very like a point charge at the center of the spherical shell (at
the center of charge), but by now that is not much of a surprise!

Strategy for Gauss’ law problems

Let’s review what we have done before we go on to our last example. For each Gauss’
law problem, we
1. draw the charge distribution

=
& +,
." y i oY
i
- | -J
@ y
h
e
2. Draw the field lines using symmetry
T B
.. P,
& : *
l!f |' II-I-I
I-.H'. [
g

3. Choose (make up, invent) a closed surface that makes E - dA either just EdA or 0.
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Spherical Closed Surface

4. Find Q..

5. Solve % EdA = 920—‘1 for the non, zero parts

The integral should be trivial now due to our use of symmetry.

An infinite sheet of charge.

Spherical cases were easy. Let’s try a harder one. Let’s try our infinite sheet of charge.
It is a little hard to draw. So we will draw it looking at it from the side from within the
sheet of charge (somewhere in it’s middle, if an infinite sheet can have a middle).

|++++++++++++++++++++++++++++++++++++++++++++|

This completes step 1).

For step 2), let’s think about what the electric field will look like.
| —

In the figure above I have blown up the view on three charge carriers and drawn some
field lines. Notice that in the z—direction the fields will cancel.
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Cancel Cancel
\ AN
7N SN
(D) (D)
N N N
The y—components add

Y - components add Y - components add
. xat "T ” SR
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x - components Cancel x - components Cancel

So we have only a field in the y direction

e
® © ©

~. el

Remember that this only works if we have the rest of the sheet
to cancel the components on the end charges shown

Now if we had edges of our sheet of charge, not all the x—components would cancel
and the problem would be harder, but we won’t do that problem now. Also note that

there is a field in the —y-direction, I only drew some of the field lines in the figures.

A A A 4 A A

—{ +
— +
-
+

~ +

+

+

This is step 2).

Now we need to choose an imaginary surface over which to integrate ‘7{ E - dA. We

want E - dA = EdA or E - dA = 0 over all parts of the surface. I suggest a cylinder.
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Note that along the top of the cylinder, E || A so E-dA = EdAcosf = EdA. Along
the side of the cylinder £ | A so E - dA = EdAcosf = 0. We have a surface that
works! This completes step 3).

Now we need to solve the integral. The [uix is just
o = 7{ E-dA

> = 7{ E~d/f+j1{ E-dA
side ends

- 04+ % EdA =2EA
ends

where the factor of 2 comes because we have two caps and field in the +y and —y
directions and where A is the area of one end cap. If we know that the sheet of charge

has a surface charge density of 7, then we can write the charge enclosed by the cylinder

as
Qinside = 77A
SO "
o, = 14
3
by Gauss’ law. Equating the two expressions for the [ux gives
A
2EA =12
€o
or
n
= 8.2
5. (82)

which is what we found before for an infinite sheet of charge, but this way was much
easier. If we can find a suitable surface, Gauss’ law is very powerful!

Gauss'’s law strategy

In each of our problems today, we found the electric field without a nasty integration.

Usually we want the electric field at a specific point. To make Gauss’ law work we need
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Question 223.27.4

to do the following for each problem:
1. Draw the charge distribution

2. Draw the field using symmetry

3. Invent a Gaussian surface that takes advantage of the field symmetry and that
= —
includes our point where we want the field. We will want E - dA = FEdA or
— —
E - dA = 0 for each part of the surface we invent.

4. Find the [ux by finding the enclosed charge, Q;,,

- =
5. use 74 E - -dA = %”‘ integrating over our carefully invented surface to find the

field. If our surface that we imagined was good, then 7{ E - dA will be very easy.

Derivation of Gauss’ Law

A formal derivation of Gauss’ Law is instructive, and it gives us the opportunity to in-

troduce the idea of solid angle.

AA

AQ == (8.3)

r
This is like a two dimensional angle. And just like an angle, it really does not have

dimensions. Note that A A is a length squared, but so is 2. The (dimensionless) unit

for solid angle is the steradian. We can see that for a sphere we would have a total solid
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angle of
4 2
Qophere = W—; = 4msr

Now let’s see why this is useful. Consider a point charge in an arbitrary closed surface.

z ¥

(8.4)

Y\ Arbitrary Surface,

¥
If we look at a particular element of surface AA we can find the [ux through that

surface element. We can use our idea of solid angle to do this

Projection of Face of AA onto surface of sphere

Faceof AA

Arbitrary Surface, S

A®p =E-AA
Since the field lines are symmetric about ¢ and the surface is arbitrary, the element AA
will be at some angle 6 from the field direction so
E-AA =EAAcosf

this is no surprise. But now notice that the projection of A A puts it onto a spherical
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surface of just about the same distance from q. The projected area is
AAp = AAcosf

At this point we should remember that we know the field due to a point charge
__1 g
T dwe, 12

so our [ux through the area element is

1
AD, = L AAcosh
4me, 2

q AAcosf
dre, 12

but

AAC20$9 _AQ

r
is the solid angle subtended by the projected area. Then
ADp = 1 A0

TEo
The total ['ux though the oddly shaped closed surface is then

q g
dp = dQ)
E 4d7e,

where we integrate over the entire arbitrary surface, S.

Op= 2 fdﬂ
dme, Jg

but by definition
f dS) = 4w sr
S
)
oy = 1 7{ dQ
dme, Jg
o q
= Ine, 47 sr
R
€o

which is just Gauss’ law.

So far we have used mostly charged insulators to find fields. But we know we will be
interested in conductors and their fields in building electronics. We will take up the
study of charged conductors and their fields next.

Basic Equations

Gauss’ law
d = Qinside

€o
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Gauss’ law combined with our equation for (11
= ~ Qinside
d = 7{ E -dA =——

€o
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Electric Potentials

Fundamental Concepts

e Conductors in Equilibrium

e Electric Potential Energy

Conductors in Equilibrium

Question 223.28.1

Conductors have some special properties because they have movable charge. Here they
are

1. Any excess static charge (charge added to an uncharged conductor) will stay on the
surface of the conductor.

2. The electric field is zero everywhere inside a conductor.

3. The electric field just outside a charged conductor is perpendicular to the conductor
surface.

4. Charge tends to accumulate at sharp points where the radius of curvature of the
surface is smallest.

It is our job to convince ourselves that these are true. Lets take these one at a time.

In Equilibrium, excess charge is on the Surface

Let’s think about what we know about conductors. Most good conductors are metals.
The reason they are good conductors is that the outer electrons in metals are in open
valence bands where there are many energy states available to the electrons. These

electrons are free to travel around. This means that if we place a charge near a metal

object, the free charges will experience an acceleration. Of course, the charge does not
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[y out of the conductor. It will have to stop when it reaches the end of the metal object.
Suppose we go back to our experiment from the first lecture. We took a charged rod,
and placed it near an uncharged conductor.

+ = - -
+ 7+ o+, F -

R T e e

+ Ft+ 4ty Ty

The free electrons moved. We ended up with a bunch of electrons all on the right hand
side. They all repel each other. So at some point the force between a free electron and

the charged rod, and the force between a free electrons and the rest of the free electrons
will balance. At that point, there is zero net force (think of Newton’s second law). The
free electrons stop moving. We have a word from PH121 or Statics for when all the

forces balance. We say the charges are in equilibrium.

Now suppose we have a conductor just on it’s own and suppose we add charge to it.
Where would the extra charge go? We have considered this before. In the picture be-
low, I have a spherical conductor with two extra negative charges shown. The pair of
charges will repel each other. Now because of the 72 in our electric force equation, the
closer the extra charges are, the stronger the repulsive force. The result is that they will
try to go as far from each other as possible. So the extra charge on a spherical conduc-

tor will all end up on the surface.

The Electric Field is Zero Inside a Conductor
Question 223.28.2

We can use Gauss’ law to find the field in a conductor. We know that the extra charge

will all be on the surface if there is no electric current.
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We can then draw a Gaussian surface, to match the symmetry of the conductor. What
is the charge inside? It is zero, since the reaming charge is all bound up in atoms and
balances out. Since there is no net charge, there is no net [ux. If there is no [ux, there

is no net field inside a conductor that is in static equilibrium.

Note that if we connected this conductor to both ends of a battery, we would have a

field in the conductor, so we must remember that static equilibrium is a special case.

If we don’t connect the conductor to the ground or a battery, we can say: The net

electric field is zero everywhere inside the conducting material.

Consider if this were not true! If there were an electric field inside the conductor, the
free charge there would accelerate and there would be a [low of charge. If there were a
movement of charge, the conductor would not be in equilibrium. Suppose we place a
brick of conductor in a field. We expect that the charges will be accelerated. Negative
charges will move opposite the field direction. We end up with the situation shown in
the next figure.

Conductor

Since the negative charges moved, the other side has a net positive charge. This

separation of the charges creates a new field in the opposite direction of the original
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Question 223.28.3

field. In equilibrium, just enough charge is moved to create a field that cancels the
original field.

Return to charge being on the surface

Suppose we have a conductor in equilibrium. We can now ask, what does it mean that
the charge is “on the surface?” Is there a small distance within the metal where we
would find extra charge? or is it all right at the edge of the metal?

Let’s look at this again now that we know Gauss’ law. Let’s envision a conducting
object with a matching Gaussian surface.

Closed Gaussian Surface

We know the field inside the conductor is zero. So no field lines can leave or enter the
Gaussian surface. So no charge can be inside or we would have a net [ux, and, therefor,
a field. We can move the Gaussian surface from the center of the conductor and grow it
until it is just barely smaller than the surface of the conductor, and there still must be no
field, so no charge inside.
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Closed Gaussian Surface

We can make this Gaussian surface as close to the actual surface as we like, and still
there must be no field inside. Thus all the excess charge must be on the surface. It is
not distributed at any depth in the material.

Field lines leave normal to the surface

In the following picture, we can see that the field lines seem to leave the surface of
these charged conductors at right angles (remember that sometimes we call this normal
to the surface).

We have charges all along the surface, and neighboring charges cancel all but the
normal components of the field, so the field lines go straight out. Notice that farther
from the conductor the field lines may bend, but they start out leaving the surface

perpendicular to the surface. Let’s draw a conducting object.
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Consider what would happen if it were not true that the field lines left perpendicular to

a conductor surface when the conductor was in equilibrium.

Forece due to ather
electrons in the nm/
Forece due to o
alecinc field
created by
other cherges Forece due to
positive nuchei

There would be a horizontal component of the field in such a case. The component of
the field along the surface would cause the charge to move. In the figure there would be
a net force to the left. This force would rearrange the charge until there was no force.
But since F,, = qF, then when F, is zero, so is E,. Suppose we place a conductor in
an external field. We would see that the charges within the conductor will rearrange

themselves until the field lines will leave perpendicular to the surface of the conductors.
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Notice the square box in the last figure. There is an opening inside the conductor, but
there is no net field inside. The conductor charges rearrange themselves so that the
external field is canceled out. This is part of what is known as a Faraday cage which
allows us to cancel out an external electric field. This is used to protect electronic
devices that must operate in strong electric fields. To complete the effect, we will also

need to show that magnetic fields are canceled by such a conducting box.

We should also consider what happens when we place a charge in a conductive
container. Does this charge get screened off?

Charged Sphere in Center

In this case, the answer is no. The charges in the conductor will move because of the
charge contained inside the conducting container. The negative charge will move in
the case shown, and it will move to the outside of the container surface. This leaves
positive charges behind on the inner surface. We know that there will be no field inside

the conductor, but think of placing a Gaussian surface around all of the container and



138 Chapter 9 Conductors in Equilibrium, Electric Potentials

charge. There will be a net charge inside the Gaussian surface, so there will be a field.
The inner surface charge does cancel the charge from the charged sphere. But the

negative charge on the conductor surface creates a new field.

Charge tends to accumulate at sharp points

Let’s go back to our charged conductor. Notice that the field lines bunch up at the

corners! Where the field lines are closer together, there must be more charge and the
field strength must be higher.
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Now that we have an idea of how charge and conductors act in equilibrium, we would

like to motivate charge to move. To see how this happens, let’s review energy.
Electrical Work and Energy
Question 223.28.5 We remember studying energy back in PH121 or Statics and Dynamics.

Review of Work and Energy

Put this on the far Remember the Work-Energy theorem?
board Woo = AK + AU ©.1)
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We started with gravitational potential energy, and, as we found conservative forces, we
defined new potential energies to describe the work done by those forces. For example,
we added spring potential energy

Whe = AK + AU, + AU, (9.2)
I bet you can guess what we will do with our electrical or Coulomb force!
Whne = AK + AUy + AU, + AUc (9.3)

When we do this, we mean that the work done by the Coulomb force (W¢) is the
negative of the electrical potential energy change

We = —AUc 9.4)

and we are saying that the Coulomb force is conservative.

Remember that the equation for the force due to gravity and the equation for the
Coulomb force are very alike. So we might guess that the Coulomb force is conservative
like gravity—and we would be right!

Charge in a uniform field

Let’s use our Coulomb force to calculate work. I would like a simple example, so let’s
assume we have a uniform electric field. We know that we can almost really make a
uniform electric field by building a large capacitor.

High Potential Energy

A ' o R 1 x=0
T F=yE
AF :

B e

Low Potential Energy

We draw some field lines (from the + charges to the - charges). The field lines will be
mostly straight lines in between the plates. Of course, outside the plates, they will not
be at all straight, but we will ignore this because we want to calculate work just in the
uniform part of the field.

I want to place a charge, g, in this uniform field. The charge will accelerate. Work will
be done. I want to find out how much work is done on the charge.
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Put this on the far
board

From our PH121 or Dynamics experience, we know that
W= / F.dx (9.5)
= FAxcosf

for constant forces. Because we have a constant field, we will have a constant force.

I will choose the x direction to be vertical and x = 0 to be near the positive plate. Then
we can write the force due to the electric field as

W = FAxcosf
= (gmFE)Axcos(0°)
= gnEAzx

If there are no non-conservative forces, and we ignore gravity, then we can say

Wne = AK + AU, + AU, + AU

0 = AK+0+AUc
0 = AK+0—-gFEAz
s0
AK = g, FAx (9.6)

This is very interesting! This means that for this simple geometry I could ask you

questions like, “after the charge travels Az, how fast is it going?”

Electric and Gravitational potential energy compared

We have found that the potential energy for the Coulomb force is given by
AUc = —qn.EAx
for a uniform electric field (it will change for non-uniform fields). Let’s compare this to
the gravitational potential energy
AU, = —mgh
Let’s set up a situation where the electric field and gravitational field are almost uni-
form and we have a positively charged particle with charge ¢,,, and mass m. The height,

h, we will call d to match our gravitational and electrical cases.
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[T i s 2| I

The gravitational potential difference is

AUy = —mygd 9.7
and the electrical potential difference is
AUg = —qn Ed (9.8)

These equations look a lot alike. We should expect that if we push the charge ¢,, “up,’
we will increase both potential energies. We will have to do positive work to do that
(W = —AU) . This is just like doing work in a gravitational field, so we are familiar
with this behavior.

There is a difference, however. We have assumed that our charge ¢,,, was positive.
Suppose it is negative? There is only one kind of mass, but we have two kinds of
charge. We will have to get used to negative charges “falling up” to make the analogy

continue.

This analogy helps us to understand how the electric potential energy will act, and we
will continue to use it. There is a difficulty, however, in that most engineering classes
only study gravitation in nearly uniform gravitational fields. But if we look at large
objects (like whole planets) that are separated from other objects by some distance, then
we have very non-uniform gravitational fields. Unless you are an aerospace engineer,
these cases are less common. So to help us understand electric potential energy, we
will study gravitational potential energy of large things first, then study the energy
associated with individual charges and their very non-uniform fields. We will take this
on next time.

Basic Equations






10 Electric potential Energy

Fundamental Concepts

e Gravitational potential energy of point masses and binding energy
e FElectrical potential energy of point charges

e FElectrical potential energy of dipoles

Point charge potential energy

Question 223.29.1
Question 223.29.2

As we said last lecture, we want to use gravitation as an analogy for the electric
potential energy. Gravitation is more intuitive. But chances are gravitation of whole
planets was not stressed in Dynamics (If you took PH121 you should be fine, and this
will be a review). So let’s take a few moments out of a PE101 class (introductory
planetary engineering'') and study non-uniform gravitational fields.

Gravitational analog

Long, long ago you studied the potential energy of objects in what we can now call the
Earth’s gravitational field.

The presentation of the idea of potential energy likely started with

Uy = mgy
where m is the mass of the object, g is the acceleration due to gravity, and y is how high
the object is compared to a y = 0 point. If you recall, we got to pick that y = 0 point. It
could be any height.

Notice as well that this contains the properties of the mover object, m, and the
properties of the environment or gravitational field, g.

1" Slartibartfast, Introduction to Planetary Engineering, Magrath Techical College, 1978
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This all works fairly well so long as we take fairly small objects near the much larger
Earth. But hopefully you also considered objects farther away from the Earth’s surface,
or larger objects like the moon. For these objects, mgy is not enough to describe the
potential energy. The reason is that if we are far away from the center of the Earth we
will notice that the Earth’s gravitational field is not uniform. It curves and diminishes
with distance. So, if an object is large, it will feel the change in the gravitational field
over its (the object’s) large volume.

We have the tools to find the potential energy of this situation. We know that a change

in potential energy is just an amount of work
=4 —
AUyg=-Wy=—- [ Fy-dr

The magnitude of the gravitational force is

Mgm
Fy=G b; =
TEm
where Mg is the mass of the Earth, m,, is the mass of the mover object, and g, is the

distance between the two. The constant, GG, is the gravitational constant.

—
F, Ar &
=R, r=R,
The field is radial, so ?g -dT = —Fdr for the configuration we have shown, and we

can perform the integration. Say we move the object a distance Ar away were

Ar = R2 — R1
and Ar is large, comparable to the size of the Earth or larger. Then
Ro M
AU, = —/ (—G E;”m) dr

Ry T

R d
= GMEmm/ —g

Ry T
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where R is the distance from the center of the Earth to the center of our object.

Ro d
AU, = GMgm, / =
R T

1%

= GMEmm |:——

r

Ry

Ry R;
MEmm MEmm
- -G €l
Ro + Ry

We recall that we need to set a zero point for the potential energy. Before, when we

used the approximation m,,, gy we could choose y = 0 anywhere we wanted. But now
we see an obvious choice for the zero point of the potential energy. If we let Ry — oo
and then the first term in our expression will be zero. Likewise, of we let Ry — oo the
second term will be zero. It looks like as we get infinitely far away from the Earth, the
potential energy naturally goes to zero! Mathematically this makes sense. But we will

have to interpret what this choice of zero-point means.

But first, let’s see how much work it would take to move the moon out of obit and
move it farther away. Say, from R, the present orbit radius, to Ry = 2R;, or twice the
original orbit distance. Then

MEmm MEmm
AU, = U;—-U; =-G + G
g S 2R, R,
MEmm 1
= G ——+1
R < 2t )

- (e

The change is positive. We gained potential energy as we went farther from the Earth’s
surface. That makes sense! That is analogous to increasing y in mgy. The potential
energy also gets larger if the mass of our object (like the moon or a satellite) gets larger.
Again that makes sense because in our more familiar approximation the potential

energy increases with mass. So this new form for our equation for potential energy

seems to work.

But what does it mean that the potential energy is zero infinitely far away? Recall that a

change in potential energy is an amount of work

W =-AU
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Question 223.29.3

Usually we will consider the potential energy to be the amount of work it takes to bring
the test mass m, from infinitely far away (our zero point!) to the location where we
want it. It is how much energy is stored by having the object in that position. Like how
much energy is stored by putting a mass high on a shelf. For example we could bring
the moon in from infinitely far away. Then

Mpma,  Mgmy,
AU, = Up—Up=-G=2"" 4 2T
R2 o0

MEmm

U, = -G—Etm

2 oS

This is how much potential energy the moon has as it orbits the Earth because it is high,
above the Earth. But notice, this is a negative number! What can it mean to have a
negative potential energy?

We use this convention to indicate that the test mass, m,,, is bound to the Earth. It
would take an input of energy to get the moon free from the gravitational pull of the
Earth. Here is the Moon potential energy plotted as a function of distance.

r (m)

let7 2e+7 3et7 4et7 Set7 6et7 Tet7 8et7 9et7  1e+8
1 1 1 1 1 1 1 1 1 "

0 T U— L — T U— L — T +—t

We can see that you have to go an infinite distance to overcome the Earth’s gravity
completely. That makes sense from our force equation. The force only goes to zero
infinitely far away. When we finally get infinitely far away, there will be no potential
energy due to the gravitational force because the gravitational force will be zero.

Of course, there are more than just two objects (Earth and Moon) in the universe, so
as we get farther away from the Earth, the gravitational pull of, say, a galaxy, might
dominate. So we might not notice the weak pull of the Earth as we encounter other

nearrer objects.

We should show that this form for the potential energy due to gravity becomes the more

familiar m,, gh if our distances are small compared to the Earth’s radius.

Let our distance from the center of the Earth be Ry = Rp + y where R is the radius
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of the Earth and y < Rg. Then
MEmm
U = -G——
Ry
MEmm

Reg+vy

‘We can rewrite this as

MEmm -1
- G 14+ -2
R ( +RE)

Since y is small y/ R is very small and we can approximate the therm in parenthesis
using the binomial expansion

(1+2)"~1Fnx ifzkl
then we have

-1
Y Y oY

14 == ~1—(—-1)==L f— <1
<+RE> ()RE 1R<<

E
and our potential energy is
U= MEmm (1 + —)
then
Mgm,, Mgmnyy
U = G G
REg R2
Mg
= U,+mm <G—) Y
RE

If we realize that U, is the potential energy of the object at the surface of the Earth, then

the change in potential energy as we lift the object from the surface to a height y is

o (e () (oo (03) )

ME>
(%

All that is left is to realize that

Mg )
G=L
R
has units if acceleration. This is just g
MEg )
9=\G—5
G
so we have

and there is no contradiction. But we should realize that this is an approximation. The

more accurate version of our potential energy is

MEmm
Up=-G—L—™
2 R,
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More importantly, we see that the field property, g, is being created by Mg because
M is part of the defining equation.

Likewise we should expect that for charges

AUc = —q Ed
is an approximation that is only good when the field, F, can be approximated as a
constant magnitude and direction and that the distribution of charge, ¢, is not spatially
too big. With this understanding, we can understand electrical potential energy of point

charges.

Point charges potential

Suppose we now take a positive charge and define it’s position as 7 = 0 and place a
negative mover charge near the positive charge.

r=0 =K =

The work it would take to move the charge a distance Ar = Ry — Ry would be
Am:4%:f/F@ﬁ?

The magnitude of the electrical force is

_ 1 Qrgm
¢ Adwe, 12
.= —s
once again F.-dr = —F.dr and
R2 1
AU, = —/ (— QEqu) dr
R, dme, T
QEQm /R2 ﬁ
dme, Jp, T2

and we realize that this is exactly the same integral we faced in the gravitational case.

The answer must be

AU, = —
4dme, Ro dre, Ry

The similarity is hardly a surprise since the force equation for the Coulomb force is

really just like the force equation for gravity.
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It makes sense to choose the zero point of the electric potential energy the same way
we did for the gravitational potential energy since the equations is the same. We will
pick U = 0 at r = co. Then we expect that
1
U, = — QEqm

4me, T
is the electrical potential energy stored by having the charges in this configuration.

Again the negative sign shows that the two opposite charges will be bound together by
the attractive force. Here is a graph of the electrical potential energy of an electron and
a proton pair, like a Hydrogen atom.

r (mo)

0.0¢+0 1.0¢-8 2.0¢-8 3.0¢-8 4.0c-8 5.0¢-8 6.0¢-8
+ T + T + T + T + T U S—

U@

Of course we remember that there is a large difference between electrical and gravita-
tional forces. If the two charges are the same sign, then they will repel and the potential
must be different for that situation. If we redraw our diagram for this case, we realize
that the sign of the force must change.

Jﬂ

Il
-
~
I
=
I
=

R>
AU, = —W, = —/ <+ : QEfm) dr
R, dme, T

this will change all the signs in our solution

1 Qpgm 1 Qrgm
AU, = -
¢ +47T60 Ry dme, Ry

then
dme, T

U, =+
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Question 223.29.5

U (J) 1.0e-25 "

8.0e-26 T
6.0e-26 T
4.0e-26 T

2.0e-26 T

0.0e+0 t } t } t } t } + T + T
0.0e+0 1.0e-8 2.0e-8 3.0e-8 4.0e-8 5.0e-8 6.Qe-8
r(m

Now we can see that the potential energy gets larger as the two like charges get nearer.

It takes energy to make them get closer. This is clearly not a bound situation.

Three point charges.

Suppose we have three like charges. What will the potential energy of the three-charge

system be?

Let’s consider the charges one at a time. If I move one charge, g1, from infinitely
far away. there is no environemntal field electric, so there is no force, since we need
two charges for there to be a force. Then there is no potential energy. This is like a
rock [oating in deep space far away from anything else in the universe. It just sits
there, there is no potential for movement, so no potential energy. But when we bring
in another charge, g2, then ¢; is an environmental charge making a field and g5 is our

mover charge. Then ¢, will take an amount of work equal to
I qg
Uiz = yP—
TEo T12
to move in the charge because the two charges repeal each other. There is a force, so

now there is an amount of potential energy associated with the work done to move the
charges together.

Suppose we had chosen to bring in the other charge, g3, instead. Charge ¢; forms an

envirnmental field. It takes an amount of energy
1
Ups = y a193
T€o T13
to bring in the third charge charge But if the second charge were already there, the

second charge also creates an environmental field, so it also creates a force on the third
charge. So it will take more work to bring in the third charge.

1 1
Us = q193 n 4293
4me, 113 4me, To3
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So the total amount of work involved in bringing all three charges together
1 qig 1 qigs 1 qaq3
 4rme, T10 4dme, T13 4dTe, To3

then the potential energy difference would be

AU = Up—U=-W
= U;—0

1 qige 1 qgs 1 qogs
4me, T12 4me, T13 4me, To3

which we can generalize as
1 4iq;
 drme Tij
Ou<y Y

for any number of charges. We simply add up all the potential energies. This is one
reason to use electric potential energy in solving problems. The electric potential
energies just add, and they are not vectors, so the addition is simple.

Dipole potential energy

T e e e

Let’s try out our new idea of potential energy for point charges on a dipole. We will try
to keep this easy, so let’s consider the dipole to be in a constant, uniform electric field.
We know there will be no net force. The work done to move a charge we have stated to
be

W= [F.,drv

but in this case, we know the net force on the dipole is zero.

However, we can also do some work in rotating something

W’l‘ot = /Tede
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we know from before that the magnitude of the torque is
T=pEsinf
)

02
Weot = / pE sin 0df
01

= pFE(cosfy —cosby)

this must give
AU = W, =U;-Uj;
= —pE(cosfy — cosb)

then we can write as

U = —pFEcosb
This is the rotational potential energy for the dipole. We can write this as an inner
product

U=-B E

What does this mean? It tells us that we have to do work to turn the dipole.

Let’s go back to our example of a microwave oven. If the field is F = 200V / m, then
how much work does it take to turn the water molecules?

Remember that the dipole moment for a water molecule is something like
Pw =6.2x10"2Cm
so we have
U = —(62x107* Cm)(200V/m)cosf
= —1.24x107% Jcosf
This is plotted in the next figure.

U (J) 1.0e-27

——
150

-200 -150 Theta ( deg 00

At zero degrees we can see that it takes energy (work) to make the dipole
spin. It will try to stay at zero degrees and a small displacement from zero degrees will
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will cause the dipole to oscillate around # = 0 but it will return to § = 0 as the added
energy is dissipated. then § = Orad is a stable equilibrium. Conversely, at § = «rad
we are at a maximum potential energy. We get rotational kinetic energy if we cause
any small displacement Af. The dipole will angularly accelerate. # = +rrad is an
unstable equilibrium.

Shooting a-particles

Let’s use electric potentials to think about a famous experiment. Ernest Rutherford shot
a-particles, ¢ = +2q. at gold nuclei, ¢ = +79¢.. How close will the a-particles get if
the collision is head-on and the initial speed of the a-particles is 3 x 10°m/ s?

The easiest way to approach this is to use conservation of energy. The energies before
and after must be the same because we have no frictional or dissipative forces. The

a-particle, of course, is our mover.

The before and after pictures are as shown.

Before
.
v
2q, 79q,
After
[T —
v
29, 79q.

We can write

K, +U, =K F+ U f
when the a-particles are at their closest distance to the gold nuclei, then Ky = 0. We
can envision starting the a-particles from effectively an infinite distance away. Then
U; = 0. so

1 2 1 QAuQa
—mgv? = — Xauie
dre, 71

2
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Solving for r gives

1 QAuqa

4re, %

1 (79qe) (4q.)

2me,  Mav?

M2

then
1 158 (1.602 x 1079 C)

o (8_85 % 10-12-C2 ) (6.6422 x 10~27kg) (3 x 105m/s)*

N m?2

= 1.2198 x 1072 m

This is a very small number! and it sets a bound on how large the nucleus of the gold

atom can be.

Next lecture, we will try to make our use of electrical potential energy more practical by
defining the electrical potential energy per unit charge, and applying this to problems
involving moving charges (like those in electric circuits).

Basic Equations
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Fundamental Concepts

e Electric potential is a representation of the electric field environment.

e FElectric potential is defined as the potential energy per unit charge.

e Equipotential lines are drawn to show constant electric potential surfaces
e The volt as a measure of electric potential

e The electron-volt as a measure of energy (and speed).

Electric Potential

Question 223.30.1

We defined electrical potential energy last time.
1
U, =—— %
dme, T
This is a quantity that depends on two charges, the environmental charge Q5 and the
mover charge ¢,,. This is a lot like electric force
= 1 QE dm .
Fo=——-7
¢ dmwe, 12
If you will recall, we split the force into an environmental part and a mover part
= 1 Qg
F. = — )¢
¢ m (47T60 72 )
— —

F. = ¢nE
where FE is the electric field. We can do the same for the electric potential energy

1 Q
Ue = ~m (4776 TE)

where charge ¢,, is our mover charge. By analogy, then

()
dme, T

must represent the environment set up by ) g. And sure enough, it has a Qg in it. But

this does not have the units of electric field. So it must be a new quantity. We will need

a name for this new representation of the environment created by Q) g.
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Let’s give a symbol and a name to our new environment quantity.

1
oo L Qs

4mes TEmM

where we understand that () is making the environment and we are measuring that

environment a distance 7 g,, from Qg to the mover charge g,,.

Then g
E
Ve = ~tm <47T€0 T)
= —Q4m (VE )
It’s traditional to drop the subscripts on the V'
1 q
- 4me, r

where we understand that an environmental charge labeled just g is making the
environment and 7 is a distance r from ¢ to the location where we want to know the
environment. In that case we can write

Ue = qm (V)
or U

V==L

This new environment representation appearsq to be an amount of potential energy per
unit charge. In general any electrical potential energy (U) per unit charge (q) is is
called an electric potential.

V=—
q

This is a somewhat unfortunate name, because it sounds like electric potential energy.
But it is not, it is a representation of the environment set up by the electric field. We
don’t get electric potential energy without multiplying by a charge. U = V¢,. We can
think of U as the electrical potential energy and V' as needing something beyond itself
(q) to be an electric potential energy, so it is just an electric potential (no “energy” in

the name) because it needs this extra piece.

Electric Potential Difference

We will give electric potential the symbol V' but usually the important quantity is a

change in potential energy, then

N — (1.1

q
If I know AV for a configuration of charge (like our capacitor plates) then I can find
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the AU of different charges by multiplying by the amount of charge in each case
AU 1 = 1 AV
AU. 2 = Q2 AV

which is convenient if I am accelerating many different charges. We do this in linear
accelerators or “atom smashers” so this is important to physicists! We can see that the
units of AV must be J
—=V 11.2
% (11.2)

which has been named the Volt and is given the symbol, V.

Now this may seem familiar. Can you think of anything that carries units of volts?
Let’s consider a battery. In our clickers we have 1.5 volt batteries. Inside the battery we
would expect that a charge would experience a potential energy difference. We buy the
battery so we can convert that potential energy into some other form of energy (radio
wave energy for our clickers). The potential energy achieved depends on the charge
carrier. We would have electrons in metals but we would have ions in a solution. This
is so convenient to express the potential energy per unit charge, that it is the common

form or expressing the energy given by most electrical sources.

Electric Potential

Let’s write out the electric potential difference between points A and B. It is the change

in potential energy per unit charge as the charge travels from point A to point B

A
AV:VB—VA:TU (11.3)

This is clearly a measure of how the environment changes along our path from A to B.

Let’s reconsider gravitational potential energy. We remember that if the field is uniform
(that is, if we are near the Earth’s surface so the field seems uniform) we can set the
zero point of the potential energy anywhere we find convenient for our problem, with
the provision that once it is set for the problem, we have to stick with our choice.

One logical choice for many electrical appliances is to set the Earth’s potential equal
to zero. Note! this is not true for point mass problems where we have already set the
potential energy U = 0 at » = oo. In our gravitational analogy, this is a little bit like
mean sea level. Think of river [ow. The lowest point on the planet is not mean sea
level. But any water above mean sea level will tend to [ow downward to this point.
Of course, if we have land below mean sea level, the water would tend to continue
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Question 223.30.4

downward (like water [ows to the Dead Sea). The direction of water [bw is given by
the potential energy difference, not that actual value of the potential energy. It is the
same way with electric potential. If we have charge at a potential that is higher than the
Earth’s potential, then charge will "ow toward the Earth.

Consider a 9 V battery. If the negative terminal is connected to a grounding rod or metal
water pipe, it will be at the electric potential of the Earth while it’s positive terminal
will be at AV = 9V above the Earth’s potential. Likewise, in your home, you probably
have a 110V outlet. One wire is likely set to the potential of the Earth by connecting it
to a ground rod. The other is at AV = 110V above it.

In our clickers, we don’t have a ground wire, so we cannot guarantee that the negative
terminal of the battery is at the same potential as the Earth. If our appliances in our
house are not all grounded to the same potential, there is a danger that there will be

a large enough difference in their potentials (think potential energy per unit charge)

to cause the charges to accelerate from one appliance to another. It is the difference
in potential that counts! This is a spark or shock that could hurt someone or damage
equipment. That is why we now use grounded outlets. These outlets have a third wire
that is tied to all the other outlet’s third wire and also tied physically to the ground near
your house or apartment. This way, all appliances are ensured to have the same low

electric potential point.

Example, potential of a capacitor

Let’s calculate the potential of our favorite device, the capacitor.



Example, potential of a capacitor 159

High Potential Energy Low Potential Energy
x=0
| E
I F=qE
+
Ax
B
A B
e

The nice uniform field makes this a useful device for thinking about electric potentials.

‘We have found that field to be

=1

€o
with a direction from positive to negative. The work to push a mover charge from one

side to the other is given by

W= | F,-dx
The force is uniform since the field is uniform (near the middle at least)
F.=qn.F

then our work becomes
W = / qmFE - dx
qmEAx

and the amount of potential energy is
|AU| = |—gmEAz]

We can set the zero potential energy point any where we want, but it is tradition to set
U = 0 at the negative plate. If we do this we end up with the potential energy difference
going from the negative plate to the positive plate being

AU = g, Fd
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Then if we go from the negative plate to the positive plate we have a positive AU.

We have seen all this before when we compared the electric potential energy of a
uniform gravitation field and a uniform electrical field. Now let’s calculate the electric
potential difference

av =2 _wmbd_ g,
Remember that the field is created byqﬁlle charggbs on the capacitor plates, so it exists
whether we put any g, inside of the capacitor or not. Then the potential difference must

exist whether or not there is a charge ¢, inside the capacitor.

You probably already know that a voltmeter can measure the electric potential
difference between two points, say, the plates of a capacitor. If we use such a meter we
could find the field inside the capacitor (well, almost, remember our approximation is

good for the center of the plates).
AV

E
d

Equipotential Lines

We need a way to envision this new environmental quantity that, like a field, has a value
throughout all space. Our analogy with gravity gives us an idea. Suppose we envision
the height potential energy as the top of a hill. Then the low potential energy would be
the bottom of the hill. We know from our Boy Scout and Girl’s Camp experiences how
to show a change in gravitational potential energy. We plot on a map lines of constant
potential energy. We call it constant elevation, but since near the Earth’s surface

Uy = mgh the potential energy is proportional to the height, so we can say these lines
are lines of constant potential energy. Here is an example for Mt. Shasta.

Map courtesy USGS, Picture is in the Public Domain.

We can think of these lines of constant potential energy as paths over which the
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gravitational field does no work. If we walked along one of these lines we would
get neither higher nor lower and though we might do work to move us to overcome
some friction, the gravitational field would do no work. And we would do no work in

changing elevation.

Likewise we can draw lines of equal potential for our capacitor. When moving along
these lines the electric field would do no work.
Equipotential Surfaces

High Potential Energy Low Potential Energy

Notice that our equal potential lines are always perpendicular to the field. From
= =
W= [qE- -dx
we can see that if the path we travel is perpendicular to the field, no work is done. This

is like us marching along around the mountain neither going up nor down.
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Electron Volt

Suppose I set up our uniform electric field device again

High Potential Energy Low Potential Energy
x=0
| E
I F=qE
+
Ax
B
A B
e

We are not including any gravitational field, so the directions involved are all relative to

the placement of the capacitor plate orientation.

This time, suppose I make the potential difference AV = 1V. I release a proton near
the high potential side. What is the kinetic energy of the proton as it hits the low
potential side? From the work energy theorem

Whe = AK + AU

and if we do this in a vacuum so there is no non-conservative work,

AK = -AU
Ky—-K;, = —-AU
K; = =AU
We can find the potential energy loss from what we just studied
AV — AU
dm

so we can find the potential energy as
AU = ¢, AV
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but remember we are going from a high to a low potential

AV =V -V
this will be negative, so the potential energy change will be negative too.
K; = =AU
= —qnAV

which will be a positive value (which is good, because I don’t know what negative

kinetic energy would mean).

Ky = —qgnAV
We can find the amount of energy in Jules
Ky = (1.6x107°C)(1V)
= 1.6x107*7J

since we defined a voltas V = % .

You might think this is not very useful, but remember that K = %m'uQ. The kinetic en-

ergy is related to how fast the proton is going. In a way, the kinetic energy tells us how
fast the particle is going (we know it’s mass). If you read about the Large Hadron Col-
lider at CERN, in Switzerland the “speeds”of the particles will be given in energy units
that are multiples of 1. 6 x 1079 J. We call this unit an electron-volt (eV).

Beam magnet and Section of the Beam Pipe of the LHC. This section is actually no
longer used and is in a service area 100 m above the operating LHC. The people you
see are part of a BYU-I Physics Department Tour of the facility.
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We can finish this problem by finding the speed of the particle

1
K= §mv2
) ol
—_— /02
m
or
2K
Vo= ——
m

B \/ 2(1.6 x 10-19J)
- 1.6605x10—27k

1.00728 y 1-6605x10~* kg
— 138322

S

Which is pretty fast, but the Large Hadron Collider at CERN can provide energies up
to 7 x 10'* eV which would give our proton a speed of 99.9999991% of the speed of
light.

CERN CMS detector during a maintenance event. The bright metal pipe seen in the
middle of the detector is the beam pipe through which the accelerated protons travel.
Note the workers near the scaffolding for scale.

Note that this energy would seem to provide a faster speed—faster than light! But with
energies this high we have to use Einstein’s theory of Special Relativity to calculate the
particle speed. And, sadly, that is not part of this class. If you are planning to work on
the GPS system, or future space craft, you might need to take yet another physics class

so you can do this sort of calculation.

You might guess that we will want to know the electric potential of more complex
configurations of charge. We will take on this job in the next lecture.

Basic Equations
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The electric potential is the electrical potential per unit charge

AU
AV =V —Vy =
q"l
For the special case of a constant electric field in a capacitor the electrical potential is

just
AV = EAs

where As is the distance traveled from one side of the capacitor to the other.

The unit
leV=1.6x10"17J






12 Electric potential of charges
and groups of charges

Now that we have a new representation of the environment created by environmental
charges, we will need to be able to calculate values for that representation for different
configurations of charge like we did for electrical fields. But there is a huge benefit in
using the electric potential representation, electric potentials are not vectors! So we
don’t have to deal with the vector nature of the field environment. The vector nature
is still there, but we will ignore it. This means we will give up being able to give up
vector directions for movement of our mover charges in many cases. But we can know
much about the movement and the equations will be much simpler. We will take on the
usual cases of environments from a point charge, a collection of point charges, and a

continuous distribution of charges.

Fundamental Concepts

e Finding the electric potential of a point charge
¢ Finding the electric potential of two point charges
e Finding the electric potential of many point charges

e Finding the electric potential of continuous distributions of point charges.
Point charge potential

The capacitor was an easy electric potential to describe. Let’s go back to a slightly
harder one, the potential due to just one point charge. The potential energy depends on
two charges

1
U, = ——— Qen
4me, T
but the potential just depends on one.
U
V=—
dm

where U is a function of ¢,,, so the mover charge will cancel.
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We say we have an electric potential due to the environmental charge even if the mover
charge is not there. This is like saying there is a potential energy per unit rock, even if
there is no rock to fall down the hill. The hill is there whether or not we are throwing
rocks down it.

For electric potential, the potential is due to the field, and the field from the
environmental charge is there whether another charge is there or not.

Let’s find this potential due to just one charge, but let’s find it in a way that demonstrates
how to find potentials in any situation. After all, from what we know about point

charges, we can predict that
1 Qpqm
V= v — Ameo G — 1 Qp
Im Im dme, T
So finding the answer is not very hard. But not not all situations come so easily. We

only know forms for U for capacitors and point charges so far. So let’s see how to do
this in general, and compare our answer for the point charge with what we have guessed

from knowing U'.

Symmetry tells us the field will be radial, so the equipotential surfaces must be

concentric spheres. Here is our situation:

T

>

We wish to follow the marked path from A to B finding the potential difference
AV =Vp — V4.

Remember that the field due to a charge ¢ is radially outward from the charge. To find

the potential we start with what we found last lecture, for a constant field
A m A
av =20 nBAs
dm qm
where s is the path length along our chosen path from A to B. For our capacitor, this

was just the distance from one side to the other, but here we need to be more general.
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We should really write this as
- —

AV =E - As
Further, our field, E, changes, so technically this value for AV is not correct. But if
we take vary small paths, A's’, then the field will be nearly constant over the small
distances. Then we can add up the contribution of each small distance, AS; to deal
with the entire path from A to B for our point charge geometry.
E..1 E5 B

That is, we take a small amount of path difference As’; and add up the contribution,
E . Bl from this small path. Then we can repeat this for the next A?Hl and the next,
until we have the contribution of each pice of the path. We can call the contribution
from one piece.

The total potential difference would be
— —
AV =>"E-As
In the limit that the As; become very small this becomes an integral
B
AV:—/ E.ds (12.1)

A
where A and B are any two points.
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Here is an expansion of the region about A and B.

Let’s divide up our d's” into components in the radial and azimuthal directions (polar
coordinates)
ds = (dre +rdod)
from trigonometry we can see that
dr

cos ¢ = s

(remember that dr and ds are lengths, infinitesimal lengths, but lengths just the same)

and

. do
sin ¢ = e
SO

dr = dscos¢
do ds sin ¢

and we can write
ds = (ds cos ¢f + rds sin qf)é)
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The field due to the point charge is

Ly (12.2)

if we take

ol
QL
w]
|

|
QL
w]

5 (ds cos ¢F + ds sin qsé)

we get only a radial contribution since ¥ - 6 = 0. Then
1 qe

= = N
E.-ds = 1 —F-dscos¢gr+0
TEy T

1 gm
= Ire, ﬁds cos ¢
where ¢ is the angle between d's” and f and where we recall that © - # = 1. Recalling

that

dr = dscos ¢
we can eliminate ¢ from our equation
= 1
E.ds = q_g
dme, T

B 1
AV = —/ 9E g

——dr
L Ameg 12

e [ 1
= - —d
47reo/r 24

A
rB

and we can integrate this!

e 1
dme, T

ra

AV = IE <i i)
dme, \rp TA

Note that the potential depends only on the radial distances from the point charge—not

SO

the path. We would expect this for conservative fields.

We know that, like potential energy, we may choose our zero point for the electric
potential. For a point charge, we often take the 74 = oo point as V' = 0. This is
probably not a surprise, since U — 0 when r — oo. So you will often see the potential

for the point charge written as just
_ 1 g
4me, TR

AV

or simply as
_ L1
" dwe, T
Here is a plot of this with gz = 2 x 1072 C and the charge placed right at x = 10 m.

(12.3)
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It is probably a good idea to state that in common engineering practice we kind of do
all this backwards. We usually say we will charge up something until it has a particular
voltage. This is because we have batteries or power supplies that are charge delivery
services. They can provide enough charge to make some object have the desired

voltage. By “desired voltage” we always mean the voltage at the conductor surface.

Early electrodes were spherical, so let’s consider making a spherical conductor have a
particular potential at it’s surface. A sphere of charge with radius R would have

_ 1 Qg

B 4me, R
at it’s surface. We can guess this because Gauss’ law tells us that the field of a charged

sphere is the same as that of a point charge with the same (). Then it takes
QE = 4me, RV
to get the voltage we want. The battery or power supply must provide this. If the power

supply or battery has a large amperage (ability to supply charge) this happens quickly.
But away from the electrode the potential falls off. We can find how it falls off by again

using
e
dme, T
but with charge
Qg = 47me, RV,
so that
1 4we,RV,

4me, T
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or R
V==V,

r
where V, is the voltage at the surface. We can see that as r increases, V' decreases.

Two point charges

We can guess from our treatment of the potential energy of two point charges that the
electric potential due to two point charges is just the sum of the individual point charge
potentials.
V = +W

la, lae
4me, 1 4me, To
(e

dme, \1r1 To

This is an environment created by two point charges. We could convert this to a

potential energy by introducing a mover charge, g, .

1
U= (5 (54 )
47'('60 T1 T2

where both ¢; and ¢, are environmental charges.

It is instructive to look at the special case of two opposite charges (our dipole). We can
plot the electric potential in a plane through the two charges.

N

It would look like this



174

Chapter 12 Electric potential of charges and groups of charges

1 " 1 " 1 " |
T T T

1 10 20 30 40
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The charges (¢ = 2 x 1072 C) were placed right at z = +10 m. The potential
1
V=—— (2 + @)
dme, \ 1 To
becomes large near r; = R or ro = R where R is the charge radius (which is very
small, since these are point charges). Plotting the potential in two dimensions is also

interesting. We see that near the positive charge we have a tall mountain-like potential
and near the negative charge we have a deep well-like potential.

Notice the equipotential lines. The more red peak is the positive charge (hill), the more
blue the negative charge (valley).A view from farther away looks like this
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Of course the hill and the valley both approach an infinity at the point charge because
of the 1/r dependence.

Lots of point charges
Question 223.31.4

Suppose we have many point charges. What is the potential of the group? We just use
superposition and add up the contribution of each point charge

1 qi
V= Z . (12.4)

4me,

where r; is the distance from the point charge ¢; to the point of interest (where we
wish to know the potential). Note that this is easier than adding up the electric field

contributions. Electric potentials are not vectors! They just add as scalars.

Of course the electrical potential energy requires a mover charge. It would be
U = gn(V)

_ BN oY
- (471’60 ; ri>
Potential of groups of charges

Suppose we have a continuous distribution of charge. Of course, this would be made
of many, many point charges, but if we have so many point charges that the distance
between the individual charges is negligible, we can treat them as one continuous thing.
If we know the charge distribution we can just interpret the distribution as a set of small
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amounts of charge dq acting like point charges all arranged into some shape.

Then for each charge dg we will have a small amount of potential

1 d
av =4 (12.5)
dme, T
and the total potential at some point will be the summation of all these small amounts
of charge
1 d
— |4 (12.6)

" dre, T
This looks a little like our integral for finding the electric field from a configuration of

charge, but there is one large difference. There is no vector nature to this integral. So

our procedure will have one less step
o StartwithV = L [«

Ame,

e find an expression for dgq

e Use geometry to find an expression for r

Solve the integral

Let’s try one together

Electric potential due to a uniformly charged disk

We have found the field due to a charged disk. We can use our summation of the poten-

tial due to small packets of charge to find the electric potential of an entire charged disk.
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dA = rd ¢dr

Suppose we have a uniform charge density 7 on the disk, and a total charge ), with a
disk radius a. We wish to find the potential at some point P along the central axis.

To do this problem let’s divide up the disk into small areas, dA each with a small

amount of charge, dgq. The area element is

dA = rd¢dr
so the charge element, dg, is

dq = nrdgdr

For each dq we have a small part of the total potential. Let me use the variable R to be
the distance from a part of the ring to the point P. Then R = /72 + 22 and our integral

becomes
1 dq

4me, r
B 1 / / nrdodr
 dre, N

We will integrate this. We will integrate over r from 0 to a and ¢ from 0 to 27 which

V:

will account for all the charge on the disk, and therefore all the potential.
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1 e p2rrdr
V = —_ 12.7
47760 A 0 \/r2 + 2;2 ( )

727 /a rdr
dme, Jo V2 4+ 22

2 Y
= 77 i 7"2—|—22
0

4me,
N2 e _ n2w
T e, atz 47e,
S0
V= % (\/a2+22 72') (12.3)

This is the potential at point P.

We compared our electric field solutions with the solution for a point charge. We can do
the same for electric potentials. We can compare our solution to a point charge potential
for an equal amount of charge. Far away from the disk, we expect the two potentials to
look the same. The point charge equation is

_ Q1!
n dme, z
Our disk gives
2
_ @2 (Var+22-2) (12.9)
4e,m a?

They don’t look much alike! But plotting both yields

V(V) s0ei2 !
6.0e-12

4.0e-12

2.0e-12 7

0.0e+0 ' f ' f ' f ' f ' {
0.00 0.01 0.02 0.03 0.04 0,05
z(m)

The dashed line is the point charge, the solid line is our disk with a radius of 0.05 m
and a total charge of 2 C. This shows that far from the disk the potential is like a point
charge, but close the two are quite different as we would expect. This is a reasonable
result.

We will calculate the potential due to several continuous charge configurations.
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But, you may ask, since we knew the field for the disk of charge, couldn’t we have
found the electric potential from our equation of the field? We will take up this question
in the next two lectures.

Basic Equations

The electric potential of a point charge is given by
__1@
T dwe, T

where the zero potential point is set at r = oc.

Electric potentials simply add, so the potential for a collection of point charges is just
1 i
V= =
4me, ; T

To find the potential due to a continuous distribution of charge we use the following
procedure:
o Startwith V = L[4

4me,

e find an expression for dg
e Use geometry to find an expression for r

e Solve the integral
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Since electric fields and electric potentials are both representations of the environment
created by the environmental charge, there must be a way to calculate the potential from
the field and vice versa. It will take us two lectures to do both.

Fundamental Concepts

e The potential and the field are manifestations of the same physical thing
e We find the potential from the field using AV = — [ E.ds

e Fields and potentials come from separated charge

Connecting potential and field

Question 223.32.1

Question 223.32.2

It is time to pause and think about the meaning of this electric potential. Let’s trace
our steps backwards. We defined the electric potential as the potential energy per unit
charge:

AV = AU
where ¢, is our mover and AV is a measure oq%nthe change in the environment between
two points r; and 7o measured from the environmental charge. AU is the change in
potential energy as ¢,,, moves. But the potential energy change is equal to the negative
of the amount of work we have done in moving ¢,

-W
AV =
q77l

which is equal to
-1
AV = — / F.ds
q

where again d’s’ is a general path length. But this force was a Coulomb force. which
we know is related to the electric field

¥

am

—
E:
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Question 223.32.3

so we may rewrite the potential as

AV = 7/£~d§’
q

= —/ﬁd?

which we found last lecture by analogy with our capacitor potential. Our line

of reasoning in this lecture has been more formal, but we arrive at the same
conclusion—and it is an important one! If we add up the component of field magnitude
times the displacement along the path take from r; to r2 we get the electric potential
(well, minus the electric potential).

The electric field and the electric potential are not two distinct things. They are really
different ways to look at the same thing—and that thing is the environment set up by the
environmental charge. It is tradition to say the electric field is the principal quantity.
This is because we have good evidence that the electric field is something. That
evidence we will study at the end of these lectures, but in a nutshell it is that we can

make waves in the electric field. If we can make waves in it, it must be something!'?

in our gravitational analogy, the gravitational field is the real thing. Gravitational
potential energy is a result of the gravitational field being there. The change in potential
energy is an amount of work, and the gravitational force is what does the work. No
force, no potential energy. The gravitational field makes that force happen.

It is the same for our electrical force. The electrical potential is due to the Coulomb

force, and the Coulomb force exists because the electric field is there.

If the field and the potential are really different manifestations of the same thing, we
should be able to find one from the other. We have one way to do this. We can find the
potential from the field, but we should be able to find the field from the potential. We
will practice the first

AV=— [ E.ds

today, and then introduce how to find the field from the potential next lecture.

Finding the potential from the field.

Actually we did an example last lecture. We found the field of a point charge. But let’s

12 By the end of these lectures, we will try to make this a more convincing (and more mathmatical)

statement!
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take on some harder examples in this lecture.

/

=

r
e
p -~

f j/
= E \!\\“AH B
¢

o~ " T~

\

/

\

Let’s calculate the electric potential do to an infinite line of charge. This is like the
potential due to a charged wire. We already found the field due to an infinite line of
charge
1 22,
= —f
dme, T
so we can use this to find the potential difference.

B
AV = — / E-ds
A
We need d's”. Of course d's could be in any direction. We can take components in

cylindrical coordinates
ds = drt +rd0d + dzz
Putting in our field gives

B

12 )

AV = — / 2. (drf+rd00+dz2)
A 4dme, T

Sy
N Admes Jao T

which we can integrate

AV = —iilan— —iilnrA
21 €, 21 €,
1 A
= —%;(IDTB—IHTA)

This example gives us a chance to think about our simple geometries and to consider
when they are reasonable approximations to real charged objects. So long as neither r 4
nor r g are infinite, this result is reasonable. But remember what it looks like to move
away from an infinite line of charge. No matter how far away we go, the line is still

infinite. So we never get very far away. The terms
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or

would look something like this

V(lambda/(2*pi*eps))

0571

0.0

-1.0 T

The curve is definitely not approaching zero as r gets large. No matter how far we get
from an infinite line of charge, we really never get very far compared with it’s infinite

length. So the potential is not going to zero!

Our solution is good only when 74 and 7 are much smaller than the length of the line.
that is, when our simple geometry is a good representation for something that is real, in

this case, a finite length wire. But for 74 rp < L this works.

We should also pause to think of the implications of this result for electronic equipment
design. Our result means that adjacent wires in a cable or on a circuit board will feel

a potential (in ME210 you called this a voltage) due to their neighbors—something we
have to take into consideration in the design to ensure your equipment will work! This
is one reason why we use shielded cables for delicate instruments, and for data lines,

etc.

As a second example, let’s tackle our friendly capacitor problem again. What is the
potential difference as we cross the capacitor from point A to point B? We already
know the answer

AV = Ed
But when we found this before, we assumed we knew the potential energy. This time
let’s practice using

B
sz—/ E.ds
A
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Equipotential Surfaces

High Potential Energy Low Potential Energy

We know the field is

SO
B
AV = —/ E.ds

B
= —/ Edscos@
A €o

where 6 is the angle between the field direction and our d’s” direction. We could write
dx = dscosf

Then
AV = L[ a4

This is just
AV = —FEAx
if we consider the negative side to be the zero potential, and we cross the entire

capacitor, then

AV = —FE(zp-—za4)
= —E(0-d)
= Ed

as we expect. Note that we can now see how the positive result comes from our choice
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of the zero voltage point.

Sources of electric potential

Question 223.32.4

We know that the electric potential comes from the electric field. And if we think
about it, we know where the electric field comes from, charge. But we have found that
equal amounts of positive and negative charge produce no net field. So normal matter
does not seem to have any net electric field because the protons and electrons create
oppositely directed fields, with no net result.

But if we separate the positive and negative charges, we do get a field. This is the
source of all electric fields that we see, and therefore all electric potentials are due to
separated charge.

We have used charge separation devices already in our lectures. Rubbing a rubber rod
with rabbit fur transfers the electrons from the fur to the rod. Some of the charges that
were balanced in the fur are now separated. So there is an electric field that creates
an electric force. Then there must be an electric potential, since the potential is just a
manifestation of the field.

We have also used a van de Graaff generator. It is time to see how this works.

Electric

Motor
Coronal

Discharge ™.,

In the base of the van de Graaff, there is a small electrode. It is charged to a large
voltage, and charge leaks off through the air to a rubber belt that is very close. The
rubber belt is connected to a motor. The motor turns the belt. The extra charge is stuck
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on the belt, since the belt is not a conductor. The charge is carried up to the top where
there is a large round electrode. A conducting brush touches the rubber belt, and the
charge is able to escape the belt through the conductor. The charge spreads over the
whole spherical electrode surface.

The belt keeps providing charge. Of course the new charge is repelled by the charge
all ready accumulated on the spherical electrode, so we must do work to keep the belt
turning and the charge ascending to the ball at the top. This is a mechanical charge
separation device. It can easily build potential differences between the spherical top
and the surrounding environment (including you) of 30000 V.

Much larger versions of this device are used to accelerate sub atomic particles to very
high speeds.

Electrochemical separation of charge

Question 223.32.5

When you eat table salt, the NaCl ionic bond splits when exposed to polar water
molecules, leaving a positively charged Na ion and a negatively charged Cl ion. This
is very like the “bleeding” of charge from our charged balloons that we talked about
earlier. The water molecules are polar, and the mostly positive hydrogens are attracted
to the negatively charged Cl ions. This causes a sort of tug-o-war for the CI ions. The
positively charged Na ions pull with their coulomb force, and so do the positively
charged hydrogens of the water molecules. If we have lots of water molecules, they
win and the NaCl is broken apart. Water molecules are polar, but overall neutral. But
now, with the Na and Cl ions, we have separated charge. We can make this charge [ow,
so we can get electric currents in our bodies. Our nervous system uses the positively
charged Na ions to form tiny currents into and out of neurons as part of how nerve
signaling works. Of course, NaCl is a pretty simple molecule. We could use more
complex chemical reactions to separate charge.

Batteries and emf

Most of us don’t have a van de Graaff generator in our pockets. But most of us do have
a charge separation device that we carry around with us. We call it a battery. But what
does this battery do?

Somehow the battery supples positive charge on one side and negative charge on the
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other side. This is accomplished by doing work on the charges. A lead acid battery
is often used in automobiles. The battery is made by suspending two lead plates in a

solution of sulfuric acid and water.

Megative Electrode

made of porous lead Positive Electrode

made of lead dioxide

Il Bl

One plate is coated with lead dioxide. There is a chemical reaction at each plate. The

sulfuric acid (H2SO4) splits into two H™ ions and an SOZ2 ion.

Negative Electrode

made of porous lead Positive Electrode

made of lead dioxide

L2

The overall reaction is
Pb (solid)+H,SO;} (aqueous) — PbSOy (solid)+2H ™ (aqueous)+2e~ (in conductor)
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producing lead sulfate on the electrode, some hydrogen ions in solution and some extra

electrons that are left in the metal plate.

The coated plate’s lead dioxide also reacts with the SO, 2 ions and uses the hydrogen

ions and the oxygen from the PbOs coating.

It also uses some some electrons from the lead plate. The PbOs splits apart and the

Pb** combines with the SO; 2 and the two electrons. The left over Oy combines with

the hydrogens to form water. The reaction equation is

PbO (solid)+H2SO; (aqueous)+2H ™ (solid)+2e~ (in conductor) — PbSOy (solid)+2H-O (liquid)
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So one lead plate has two extra electrons, and one lacks two electrons. We have

separated charge!

If we connect a wire between the plates, the extra electrons from one plate will move to
the other plate, and we have formed a current (something we will discuss in detail later).
Lead acid batteries are rechargeable. The recharging process places an electric potential
across the two lead plates, and this drives the two chemical reactions backwards.

Now that we see that we can use chemistry to separate charge, let’s think about what
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this means for an electric circuit.
Wenem = AU

That work is equivalent to an amount of potential energy, so we have a voltage. That
voltage due to the separated charge is

AV = Wchem

q
This is not a chemistry class, so we won’t memorize the chemical process that does

this. Instead, I would like to give a mechanical analogy.

Upper Tank

!:i Pump | AU,

Lower Tank v

If we have water in a tank and we attach a pump to the tank, we can pump the water to
a higher tank. The water would gain potential energy. This is essentially what a battery
does for charge. A battery is sort of a “charge pump” that takes charge from a low
potential to a high potential.

The water in the upper tank can now be put to work. It could, say, run a turbine.

Upper Tank

Turbine
Pump | AU

Lower Tank

A battery can do the same. The battery “pumps” charge to the higher potential. That
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charge can be put to work, say, lighting a light bulb.

Of course, we could string plumps together to gain even more potential energy differ-

€nce.
Second Upper Tank
Pump | AU,
Upper Tank
Turbine
Pump | AU,
Lower Tank

likewise we can string two batteries to get a larger electrical potential difference.
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AV,

AV,

If we had more batteries, we would have more potential difference. Each battery

“pumping” the charge up to a higher potential. Our analogy is not perfect, but it gives
some insight into why stringing batteries together increases the voltage. Our clickers
use three 1.5V batteries for a total potential difference from the bottom of the first to

the top of the last of
AV =3x15V=4.5V

If you have been introduced to Kirchhoff’s loop law, you may see this as familiar.

Kerchhoff said that
AVigop = Y AV, =0

That is, if we go around a loop, we should énd up at the same potential where we
started. This would be true for our plumbing example. If we start at the lower tank, then
travel through the pump to the upper tank, then through the turbine to the lower tank we
have

AUsotar = AUpymp + AUturbine =0
we are at the same elevation, we lost all the potential energy we gained by being

pumped up when we fell back down through the turbine.

Similarly, the battery pumps the charge up an amount AV}, and it “falls” down an
amount AV, 4, returning to where it started

AViotal = AViar + AViigne
This is just conservation of energy. As we go around the loop we must neither create
nor destroy energy. We can convert work into potential through the pump or battery,
then we can create movement of water or charge and even useful work by letting the
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charge or water “fall” back down to the initial state. The change in energy must be zero
if there is no loss mechanism. Eventually we must allow some loss to occur, but for
now we have ideal batteries and wires and lights, so energy is conserved.

We have a historic name for a charge pump like a battery. We call it an emf. This is
pronounced “ee em eff,” that is, we say the letters. Emf used to stand for something,
but that something has turned out to be a poor model for electric current, but the letters
describing a charge pump persist. This is a little like Kentucky Fried Chicken changing
it’s name to KFC because now they bake chicken (and no one wants to think about
eating fried foods now days). The letters are the name.

Next lecture we will complete our task. In this lecture we discussed finding the potential
if we know the field. Next lecture we will find out how to calculate the field if we know
the potential.

Basic Equations



14 Calculating fields from
potentials

In our last lecture, we found that we could calculate the electric potential from the
electric field. In this lecture we go the other way, calculating the field from the potential.

Fundamental Concepts

e To find the field knowing the potential, we use E=- (dili + d% jer%lA() v
e The gradient shows the direction of steepest change

e The potential of conductors in equilibrium

Finding electric field from the potential

We did part-one of relating fields to potentials in the last lecture. Now it is time for part

two, obtaining the electric field from a known potential. Starting with
B
AV = - / E.ds

A
we realize that we should be able to write the integrand as a small bit of potential
v = -E.ds
= —F.ds
where Ej is the component of the electric field in the § direction. We can rearrange this
av
Ey=——
ds

This tells us that the magnitude of our field is the change in electric potential. Of
—
course, E is a vector and V' is not. So the best we can do is to get the magnitude of the

component in the s~ direction.

We can try this out on a geometry we know, say, a point charge along the x-axis



196

Chapter 14 Calculating fields from potentials

¥ oa
x
We know the potential will be
_ 1 4
dme, x
and we know the field is
- 1
" dre, 12

then we can try
av._ d 1 g

B, = Cdx _E47reo T
_ 1 gs
o 47e, 2
Since r in the = direction is just , this is just what we expected!
dA = 2ardr
dr =

Let’s try another. Let’s find the electric field due to a disk of charge along the axis. We
have done this problem before. We know the field should be

z
E, =27k 11— ——
z el ( 212 22>
and in the previous lectures we found the potential to be

v=1 (m - z) (14.2)

2¢,

(14.1)

Now can we find the electric field at P from V'? Let’s start by finding the z—component



of the field, F,

or

E.

_av
dz
d
_ i(,/a2+zz_z)
dz \ 2¢,
d d
2D a2 —koo2mz
dz 2e, dz
d
= —i—\/a2 + 22 + ko2
2¢, dz
7 z

E, =2nk.n (1 —

Finding electric field from the potential

————— 4 27keo

n z
1o —=
2¢, < \/@2—1—22)

z
va? + z2>
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(14.3)

(14.4)
(14.5)

(14.6)

(14.7)

(14.8)

(14.9)

But remember that this situation is highly symmetric. We can see by inspection that all

the « and y components will all cancel out. So this is our field! And it is just what we

found before.

We can graph these functions to compare them (what would you expect?). To do this

we really need values, but instead, let’s play a clever trick that some of you will see in

advanced or older books. I am going to substitute in place of z the variable u = 2

Then

\%4

2mnke (\/ a?+ 2% — z)

/ 2
27ranke< 1+Z—2_E
a a

2mwanke (\/ 14+u?— u)

)

z
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and

B, = 2rken (1 - ﬁ) (14.10)

z

aﬂl—i—Z—i

= 2mken|1-—
= 27ken|1-—

= 27mken|1-—

a
V1t 35

= ek (1- )

Both my equation for V' and for £, now are in the form of a set of constants times a
function of u.

V = 2mwank. (\/H—UQ— u)
= 2mwankef (u)
E, = 27k (1 — L)
VI+u?

= 2rkeng (u) (14.11)
If I plot V' in units of 2wack. (the constants out in front) I can see the shape of the
curve. It is the function of f(u). I can compare this to F, in units of 27k.o. The shape
of E, will be g (u) . Of course we are plotting terms of .

Strange Units Lol

0.5 7

0.0

Now we can ask, is this reasonable? Does it look like the E-field (red dashed line) is
the right shape for the derivative of the potential (solid green line)? It is also comforting
to see that as u (a function of z) gets larger the field falls off to zero and so does the

potential as we would expect. When V' (green solid curve) has a large slope, E, is a
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large number (positive because of the negative sign in the equation

av

ds

and when V is fairly [‘at, E, is nearly zero. Our strategy for finding E from V' seems to

B, =—

work.

Geometry of field and potential

Question 223.33.1
Question 223.33.2

You should probably worry that so far our equation
av
Ey=——
ds
is only one dimensional. We know the electric field is a three dimensional vector field.

We may find situations where we need two or three dimensions. But this is easy to fix.
Our equation
gives us the field magnitude along the § direction. Let’s choose this to be the X

direction. Then

o WV
dx
is the z-component of the electric field. Likewise
av
E, = —
av
E, = ——
dz
The total field will be the vector sum of it’s components
E = Ei+Ej+Ek
LW, v vy
N der dy J dz

which we can cryptically write as

= d d d ~
E=—-(—i4+—7+—k |V
(da:l * dy‘H_dz >
The odd group of operations in the parenthesis is call a gradient and is written as

= d d. ds-
frng —7 —7 —k
v <d:1: + dy ¥ dz )
using this we have

— —
E=-VV
which is how the relationship is stated in higher level electrodynamics books. But what

does it mean?

The gradient is really kind of what it sounds like. If you go down a steep grade, you

will notice you are going down hill and will notice if you are going down the steepest
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part of the hill. The gradient finds the direction of steepest decent. That is, the direction
where the potential changes fastest. This is like looking from the top of the hill and
taking the steepest way down! Our relationship tells us that the electric field points in
this steepest direction, and the minus sign tells us that the electric field points down
hill away from a positive charge, never up hill (think of the acceleration due to gravity

Stamp in a circle: being negative). Let’s see if this makes sense for our geometries that we know.
mimic a blindfolded
person swiveling on Here is our capacitor. We see that indeed the field points from the high potential to the

one foot and testing
the slope with the
other lines.

low potential. The steepest way “down the hill” is perpendicular to the equipotential

High Potential Low Potential

Equipotential Lines

We also know the shape of the field for a dipole. The equipotential lines we have seen

before.
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But now we can see that the field lines and equipotential lines are always perpendicular
and the field points “down hill.” The meeting of the field and equipotential lines at right
angles is not a surprise. Think again about our mountain

Map courtesy USGS, Picture is in the Public Domain.
The steepest path is always perpendicular to lines of equal potential energy.

We should try another example of finding the field from the gradient. Suppose we have
a potential that varies as

V =322 4 22y
I don’t know what is making this potential, but let’s suppose we have such a potential.
It would look like this.
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what is the electric field?

— —
E=-VV
o i d. d
.
o L TELE ARV
(dz+dyj+d )
% d. d_ d
— ~
E=o (Lt Lo 2R 32242
(d Zery]erz >(3z + xy)

(i g 4 (2 e (32
<Zd3: (33; + Qxy) —l—jdy (3:10 + Q:I:y) +kd,z (Sx + 2:1:y)>

ol
I

= - (z (6 + 2y) + jd% (2zy) +0>

This example shows how to perform the operation, but it does not give much insight.
We have learned to work with our standard charge configurations, and this is really not

one of them. So we don’t have much intuitive feel for this electric field that we found.

To gain more insight, let’s change back to one of our standard configurations. let’s
return to finding the point charge field from the point charge potential. The potential for
a point charge is

_1Q
- dme, T
And of course we know that the field is
1 Q
B Q.
4re, r2r
but we want to show this using
— —
E=-VV
So
— d d d
E = —(—i+—7+—k
(dx”dy~7+d >
d., d._. d 1 Qg
= _— — _k ——
<d "t >4m0 r
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SO

d d d » 1
E = —(—i+-—jt—k Qe
dr  dy” dz ) Ame, (/a2 4 42 4 22
d d d » 1
= - s —i+ —H—k | ——=
dme, \ dz dy® dz Va2 42+ 22

B Qp x . Yy . k .

- - - El i Tk
dmeo \ (@2 492 +22)7 (@242 +22)F (22412 +22)°
On (azi+ i+ kR)

3
2

dme, (22 + 92 + 22)
Or (zi +yi+ klE)
ameo (22 + 42 + 22) /(22 + y2 + 22)
| Qs (m i+ kf{)
dre, 12\ /(22 +y2 + 22)
1 QF

- 2ok
4me, 12

but really, this is a bit of a mess, we don’t want to do such a problem in rectangular

coordinates. We could write V in spherical coordinates (something we won’t derive

here, but you should have seen in M215 or M316).

= .0 10 - 1 0
V_r_+0__+¢7‘sin98_¢

or r 00

Let’s try this out on our point charge potential. We have

= .0 10 ~ 1 9
E = (ra”;@“ﬁmmea@)v

B 9 10 ., 1 9\ 1 Qg
= - <ra T +¢—rsin98_¢> Tre, 1

1
_ Qs (——2f+0+0)
T

4e,

1 G,
4me, 12

just as we expected. But this time the math was much easier. If we can, it is a good idea

—

to match our expression for V to the geometry of the system. A good vector calculus
—

book or a compendium of math functions will have various versions of V listed.

Conductors in equilibrium again
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Question 223.33.3

We know that there is no field inside a conductor in electrostatic equilibrium, but we
should ask what that means for the electric potential. To build circuits or electronic

actuators, we will need to know this. Let’s start again with

B
AV:—/ E.ds (14.12)
A
and since the field £ = 0 inside the conductor, then inside
A‘/inside =0 (1413)

On the surface we see that there is a potential, since there is a field. If we take our

spherical case,

and observe the potential as we go away from the center, we expect the potential to be
constant up to the surface. Then as we reach the surface, we know from Gauss’ law that

the field will be
1 Qp

4 2
like a point charge, so the potential at the s&efgcg must be
_ 1 @
" dwe, R
where 7 = R, the radius of our sphere. As we move into the sphere from the surface,

the potential must not change. The interior will have the potential

1 Qg
‘/insi e — T 14.14
d 4me, R ( )



Conductors in equilibrium again 205

Outside, of course, the potential will drop like the potential due to a point charge. We

expect
1
vo_ L @ (14.15)
dme, T

For a sphere of radius R = 0.5 m carrying a charge of 0.000002 C (about what our van

de Graaff holds) we would have the situation graphed in the following figure:
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This is an important point. For a conductor, the electric potential everywhere inside the
conductive material is exactly the same once we reach equilibrium. This is just what we

want for capacitors or electrodes or electrical contacts in circuits.

Non spherical conductors

The field is stronger where the field lines are closer together. One way to describe this
is to use a radii of curvature. That is, suppose we try to fit a small circle into a bump on

the surface of a conductor.
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Coronal Discharge
Clips

In the figure there are two bumps shown with circles fit into them. The bump on the
right has a much smaller radius circle than the one on the left. The radius of the circle
that fits into the bump is the radius of curvature of the bump. From what we have said,
the bump on the right will have a much stronger field strength near it than the bump on
the left.

Where there is a lot of charge on a conductor, and the field is very high, electrons
from random ionizations of air molecules near the conductor are accelerated away
from the conductor. These electrons hit other atoms, ionizing them as well. We get a
small avalanche of electrons. Eventually the electrons recombine with ionized atoms,
producing an eerie glow. This is called corona discharge. It can be used to find faults in

high tension wires and other high voltage situations.

Cavities in conductors

Suppose we have a hollow conductor with no charges in the cavity. What is the field?
We know from using Gauss’ law what the answer should be, but let’s do this using

potentials.

o

o

All the parts of the conductor will be at the same potential. So let’s take two points, A

and B, and compute
B

VA — VB = —/ E-ds
A
We know that V4 — Vp = 0 because V4 must be the same as Vg. So for every path, s,

we must have B

- E-ds=0

A
We can easily conclude that £ must equal zero.

So as long as there are no charges inside the cavity, the cavity is a net field free zone.
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It is often much easier to find the potential, and from the potential, find the field.
Much of the study of electrodynamics uses this approach. This is because it is more
straight-forward to differentiate than it is to integrate. Some of you may use massive
computational programs to predict electric fields. They often use differential equations
in the potential to find the field rather than integral equations to find the field directly.

Basic Equations
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Fundamental Concepts

e The charge on a capacitor is proportional to the potential difference ) = CAV

e The constant of proportionality is called the capacitance and for a parallel plate
capacitor, it is given by C = %eo

o In parallel capacitors capacitances add Cq; = C1 + Co

e In series capacitors capacitances combine as ﬁ = C% + c%
o

Capacitance and capacitors

Consider the following design for a pump-tank system.

Upper Tank

Pump

Lower Tank

This is may not be an optimal design. At first there is no problem, water [ows into the
upper tank just fine. But once the upper tank begins to fill, the water already in the
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upper tank will make it harder to pump in more water. As the tank fills, the pressure at
the bottom increases, and it takes more work for the pump to overcome the increasing

pressure.

Something analogous happens when a capacitor is connected to a battery.

At first the charge is free to [ow to the plates, but as the charge builds, it takes more

work to bring on successive charges.

Charge built up on the capacitor plate New charge
repelled

I

The charges repel each other, so the charge already on a capacitor plate repels the new

charge arriving from the battery. The repelling force gets larger until finally the force
repelling the charge balances the force driving the charge from the battery and the

charge stops [bwing onto the capacitor.

A capacitor is made from two plates. For us, let’s assume they are semi-infinte sheets
of charge. Of course this is not exactly true, but it is not too wrong near the center of
the plates. And we know quite a lot about semi-infinate sheets of charge because they
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are one of our standard change configurations. We know the field for each sheet is

_
2¢,
and that for two sheets, one with +7 and one with — the field in between will be
E=-
2¢,
We also know the potential difference between the two plates is just
AV = Ed

where FE is our electric field and d is the capacitor spacing.

We can guess that we will build up charge until the potential energy difference of the

capacitor is equal to the potential energy difference of the battery
Acha,pa,citm’ = A%uttm’y

because at that point the forces causing the potential energy will be equal.

We can write our electric field between the two plates as

n_ Q

E = — =
€ Ae,

o) J
AV = —Q

Ae,
Then the potential difference is directly proportional to the charge. I want to switch this

around, and solve for the amount of charge.

Ae,
Q:( 7 )AV

Since all the terms in the parenthesis are constants, we could replace them with a

constant, C.

Q=CAV (15.1)
where

C= geo (15.2)

is a constant that depends on the geometry and construction of the plates. This
equation tells us that if we build two different sets of plates, say, one circular and one
triangular, and we give them the same potential difference (say, connect them both to
12V batteries) then, if both have the same construction constant C', they will carry the
same charge even though their size and shape are different. We can reduce the burden
of calculation of how much charge a capacitor can hold but asking the person who
manufactured it to calculate the construction constant and mark the value on the outside
of the capacitor. Different capacitors may be constructed differently (different A or d
values) but so long as the construction constant, C| is the same, the charge amount for a

given voltage will be the same.
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Question 223.34.2
Question 223.34.3
Question 223.34.4

The electronics field gives this construction constant a name, capacitance.

Q
=—= 15.3
AV (15.3)
The capacitance will have units of C/V but we give this a name all it’s own, the Farad
(F). A Farad is a very large capacitance. Many capacitors in electronic devices are

measured in microfarads.
Capacitors and sources of potential

Consider what happens when we connect our two parallel plates to the terminals of

a battery. Assuming the plates are initially uncharged, charge [ows from the battery
through the conducting wires and onto the plates. Recall that for a metal, the entire
surface will be at the same potential under electrostatic conditions. The charge carriers
supplied by the battery will try to achieve electrostatic equilibrium, so we expect the
plate that is connected to the positive terminal of the battery to eventually be at the
same potential as the positive battery terminal. Likewise for the negative terminal and

the plate connected to it.

We can even use our capacitor as a source of electrical power. A camera [‘ash uses ca-
pacitors to make the burst of light that illuminates the subject of your photo. In ME210
you should have studied RC circuits, so you will understand that the battery is used to

charge the capacitor and then a switch is thrown to allow the charge to quickly leave

through a different circuit, making the [ash.

Camera [ ash unit (Public Domain image by Julo)

Single conductor capacitance

Physicists can’t leave a good thing alone. We often calculate the capacitance of a single
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conductor! If the geometry is simple we can easily do this. It is not immediately
obvious that a single conductor should even have a capacitance, so it might be a
problem if you forget this in a design problem for an unusual device.

As an example, let’s take a sphere. We will assume there is a spherical conduction shell
that is infinitely far away. This configuration gives exactly the same field lines that the
charged sphere gives on it’s own, but the mental picture is helpful. The imaginary shell
will give V' = 0 (we set our zero potential at » = 00). The potential of the little sphere

we know must be just like the potential of a point charge if we are outside of the sphere

v=r2
r
for r = R, the radius of our little sphere. Then
Q Q
AV =ke= —0=ke—
R R
so 0 0 R
== = = — =dre, 15.4
C AV ke% T TELR (15.4)

This is the capacitance of a single sphere. Note that C' only depends on geometry! not

on @, just as we would expect.

But why would we care? If you have taken ME210 you know about RC circuits. This
says that even if we just connect a ball to, say, the positive terminal of a batter, that
there will be some capacitance. This capacitance will limit the [ow of charge to the
ball. So it will take time to charge even a single conductor. This is always true when a
device is initially connected to a power source. Often we can ignore such “transient”
effects because the charging times are still small. But in special cases, this may not be
possible because the changing voltage or charge could damage sensitive equipment. So

although this is rarely a problem, it is good to keep in the back of our minds.

Capacitance of two parallel plates

The capacitance of single conductors is profound, but more useful to us in understanding
common electronic components is the parallel plate capacitor. We found that for
parallel plates we also had only geometry factors in the capacitance. Of course, there
are other shapes possible. Let’s see if we can reason out how the capacitance depends

on the geometry.

Plate area

Since the charge will tend to separate to the surface of a conductor, we might expect
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that if the surface area increases, the amount of charge that the capacitor can hold might

increase as well. We see this in our equation for the parallel plate capacitor.

A
CZEGO

Plate separation

We also see that it matters how far apart the plates are placed. The greater the distance,
the less the capacitance. This makes some sense. If the plates are farther apart, the
Coulomb force is weaker, and less charge can be held in the capacitor, because the force
attracting the charges (the force between the charges on the opposite plates) is weaker.

Capacitance of a cylindrical capacitor

We should try some harder geometries. A cylindrical capacitor is a good case to start
with

(you will do a sphere in the homework problems). We want to find the capacitance
of the cylindrical capacitor. Our strategy will be to find the voltage difference for the

capacitor and the amount of charge on the capacitor, and then divide to find C.

_ @
“=3av

Let’s begin with our equation relating potential change to field.
b
Vb—Va:—/E-d§ (15.5)
a

Let’s assume that there is a linear charge density, A, along the cylinder with the center



Capacitance and capacitors 215

positive and the outside negative. Then
bp = 7{1'«3 -dA (15.6)

where I will choose a Gaussian surface that is cylindrical around the central conductor.

=

This is nice, since the field will be radially out from the conductor (ignoring the

end effects) and so no field will pass through the end caps of the Gaussian surface
(E - dA = 0 on the end caps). Moreover, the field strikes the surface at right angles
(E - dA = EdA on the side of the cylinder), and will have the same magnitude all the

way around so

b = FE % dA
= FA
Now we know from Gauss’ law that
@E — Qin
€o
where
and where h is the height of our Gaussian surface, so
Ah
dp = — = E2nrh
A —_
2mre,
Now, knowing our field, and taking a radial path from a to b, we can take
b
A
Vb — Va = — / dI‘
o 2TTE,

AP
= — —d
27rso/a T r

()
= — In|{ -
2me, a
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Using this, we can find the capacitance, We have a negative value for AV but this is
just due to our choice of making the center of the concentric cylinders positive and
the outside negative. We chose the zero point on the positive center. The amount of

potential change going from a to b is just |[AV|. Then in finding the capacitance using
QR =CAV

we want just the value of AV so we will plug in the absolute value of our result.
|AV| = A In (é>
2me, a

Q
AV
Q
A

Then, solving for C' gives

Sme, 11 (%)

__@

iy I (2)

2mhe,

n (2)

Wow! That was fun! But more importantly, this is a coaxial cable geometry, and we

can see that coaxial cable will have some capacitance and that that capacitance will
depend on the geometry of the cable including its length and width. This capacitance
can affect signals sent through the cable. If you have taken ME210 and have considered

AL

Time

javavat

Time

RC circuits, you can see why.
3v

Ow

3v

RNAVAVAN

Time

Increasing amounts of distortion in a signal due to increasing cable capacitance.
The nice square pulses that represent digital data will be distorted, and in extreme cases,
undetectable. When designing data lines, this capacitance of the cable must be taken

into account.

Combinations of Capacitors
Question 223.34.5

We don’t want to have to do long calculations to combine capacitors that we buy
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4”7

Capacitor

——

Battery

Figure 15.6.

from an electronics store. It would be convenient to come up with a way to combine

capacitors using a simple rule.

We need a simple way to write capacitors in our homework problem drawings, here are
the usual symbols for capacitor and battery. Using these symbols, let’s consider two

capacitors as shown below.

:
[

—

Remember that a conductor will be at the same potential over all of its surface. If we

connect the capacitors as shown then all of the left half of this diagram will be at the
positive potential of the battery terminal. Likewise, the right side will all be at the same
potential. It is like we increased the area of the capacitor C; buy adding in the area of
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Figure 15.7.

capacitor Cl.
Al + Ay Ay As

C = €p = 760 + 760
So we may write a combined capacitance for this set up of
Ceq = Cl + 02 (157)

We call this set up a parallel circuit. This means that each of the capacitors are hooked
directly to the terminals of the battery.

But suppose we hook up the capacitors as in the next drawingNow we expect the left
hand side of C' to be at the positive potential of the positive terminal of the battery. We
expect the right side of C'5 to be at the same potential as the negative side of the battery.
What happens in the middle?

We can see that we will have negative charge on the right hand plate of C; and positive
charge on the left plate of Cy. This must cause there to be a positive charge on the right
plate of C'; and a negative charge on the left plate of Cy, Moreover, all the charges will

have the same magnitude. That means each of the plates will have a potential difference

Q

AV, = —

Vi 2

and 0
AVijy = —

J2 C;

But the total potential difference is AV of the battery, then
AV = AV + AV,
We can again define an equivalent capacitance.

Q
AV =
Ctot
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then
AV = AVi+ AV,
Q _Q.Q
Crot Cr Gy
The @s are all the same. So
1 1 1
—_ = — 4= 15.8
Cw TG (139

We call this type of set up a series circuit.

Now after all this you might ask yourself how to know the capacitance of the parts you
buy to build things. They are designed by engineers and tested at the factory, and the
capacitance is usually printed on the side of the device. You can, of course, devise a test

circuit based on what we have learned that could test the capacitance.

Basic Equations
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Fundamental Concepts

e Diclectrics and capacitors
e Microscopic nature of electric current

e Current direction is defined as the direction positive charges would go, regardless of
the actual sign of the charge.

e In a capacitor, the stored energy is W = %C’AV2

e The energy density in the electric field is u = %EOEZ

Energy stored in a capacitor

We have convinced ourselves that AV is the change in potential energy per unit charge,
so when a capacitor is charged, and the wires connecting it to the battery are removed,
is there potential energy “stored” in the capacitor? The answer is yes, and we can see
it by considering what would happen if we connected a wire (no battery) between the
two plates. Charge would rush from one plate to the other. This is like storing a tank of
water on a hill. If we connect a pipe from the tank at the top of the hill to a tank at the
bottom of the hill, the water will rush through the pipe to the lower tank.

BE CAREFUL, you are enough of a conductor that by touching different ends of a
capacitor you could create a serious current through your body. The capacitors in
computer monitors or TV sets can store enough charge to kill you!

But how do we know how much energy is there? Clearly it must be related to the
amount of energy it takes to move the charge onto the plates. By analogy, the energy
stored in the water was the minimum amount of energy it took to pump the water to the
upper tank (mgh). It is the minimum, because our pipes might have some resistance,

and then we would have to include more work to overcome the resistance.

But for a capacitor it is a little bit more tricky. When the capacitor is not charged, it
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takes no work (or very little) to move charge from one plate to the other. But once there
is a charge there is an electric field between the plates (think of my poorly designed
water storage system from the beginning of last lecture). This creates a potential
difference. And we must fight against this potential difference to add more charge. This
is sort of like transferring rocks up a hill. The more rocks that we carry, the higher the

hill gets, and the more work it takes to bring up more rocks.

From our formula

W =q (Ve —Va)
we can see that if we have just a small amount of charge, AQ, we will have a small
amount of work

AW = AQAV

to move it onto the capacitor. Note! here A() is a small amount of charge, and AV is
V¢ — V;. We have used A in two different ways in the same equation. If we start with
no charge, then go in small AQ steps, we would see a potential rise as shown in the
graph below.

AV

—~ =

AQ Q
The quantity AQAYV is the area of the shaded (e.g. green) rectangle. So AW, the work
it took to add AQ to the capacitor, is given by the area of a rectangle under a stair-step
on our graph. The shaded rectangle is just one of many rectangles in the graph. The
stair-shape comes from the fact that every time we deliver a AQ) package of charge to
the capacitor, it makes the potential a little higher. It takes more work to bring in the

next package of charge, AQ.

From our basic equation
Q =CAV
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we can write, ,for our small bit of charge, AQ)

AQ
AV = —
C
As AQ gets small we can go to a continuous charge model
AW = AQAV
We can replaced the small unit of charge AQ with a continuous variable dg.to obtain
dW =dq (AV)
Recall that
q
AV = =
. C
so we can write dW as
q
AW = d (—)
\¢c
1
dw = —qd
C‘] q
Of course, we will integrate this
@1
W = —qd
. Cq q
1 19
W = = d
C /0 qaq
Q2
= — 16.1
20 (16.1)
or sometimes using
Q =CAV
this is written as )
W= §CAV2 (16.2)

There is a limit to how much energy we can store. That is because even air can conduct
charge if the potential difference is high enough. We call this air conduction a spark or
coronal discharge. At some point charge jumps from one plate to another through the
air in between. If the potential difference is very high, the Coulomb force between the
charges on opposite plates will force charge to leave one plate and jump to the other

even if there is no air!

Field storage

We usually consider the energy stored in the capacitor to be stored in the electric field.
The field is proportional to the amount of charge and related to the potential energy, so

this seems reasonable. Let’s find the potential energy stored in the field in the capacitor.
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Recall for an ideal parallel plate capacitor

AV = FEd
and 4
C = 603

We assume that energy provided by the work to move the charges on the capacitor is all

stored as potential energy, so

1
Ustm’ed = §CAV2 (163)
then
1 A
Ustored = 5 <€OE> (Ed)2
1 2
= ieoAdE
We often define an energy density
_ Ustored
V
In this case the volume V is just Ad so
1
u= §eoE2 (16.4)

This is the density of energy in the electric field. It turns out that this is a general

formula (not just true for ideal parallel plate capacitors).

This is a step toward our goal of showing that electric fields are a physically real thing.

They can store energy, so they must be a real thing.

Dielectrics and capacitors

Question 223.35.1

We should ask ourselves a question about our capacitors, does it matter that there is air
in between the plates? For making capacitors, it might be convenient to coat two sides
of a plastic block with metal and solder wires to the coated sides. Does the plastic have
an effect?

Plastic is an insulator, and another name for “insulator” is dielectric. If we perform
the experiment, we will find that when a dielectric is placed in the plates, the potential
difference decreases!
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& ..

We are lucky, though, from experimentation we have found that it seems to decrease in
a nice, linear way. We can write this as

(16.5)

where & is a constant that depends on what material we choose as our dielectric!®. But
what is happening?

The plates of the capacitor are becoming charged. These charges will polarize the
material in the middle.

13 This symbol &, is the greek letter “kappa.”
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Question 223.35.2

Ubalanced Handed-
ness Demo, Stick
out your hands, one
side of room has
extra left hands,
one side extra right
hands

Question 223.35.3

Charges still sum to zero in the middle

But on the edges, there is unbalanced charge

Notice how the polarized molecules or atoms sill have a net zero charge in the middle,
but on the ends, there is a net charge. It is like we have oppositely charged plates next
to our capacitor plates. That reduces the net charge seen by the capacitor, and so the

potential difference is less. There is effectively less separated charge.

But since our capacitor is not connected to a battery or any other electrical device, the
amount of actual charge on the capacitor plates can’t have changed, so if AV changed,
but ) did not , then since

Q =CAV
we suspect the material properties part, or the capacitance must have changed.

C: QO — QO :K’QO
AV ~ B T Ay,

but this is just
C = kC, (16.6)

For a parallel plate capacitor, we have

C = ke,—

y (16.7)

So where do you find values for x? For this class, we will look them up in the tables in
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books or at manufacturer’s web sites. Here are a few values for our use.
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Material K Material K
Vacuum 1.00000 Paper 3.7
Dry Air 1.0006 Waxed Paper | 3.5
Fused quartz 3.78 Polystyrene | 2.56
Pyrex glass | 4.7 — 5.6 PVC 3.4
Mylar 3.15 Tel bn 2.1
Nylon 3.4 Water 80

In the last discussion we discovered that if we put a dielectric inside a capacitor, we end

up with polarized charges with the net result that there will be excess negative charge

near the positive plate of the capacitor, and excess negative charge near the positive

plates of the capacitor. In the middle of the dielectric, the charges are polarized in each

atom. But still, for any volume inside, the net charge is zero. The excess charge near

each plate we will call the induced charge.

Since we have an induced positive charge on one side and an induced negative charge

on the other side, we expect there will be an electric field directed from the positive to

negative charge inside the dielectric.

*n

& n

+ -

+* -

+ -
<

« E, -

+* -

+* E ' -

ind

+* -
e

+ -

Let’s attempt to find the induced charge density on the dielectric. The total field inside

the dielectric is

E = Eo - Eind

(16.8)
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Electric current
Question 223.35.4

Question 223.35.5

where F, is the field due to the capacitor plates. From our previous discussion, we
recall that

A
AV = Vo
K
and we recall that the magnitude of the potential difference is given by
AV = Ed
Then our new net field can be found
Bd— E.d
K
or
p=to
K
and, recalling for a parallel plate capacitor (near the center) the field is approximately
g=21
€o
then
E = Eo - Eind
gives

NN MNing

. KEo €0 o
and we can find the induced surface charge density as

1
o= p(1=-=
Nind 77( I{,)

You might guess that the induced charge is attracted to the charge on the plates, so a
force is required (and work is required) to remove the dielectric once it is in place. If
we draw out the dielectric, we can see that the weaker field outside the capacitor causes
little induced charge, but the stronger field inside the capacitor causes a large induced

charge. A net inward force will result.

Force Puling Dielecin:

Couloma
Farce

M =N
/-
LT\
s N

For some time now, we have been talking about charge moving. We have had charge
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move from a battery to the plates of a conductor. We have had charge [ow from one
side to another of a conductor, etc. It is time to become more exact in describing the
Low of charge. We should take some time to figure out why charge will move.

Let’s consider a conductor again.

L . .
L]
- L] L] ° . .
- . - . . L ]
Insulator Conductor

We remember that in the conductor, the valance electrons are free to move. In fact, they
do move all the time. The electrons will have some thermal energy just because the
conductor is not at absolute zero temperature. This thermal energy causes them to move

in random directions. (think of air molecules in a room).

Let’s take a piece of a wire Ax long. The speed of the electrons along the wire (in the
z-direction in this case) is called the drift speed, vq, because the electrons just drift from
place to place with a fairly small speed. This drift speed could be due mostly to thermal
energy, so it can be very small or even zero (if no electric potential is applied). Of
course, vg, must be an average, each charge carrier will be moving random directions
with slightly different speeds, so the z-component of the velocity will be different for
each charge carrier, but on average they will move at a speed vg.

— AX —!

o O Vd O O
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Question 223.35.6

So we will suppose that there are charge carriers of charge g, that are moving through

the wire with velocity vg4. Then we can write some length of wire, Ax, as

Az = vgAt
The volume of the shaded piece of wire is
V =AAx
if there are
_#
n =1L

charge carriers per unit volume, a volume charge carrier number density, then the total
charge in our volume is
AQ =nAAzxq,

If we have electrons as our charge carrier, then ¢ is just g..

We can substitute for Ax
AQ = nAvgAtg.
This gives the charge within our small volume. But it would be nice to know how much

charge is going by, because we want moving charge. We can divide by At

A
ch = nAvgq. (16.9)

to get a charge [ow rate. This is very like our volume or mass [ow rate in [uid [ow.

We have an amount of charge going by in a time At.

I gave the [ow velocity a special name, v4. But I did not give all the reasons for using
an average x-component of the velocity. But if we think about it, we will realize that
the electrons don’t really [ow in a straight line. They continually bump into atoms'4.

So the actual path the electrons take looks more like this.

v

Vd

We only care about the forward part of this motion. It is that forward component that
we call the drift speed of the electrons. It is much slower than the actual speed the

14 We will refine this picture in the next lecture.
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electrons travel, and it depends on the type of conductor we are using.

We already know the name for the [ow rate of charge, it is the electric current.

AQ
~ =1 (16.10)

We should take a minute to think about what to expect when we allow charge to [ow.

Think of a garden hose. If the hose is full of water, then when we open the faucet, water
immediately comes out. The water that leaves the faucet is far from the open end of the
hose, though. We have to wait for it to travel the entire length of the hose. But we get

water out of the hose immediately! Why? Well, from Pascal’s principle we know that a
change in pressure will be transmitted uniformly throughout the [nid. This is like your
hydraulic breaks. The new water coming in causes a pressure change that is transmitted

through the hose. The water at the open end is pushed out.

New water enters hose

Old water leaves hose

Current is a little bit like this. When we [ip a light switch, the electrons near the near
the switch start to [ow at v4. But there are already free electrons in all the wire. These

experience a Pascal’s-principle-like-push that makes the light turn on almost instantly.

There is a historical oddity with current [ow. It is that the current direction is the

direction positive charges would [ow. This may seem strange, since in good conductors,
we have said that electrons are doing the [bwing! The truth is that it is very hard to tell
the difference between positive charge [ow and negative charge [ow. In fact, only one

experiment that I know of shows that the charge carriers in metals are electrons.
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That experiment accelerates a conductor. The experiment is easier to perform using a
centrifuge, but it is easier to visualize with linear motion. If we accelerate a bar of metal
as shown in the preceding figure, the electrons are free to move about in the metal but
the nuclei are all bound together. If the nuclei are accelerated they must go as a group.
But the electrons will tend to stay with their initial motion (Newton’s first law) until
the end of the bar reaches them. At this point they must move because the electrical
force of the mass of nuclei will keep them bound to the whole mass of metal. But the
electrons will pile up at the tail end of the bar—that is—if it is the electrons that are free.
When this experiment is performed, it is indeed the electrons that pile up at the tail end,

and the forward end is left positive. This can be measured with a voltmeter.

Ben Franklin chose the direction we now use. He had a 50% chance if getting the
charge carrier right. All this shows just how hard it is to deal with all these things we
can’t see or touch. And even more importantly, in semiconductors and in biological sys-
tems, it is positive charge that [ows. In many electrochemical reactions both positive
and negative charges [ow. We will stick with the convention that the current direction
is the direction that positive charges would [ow regardless of the actual charge carrier
sign.

Flow of positive charge through a gate into a neural cell.
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Basic Equations

Voltage if a dielectric is placed between the plates of the capacitor(equation 16.5)

AV — AV,
K
Capacitance increases (equation 16.5)
C =kC,
For parallel plate capacitors we get
C = /%OE

The induced field in a dielectric is (equation 16.8)
E= Eo - Eind

Current is the rate of charge [ ow (equation 16.10)
AQ
N
At
Definition of current (equation 16.9)






17 Current, Resistance, and
Electric Fields

Fundamental Concepts

e There is a nonconservative (friction-like) force involved in current [ow called
resistance.

e A nonuniform charge distribution creates an electric field, which provides the force
that makes current [ bow

e Current [ow direction is defined to be the direction positive charge carriers would
g0

e The current density is defined as J = ng.vq

e Charge is conserved, so in a circuit, current is conserved.

e The material property of a conductor that tells us how well the conductor material
will allow current to [ow through it is called the conductivity

e The inverse of conductivity is the resistivity
e Resistivity may be temperature dependent

e Resistance depends on the resistivity of the material and the geometry of the
conductor piece. For a wire it is given by R = pA/L

e For many conductors, the change in voltage across the conductor is proportional to
the current and the resistance. This is called Ohm’s law

e The ideal voltage delivered by a battery is called the “emf” and is given the symbol
&

e Some materials do not follow Ohm’s law. They are called nonohmic

Current and resistance
Question 223.36.1

We now have [owing charges, but our PH121 or Dynamics experience tells us that
there is more. If we push or pull an object, we expect that most of the time there will be
dissipative forces. There will be friction.
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WBG

Question 223.36.2 We should ask, is there a friction involved in charge movement? We already know how

to push a charge, we use an electric field
High Potential Low Potential

The force is

F=qF

If we push or pull a box, it will eventually come to rest. In our capacitor there are no

resistive forces for our charge to encounter. But suppose we place a conductor inside

our capacitor, hooked to both plates
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High Potential Low Potential

Conductor

Of course, in conductors we now know the charge carrier is an electron and it is
negative, so let’s try to redraw this picture to show the actual charge motion.

Now the charge is free to move inside of the conductor, but it is not totally
unencumbered. The free charges will run into the nuclei of the atoms. The charges
will bounce off. So as they travel through the material we will expect to see some
randomness to their motion. This is compounded by the fact that the electrons already

have random thermal motion. So the path the charge takes looks somewhat like this

High Patential Low Potential

Parabolic
_— electron Path

-
=3 Segments

// Conductor

.

*d SRS S AP AT A

We can recognize that each path segment after a collision must be parabolic because the
acceleration will be constant
F=ma=qF
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Question 223.36.4

Question 223.36.5

)
qF
. . . B m . . .
we can describe the electron motion using the two of the kinematic equations
1 (qF
Ty = Ti+U AL+ - (q_) At?
2\ m

Vipg = Uig + azAt

Which we reccognize as a parabolic path.

Of course, this is just for one electron, and only for a segment between collisions. We
will have millions of electrons, and therefore, many millions of bounces. But for each
electron, between bounces we expect a parabolic path. For considering current [ow, we
don’t care about motion perpendicular to the current direction. So we can look only at
the component of the motion in the [ow direction. The net [ow in the current direction
is toward the positive plate. Let’s see how this works.

If we average the velocities of all the electrons we find
Vg = Vg
= Uiy +a; A
the first term v;, = 0 because the initial velocities are random from the thermal and

scattering processes. That is, on average, the electrons have no preferred direction after

Vd = (ﬂ) At
m

The average time between collisions, At, is sometimes given the symbol 7. Let’s use

a bounce. This leaves

this. Recall that current is
I =nAvyq.
Then, if we rearrange our equaton for vy

Vd = (g)E
m

we can write our current equation as
-
I =ngA (q_) E
m
We have shown that the current is directly proportional to the field inside the conductor.

It is this field that causes the charges to [ow. We are right back to an environment
(field) and mover charges (electrons)!

But let’s look even closer. Suppose we connect our two plates with a wire instead of
filling their gap with a conductor. If current [ows through the wire, there must be a
field in the wire. But how does it get started?
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This figure is supposed to show our wire connected to the capacitor. The capacitor is in
the background, and the wire loops close to us. The end of the wire that is connected to
the positive side of the capacitor will become positively charged, and the end connected
to the negative side of the capacitor will become negatively charged. But if we look at
the wire an infinitesimal time after the connection has happened, the wire will not be
uniformly charged. It will take some time for the charges to reach equilibrium (if you
have taken ME210, think of RC circuits). In the mean time, the charge is stronger near

the plates, and diminishes toward the middle.

We can’t find the exact field in the conductor without resorting to a computational solu-
tion, but we can mentally model the situation by viewing the wire as consisting of rings
of charge that vary in surface charge density. We know the field along the axis due to a

ring of charge because we have done this problem in the past.
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We know the field is along the axis and that it diminishes with distance from the ring.
Now consider the field due to ring 1. As we move to the right, away from ring 1 that
field will diminish with distance. Also consider the field due to ring 2. As we move to
the right toward ring 2 the field due to ring two will grow. The field due to ring two
grows at the same rate that the field from ring 1 diminishes. The fields 1, and 2 add
up to a constant value along the axis for every point in between the two rings. Now
consider the field on the right side of ring 2 and the field on the left side of ring 3. A
little thought shows that the situation is the same as that for rings 1 and 2. We will have
a constant net field between the two rings.

Likewise for the region between rings 3 and 4. There is a constant net electric field at
all points along the wire. This field points from positive to negative. It will exert a force
F =qEne

on the free charges inside the wire. These free charges are not extra charge. They are
the free electrons that are loosely attached to the metal atoms that make up the wire. So
these free charges are distributed throughout the volume of the wire. These free charges

will accelerate, forming a current inside the wire.

Note that these free charges are not just on the surface, they are inside the wire, even
on the axis of the wire in the center. We no longer have a static equilibrium, so we no

longer have excess charge only on the surface.

All this usually happens very fast, so when we switch on a light, we don’t notice the
time it takes for the current to start. But this uneven distribution of charge is the reason
we get a current.
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Question 223.36.6

Question 223.36.7
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‘We now realize that when there is an electric field inside a wire, there will be current

[ow inside the wire. The [ow goes through the volume of the wire.

The rate of [ow is given by

_AQ qeT
I—E—nq€A<me>E

for steady current [ ow. Here we are writing ¢ = ¢, for the electron charge and m = m,
for the electron mass, since our charge carrier is an electron..

The unit for current Cow is
©_ A

s
where A is the symbol for an Ampere or, for short, an amp.

Historically there was no way to tell whether negative charges were [lowing or whether
positive charges were [bwing. It really did not matter so much in the early days, since a
Low of positive charges one way is equivalent to a Low of negative charges the other

way.

Case 1: Negative charges flow to the right
© _ o
(=]
& e
Result: Left side is more positive than before,
Right side is more negative than before

Case 2: Negative charges flow to the right

®@ @
<:‘@C+)

Result: Left side is more positive than before,
Right side is more negative than before

Worse, we know that for some systems there are positive charge carriers and for others

negative charge carriers.



242 Chapter 17 Current, Resistance, and Electric Fields

Question 223.36.8

By convention, we assign the direction of current "ow as though the charge carrier

were positive.

This is great for biologists, where the charge carriers are positive ions. But for
electronics this gives us the uncomfortable situation that the actual charge carriers,
electrons, move in the direction opposite to that of the current.

Current Flow Direction

e o - v >
© e o =
=] @ Electron Flow Direction © =

Let’s look again at our definition of current

A e
= —Q =ng.A <zn_T>E

At e
If we, once again, write this in terms of vy
-
Vqd = (q—) FE
m

then after rearranging, we have

I = (ngeva) A
the part in parentheses contains only bulk properties of the conductor material, the
number of free charges, the charge of the charge carrier, and the drift speed which
depends on the material structure of the conductor. The final factor is just the cross
sectional area of the wire. It gives the geometry of the wire we have made out of the
bulk material (say, copper). It is convenient to group all the factors that are due to bulk

material properties

J = ngevg
then the current would be
I=JA
Note how similar this is to a surface charge density
Q=nA

For a static charged surface, () is the surface charge density multiplied by the particular
area. For our case we have a total current, I that is the material properties multiplied by
an area. By analogy we could call this new quantity, .J, a kind of density, but now our

charges are moving. So let’s call it the current density.

Notice that it is the cross sectional area of the wire that shows up in our current



Conservation of current 243

equation. This is another indication that the charge is not [ owing along the surface, but

that it is deep within the wire as it [‘ows.
Conservation of current
Question 223.36.9

Let’s go back to our pumps and turbines.

Upper Tank

Turbine
Pump | AU

Lower Tank

How much of the water is “used up” in turning the turbine? Another way to say this is
to ask if there are 201 of water entering the turbine, how much water leaves the turbine

through the lower pipe?

If the turbine leaks, then we might lose some water, but if all is going well, then you can
guess that 201 of water must also leave the turbine We can’t lose or gain water as the
Question 223.36.10 turbine is turned. But we must be losing something! We must be giving up something

to get useful work out of the system. That something that we lose is potential energy.

Now consider a battery. How much of the current is “used up” in making the light bulb

\

light up?

AV
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Question 223.36.11

This case is really the same as the water case. The electric current is a Lbw of electrons.
The [ow loses potential energy, but we don’t create or destroy electrons as we convert
the potential energy of the battery to useful work (like making light) just like we did not

create or destroy water in making the turbine turn.

But surely the water slowed down as it traveled through the turbine—didn’t it? Well, no,
if the water slows down as it goes through the turbine, then the pipe below the turbine
would run dry. This does not happen. The [ow rate through a pipe does not change
under normal conditions, and under abnormal conditions, we would destroy the pump
or the turbine! If we throw rocks off a hill, they actually gain speed when the water
loses potential energy. Now the [‘ow rate is slower with a turbine in the pipe than it
would be with no turbine in the pipe! But with the turbine in the pipe, the [ow rate is
the same throughout the whole pipe system.

Like the water case, the [ow rate of charge does not change from point to point in the

wire. The same amount of charge per unit time leaves the wire as went in.

This explains the reasoning behind one of the great laws of electronics

The current is the same at all points in a current-carrying wire.

Like in the water case, the electrons would [ow faster if there were no light bulb and
just a continuous wire. We can have different [ow rates in our wire depending on how
much resistance there is to the [ow. But the [ow rate will be the same in all parts of the

wire system.

This leads to the second of the pair of rules called Kirchhoff’s laws:

Z Iin = Z Tout

If the wire branches into two or more pieces, the current will divide. This is not too sur-

prising. The same is true for water in a pipe
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Upper Tank

A

Water current splits into two

B

Turbi
urbine Pump

Lower Tank

In the figure the Cow through pipe segment A is split into two smaller currents that
[ow through pipe segments B and C. We would expect that the [low through B and C

combined
Question 223.36.12 must be equal to the [ow through A.

The same must be true for electrical current. The situation is shown in the next figure.

The current that Cows through wires B and C' combined must be equal to the current
Question 223.36.13 that came through wire A.

Basic Equations






1 8 Resistance

Conductivity and resistivity

Question 223.37.1

We talked in our last lecture about resistance to electric current. We can see where that
resistance might come from. We have electrons bouncing off of atoms in the conductor.
Some of the collision energy will be converted into thermal energy of the atoms. Then,
different materials will have different amounts of friction, and even different crystal
structures of the same material will act differently. We need a way to describe how
easily a current can go through a material. Let’s look at our equations and see if we can
find an easy expression for the material properties of the conductor that tell us how well
current can [ow through it.

We defined the current density last lecture

J = ngevg
but we know that the drift speed is

Vd = <q€T> E
M

so we can write the current density as

J = nge <qET>E
Me

2
- (2):
Me
The factor in parentheses depends only on the properties of the conducting material.
1

m3

For example, if the material is copper, then we would have the ncopper = 8.5 x 1028
as the number of valence electrons per unit meter cubed for copper. The mean time
between collisions is something like T copper = 2.5 x 107145, So our quantity in
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parentheses is
n?r\ (8.5 x10%1) (16 x 107190)” (2.5 x 107 145)
- 9.11 x 103 kg

Me

A2 3
5.9715 x 107 = >

m3 kg

1
5.9715 x 10" ——
x Qm

The field is due to something outside of the conducting material (e.g. the charge on
the battery terminals and the extra charge supplied). Again it we have grouped all the
properties of the material together. Lets give a name to the quantity in parentheses
that contains all the material properties. Since this quantity tells us how easily the
charges will go through the conductive material, we can call this the conductivity of the

material.
nqu
=
Then
J=0oF

The current density depends on two things, how well the material can allow the current
to [ow (bulk material properties related to conduction), o, and and the field that makes

the current Cow, .

The current, then, depends on these two items, as well as the cross sectional area of the
wire
I = JA
= oFA

Really, the conductivity is more complicated than it appears. The mean time between
collisions, 7, depends on the structure of the conductor. Different crystalline structures
for the same element will give different values. Think of trying to walk quickly through
the Manwering Center crowds during a class break. This takes some maneuvering. But
if all the people were placed at equally spaced, regular intervals, it might be easier to
make it through quickly. It would also be easier if the crowd stood still. Likewise, the
position of the atoms in the conductor make a big difference in the conductivity, and
thermal motion of those atoms also makes a large difference. We would expect the

conductivity to depend on the temperature of the material.
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Resistivity

It is common to speak of the opposite of the concept of conductance. In other words,
how hard it is to get the electrons to travel through the conductive material. For
example, we might want to build a heating device, like a toaster or space heater. In
this case, we want friction in the wires, because that friction will produce heat. So
specifying a conductive material by how much friction it has is useful. How much the
material impedes the [ow of current is the opposite of how much the material allows

the current [‘ow, so we expect this new quantity to be the inverse of our conductivity
1 Me
p = — = )
o ng:T
Special conductors are often made that use “impurities,” that is, trace amounts of other

atoms, to increase or decrease the resistivity of conducive materials. The thermal

dependence can be modeled using the equation

p=p,1+a(l-T,))
where p, is the resistivity at some reference temperature (usually 20 °C) and « is a
constant that tells us how our particular material changes resistance with temperature.
It is kind of like the specific heat in thermodynamics () = CAT. This is an
approximation. It is a curve fit that works over normal temperatures. But we would not
expect the same resistive properties, say, if we melt the material. The position of the
atoms would change if the material goes from solid to liquid. So we will need to be

careful in how we use this formula.

Here are some values of the conductivity, resistivity, and temperature coefficients for a

few common conductive materials.

. Conductivity Resistivit Temp. Coeft.
Material (Q‘l m_l) (Qm)y (K—l)
Aluminum 3.5 x 107 28 x 1078 3.9x%x 1073
Copper 6.0 x 107 1.7x10°° 3.9 x 1073
Gold 4.1 x 107 24%x10°% 3.4x 103
Iron 1.0 x 107 9.7x10°° 5.0 x 1073
Silver 6.2 x 107 1.6 x 1078 3.8 x 1073
Tungsten 1.8 x 107 5.6 x 1078 45x%x 1073
Nichrome 6.7 x 10° 1.5 x107° 0.4 %1073
Carbon 2.9 x 10% 3.5x107° | —0.5x1073
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Superconductivity

The relationship

p=p,(1+a(l-1,)
also breaks down at low temperatures. The low end is very important these days. For
some special materials, the resistivity goes to zero when the material is cold enough.
We call these materials superconductors. A superconductor can carry huge currents,
because there is no loss of energy, and no heat generated without any friction. Unfor-
tunately most superconducting materials only operate at temperatures near absolute
zero. But a few “high temperature” superconductors operate at temperatures at high as
125 K. This is still very cold (—150 °C), but these temperatures are achievable, so some
superconducting products are possible. As you can guess, there is very active research

in making superconductors that operate at even higher temperatures.

Superconductings
fibers

Superconducting fiber material and superconducting magnet at CERN.
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Let’s pause to review

J = ok
1
= —-F
P
Then the current is given by
I = JA
A
= —F
p
The field is similar to our capacitor field, nearly uniform in our conducting wire
AV = Ed
= FEAs
so the electric field is approximately given by
AV
EF=—
As
for our wire of length L this is
AV
b=
Then we can use this field to write our current
AAV
[=——
p L
or rewriting, we have
A
I=(—|A
( Lp ) v
and rewriting again we have
L
AV =1 p—
Vv P

The part in parenthesis contains all the friction terms. It says that the longer the wire,
the more friction we will experience. This makes sense. If you are familiar with [uid
[ow. The longer the hose, the more resistance. It also says that the larger the area, the
lower the friction. That is also reasonable, since the electrons will have more places to
go unrestricted if the area is bigger. In water [ow, the larger the pipe, the less the water
interacts with the sides of the pipe and therefore the lower the friction. This situation is

Question 223.37.4 analogous.
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We should give a name to this quantity that describes the frictional properties of the

wire. We will call it the resistance of the wire.

L
R=p—
Pa
so that we can write
I AV
R
The resistance has units of
\Y
A=Y
where () is given the name of oAim after the scientist that did pioneering work on
resistance.
The relationship
[ AV
R

is called Ohm’s law.

Life History of an electric current

Let’s go back and think about our pump model for a battery.

Upper Tank

Turbine

Pump AU, e
g AV

Lower Tank

The pump is a source of potential energy difference. This is what a battery does as well.
The battery is a charge pump. It moves the charges from a low to a high potential. So
it is a source of electric potential. The battery’s job is to provide the charge separation
that creates the electric field that drives the free charges, making the current.

A positive charge in the wire on the negative side of the battery is pumped up to the
positive side through a chemical process. We can mentally envision a small charge
pump inside of the battery
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AVpattery

The battery is the source of the potential. A positive charge near the negative side of the
battery would be pumped up to the positive side of the battery, It would gain potential
energy

AUbattery = qA%attery
Then it would “fall” down the wire. It must lose all of the potential energy it gained. So
it will loose

|AUwire| = |AUbatteryl
but if the battery potential energy change is positive, the wire change must be negative.
We can see that

AViire = =AViattery
so the potential change in the wire is negative. We sometimes call this a potential
“drop.”

The field forces our charge to move through this wire much like the gravitational field
forces rocks to fall. The positive charge ends up at the negative end of the battery again,

ready to be pumped up to make another round.

of course, really this process goes backwards, since our charge carriers are negative, but
we recall that mathematically negative charges going the opposite way is the same. So
we will make this picture our mental model of a current.

Ohmic or nonohmic

This simple model of resistance is great for understanding simple things. Wires, and
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resistors do work like this. If we were to take a set of measurements of AV and I, we

expect a straight line

y = mz+b
& = AV =RI+0
where R is the slope.
v 0.8
0.6
0.4
0.2
0.01 0.02 0.03 0.04 OIOS

But there are times when the model fails terribly. An incandescent light bulb is an
example that we can quickly understand. The resistance at any one moment fulfils
Ohm’s law

L€
but light bulbs get hot. The resistance will change in time. So our relationship is now

time dependent. Starting with the resistivity,
p=p,(1+a(T—T,)

let’s multiply both sides by A/ L.

A A
Zo=2p (1 T-T,
Cp=p,(1+a(T-T,)

this gives
R=R,(1+a(T-1,))
So if the resistance is temperature dependent, the slope of the line will change as we go

along making measurements. We might get something like this

70.01 0.02 0.03 0.04 0,05

|

The dashed line is what we expect from Ohm’s law. The solid line is what data from a
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light bulb would actually look like. We could use our temperature dependent resistance,
and realize that the temperature is a function of time, to obtain
&
C Re(1+a(T(t)-T,))
Since this set of measurements is not strictly following Ohm’s law, we will say that the

light bulb is nonohmic.

Many common circuit elements are vary nonohmic. A diode, for example, has a AV
vs. I relationship that looks like this.

Delta V (V) %14 7T

0.12 7

0.10
0.08 7

0.06

I(mA)

We can now understand how an electric current is formed. We should take some time
to study the basics of how to build electric circuits. We will do that in the next few

lectures.

Electronic symbols

In our problems we will need to be able to draw diagrams. There are standard symbols
for things like batteries, capacitors, and resisters. It will be convenient to use these

symbols. So here are some symbols to learn.



256 Chapter 19 Ohm’s law

Wire
Junction of T
two Wires
Switch

| |
Capacitor I

=

Battery " _I n
Resister (”W NN\~
Light Bulb @ &N

These are basic symbols, and they are not universal, sadly. But they are fairly standard,

so you should recognize components in circuit diagrams you may see.
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Capacitors

Resistors

Oscillator
Signal
Input

The figure above is from the FCC Amateur Radio examination. You can see that we can
already identify several of the symbols from our chart. We can also see that there are
others that we have yet to learn!
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Kirchoff’s Rules for Direct
Current Circuits

Once again, we need to introduce a quantity that has an historic name. Let’s save the

name for last (since it is kind of dumb).

We have thought of a battery as a “charge pump,” something that takes charge from a
low potential to a high potential. This is like a water pump taking water from a low
tank to a high tank. Once the water is at the higher tank, it can be used to do work by
allowing it to [ow back down to the lower tank (and move paddle wheels or something
along the way). As usual, we want to think of the work per unit charge done by this
"charge pump." We will give a “charge pump” a new name. We will call it the source
of emf and write it with the symbol £. What does emf stand for? I am not going to tell
you, because the original meaning is historical and was very wrong. But we have a long
tradition of calling a “charge pump” a source of emf, so we have to keep using this
term. Think of Kentucky Fried Chicken changing to KFC so we don’t have to say “fried
chicken” and think of the calories. There is only a small difference between an emf and
a voltage difference. A difference that we will discuss in a lecture or two. So for now,

really we are just naming the AV of a battery £ and calling it by a nickname emf.

Conservation of Charge (Reprise) and Conservation of Energy

Question 223.36.11

A few lectures ago, we studied conservation of charge for a circuit.

Z Iin = Z Iout

If the wire branches into two or more pieces, the current will divide. This is not too sur-

prising. The same is true for water in a pipe
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Upper Tank

A

Water current splits into two

B

Turbi
urbine Pump

Lower Tank

In the figure the Cow through pipe segment A is split into two smaller currents that
[ow through pipe segments B and C. We would expect that the [low through B and C
Question 223.36.12 combined must be equal to the [ow through A.

The same must be true for electrical current. The situation is shown in the next figure.

The current that [ows through wires B and C' combined must be equal to the current
Question 223.36.13 that came through wire A.

This is really a statement of the idea of conservation of charge. As the charge [lows
through the circuit, no electrons get lost, and no electrons are created. An early

researcher’s name is applied to this relationship. It is called Kirchhoff'’s junction rule.

We can combine this with another conservation law, conservation of energy.
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Combinations in series and parallel

We discovered the rules for adding capacitors in parallel and series, now let’s do the
same for resistors

Series Resistances

[ Series connection of light bulb demo ||

If we add light bulbs in series, the lights are individually dimmer than if we just had
one bulb. We can conclude that adding in lights must reduce the current. The lights are

resisters'® and this is true for any resistor
|

We say the current through the circuit must be the same throughout the whole circuit.
We don’t build up charge or remove charge anywhere (no capacitors yet). But the
potential is not the same at each point in the circuit. Think of a series of water tanks and

a pump as shown in the next figure.

15 But not Ohmic resistors!
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Potential energy Upper Tank
of water turned
into work using
the paddle wheel

AU,
Potential energy
of water turned
N into work using
Middle Collection Tank the paddle wheel AU
AU,

Pump

Lower Tank

The pump increases the potential energy of the water. The water’s potential energy can
then be used as it is lowered, first to a tank half way down, then all the way to the lower
tank. It is easy to see that

AU = AUy + AU, (20.1)
that is, the total energy given up to get to the lower tank is just the energy the pump
provided to the water to get it to the upper tank. If we choose the zero point for the
potential energy to be the lower tank, then the pump gives a positive AU and each of
the waterfalls give negative AU values. So we start with zero potential energy, gain
potential energy, then lose it in series of steps returning to zero potential energy when

the water is back in the lower tank. We could write this as
0="> AU;
i
the sum of the potential energy changes must be zero as we go around the water loop.

This is conservation of energy. No energy has been lost. We start and end with the same

value.

In a circuit, we use potential energy per unit charge, but the situation is very much the

same.
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AV

The battery “pumps” the charge to a higher potential. The current “drops” in potential
as it goes though resister R; (the top resister). It also “drops” in potential as it goes
through resister Ry (the bottom one). Since the charge along the bottom wire must be
at the same potential as the negative pole of the battery, we can say that the “drop” in
potential for each battery mush have used all the potential that was originally supplied
by the battery.

AV = AV + AV, (20.2)
If we choose the zero point for the electric potential to be the negative side of the
battery, then the battery gives a positive AUV and each of the resisters give negative
AV values. So we start with zero potential at the negative side of the battery, gain
potential energy, then lose it in series of steps returning to zero potential when the
charge is back at the negative side of the battery. We could write this as

0=>Y AV,

the sum of the potential changes must be zero as we go around the current loop. This is
also conservation of energy. Electrical potential is potential energy per unit charge, and
all our charges are the same, electron charge. So

1
o:Z:AVZ:EZ:AUi

No energy has been lost. We start and end with the same value.
This is another of the rules cataloged by Kirchhoff and it is called Kirchhoff's loop rule.

Now we know that
AV =1IR
We can use this to re-write equation 20.2.
0 = ) AVi=AViatery + AVL+ AV

= A‘/battery — IR, — IR,

where we see that the voltage drops are negative as we expected. We could rewrite this
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as

AV =1R, + IRy (20.3)
Since charge is conserved, and we don’t allow the charge to pool up or leak out, we can
say that the charge in the entire series circuit must be the same. So

Question 220.18.1

Kirchhoff’s Rules

We have collected some good rules for adding resisters and capacitors. Kirchhoff is
credited with succinctly stating these rules

1. The sum of the currents entering any junction must equal the sum of the currents
leaving that junction. (conservation if charge—junction rule)

2. The sum of the potential differences across all the elements around any closed
circuit loop must be zero (conservation of energy—loop rule)

When we actually apply these rules, we

1. assign symbols and directions to the currents in all branches of the circuit. Don’t
worry about the getting the sign (direction) of the currents right. If you guess wrong,
the answer will just be negative, so you will know it really goes the other way

2. When applying the conservation of energy or loop rule, choose a direction for
traversing the loop and be consistent. Record potential drops or rises, so you can
make sure the they sum to zero. Use the following rules.

a. If a resister is traversed in the direction of the current you chose, the change in
the potential across the resister is —1 R. This is a voltage drop.

b. If a resister is traversed in the direction opposite the current you chose, the
change in the potential across the resister is 4/ R. This is like going up-hill so
the change in potential is positive.

¢. You must include the source of emf (battery). If it is traversed in the direction
of the emf (from — to +) the charge in potential is +E.

d. If the source of emf is traversed in the opposite direction of the emf (from + to
—) the change in potential is —&. This is like going the wrong way through the
water pump. You are going down-hill so you are loosing potential energy.

A capacitor acts as a break in the wire; no current [ows through the wire (for now,
anyway).
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Suppose we do an example

Series Resistances

Let’s return to our basic circuit with two resisters. When we had more than one

capacitor in a circuit, we found the equivalent

R
AV —— AV

eq -

R

Let’s see if we can do this for resisters. We want a single, equivalent resistance R,

such that
AViat + AVeg =0
where
AVeq = IR,
Recall that
AVpar = AVL + AV, (20.5)
And
AVpar = IR
So
AVipet = IRy + IRy (20.6)

Since charge is conserved, and we don’t allow the charge to pool up or leak out, we can

say that the charge in the entire series circuit must be the same. So
IR =1(R1+ Rs) (20.7)
The current cancels, so we have found what we were looking for. The equivalent

resistance is given by.
Reg = R1+ R (20.8)
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Examples

Let’s try a problem with series resisters. Here is a circuit with two resisters and two
batteries. Let’s find the current and the voltage drop across each resister. We need to
know that the resistances are R; = 6002 and Ry = 1000 2. We also need to know the
batteries’ emfs they are & =3V and & =9V. _

AV,
AVy,

AV R2 | AV b2

We can use the loop rule to find
AVyr + AVys + AVi1 + AViy =0

Let’s envision going counter clockwise around the loop (we get to choose which way
we go) and let’s envision starting at the negative side of b2. We also can use Ohm’s law

AV =1R
to write our loop equation as
E1+E& —IR — IRy =0
E1+ & =1IR + 1R,

E1+& =1(R+ Ry)
&1+ &
(R1 +R2)

3V+9V
(600 Q + 1000 Q)
0.0075 A

and we have found the current!
I =

The voltage drop across the resisters is then

AVp = IR
AVpy = IR,
or
AVg = (0.0075A)(6009Q) =4.5V

AVgs = (0.0075A)(1000Q) =75V
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we should check our loop rule with our results
3V4+9V+45V+T75V=0

so this solution works!

Let’s try another problem.

AVZ —

Let’s use the same resisters and batteries, but reconfigure them as shown. And let’s go
clockwise around the loop this time. Let’s assume that [ is also clockwise. This is a
guess, but if we are wrong, we will just get a negative current, so we will know it goes

the other way.

Then, starting on the negative size of AV, we have

AVo+ AV + AV + AVee =0
As we go around the loop we go up-hill through AV; so AVe = +&
Ea+AVr1 + AV + AVRe =0

and we go down hill through R; so AVg; = —IR;

Ey— IR +AVi +AVga =0
but notice that as we arrive at AV; we are going the wrong way through the pump. We
are going down hill. So AV} = —&;

Ey— IR+ &1+ AVpe =0

finally, we are going in the current direction through Ry so we are going down hill.
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AVg, = —IRy
E — IR +—-& +—-1IRy =0

Now we can solve for the current like we did before
Eo+ =& =1IR + 1Ry
E+—& = I(Rl +R2)

E+—&
NS S
(R1 + R2)
then 9V — 3V
I= — =0.00375 A

(600 €2 + 1000 £2)
we got lucky and picked the right direction for the current! From

AVpr = IR
AVgs = IRy
we can find the potential drop across each resister
AVgr; = (0.00375A)(600Q) =2.25V
AVgrs = (0.00375A)(1000Q) =3.75V

and once again we check to find

9V —2.25V+-3V+-3.75V=0
You might be concerned, It looks like we put one battery in the circuit backwards. Why
would we ever do that? But remember when we studied lead acid batteries? To recharge
a the battery we had to run the process backward. This means we put the battery in
the circuit backwards. There are other reasons we might do this, but one is to make a
battery charger.

You might guess that things could get more complicated. An that is certainly true. In
the next lecture we will combine resisters and batteries in harder ways, and we will add

in capacitors!

Power in resisters

We learned that the resistance in a resister depends on the temperature of the resister,

and even have an approximate relationship that shows how this works
R=R,(1+a(T-T,))
so we know that temperature and resistance are related. But most of us have used a

toaster, or an electric stove, or an electric space heater, etc. How does an electric circuit
produce heat? or even light from a light bulb?
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To answer this let’s think of the energy expended as an electron travels a circuit. The
potential energy expended is
AU = qAV
where the AV comes from the battery, so we could write this as
AU = q¢&
This is the energy lost as the electron travels from one side of the battery to the other.
We could describe how fast the energy is lost by dividing by the time it takes the

electron to make the trip
AU _ g,
, T At
but of course we want to do this for more than one electron. Let’s take a packet of
charge, AQ), then

AU _ AQ
AT At
50 _ AQ
_ T At
and if we make the packet of charge small we have
av _ dq
dT — dt
and we recognize dU/dt as the power and d@/dt as current, then
P=1IE

This is the power supplied by the battery in moving the group of electrons through the
circuit. But from Kirchhoff’s loop rule, the charge packet must lose all the energy that
the battery provides, so

Prattery = Pr = IAVR
is the energy that leaves the circuit as the packet of charge moves.

This equation is general

Pr=I1AVg
so it works for any resistance, but if the resister is ohmic, then we can use Ohm’s law
AVr =1IR
to find
Pr = I(IR)
= I’R

but this is only true for ohmic resisters.

But where does this energy go? This is the energy that makes the heat in the space
heater, or the light in the light bulb.
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RC Circuits

Parallel Resistances

We found the equivalent resistance for resisters in series last lecture. You probably
thought at the time that we would need an equivalent resistance for resisters in parallel.
And you were right. For a parallel circuit, all the top parts of the circuit (see diagram
below) are connected to the positive side of the battery. All the bottom parts are
connected to the negative side of the battery. Since the connections are with conductors,
we can see that the potential “drop” across each resister must be the same as the
potential gain from the battery “pump.” Both branches of the circuit let the current

“drop” the same amount.

W B

B

But we can see from charge conservation that the currents in the resisters will not be the

same. At point A, we can see that

I=5L+1 (21.1)
again we can use
AV =1IR
but we want to write it as
AV

R



272

Chapter 21 RC Circuits

then from the junction rule we see that

Iy=5LH+1
or AV AV AV
_aV, a7 212
Req Rl R2 ( )
50 1 1 1
.1 213
Rey  Fi TR (21.3)

We can solve this for the equivalent resistance of the circuit, first get common

denominators ) | R | R
2 1
===+ —— 21.4
Ry RiR: Bl @L4)
then add the RHS ) R B
2 +
== - 21.5
Rey  RuiRs 213)
Now we can invert both sides RR R
1412 eq
-2 21.6
Ry + Ry 1 ( )
or RR
Reg = ——2_ 21.7
This is always smaller than R; or R,. For example, if R = Ry then
RR RR R
= = — (21.8)

“"R+R 2R 2
or the equivalent resistance of the circuit is half the resistance of the individual resisters.

Emf

We have ignored something in our pump model of a battery. In real water [ow, there
would be resistance to the Low even inside the pump. This resistance would be small,
but not zero. So the actual potential energy gain would be
AU = AUigeat — Uloss due to friction

The same is true for an actual battery. There is some resistance in the battery, itself.

AV = AVideal — AVioss due to resistance
Now that we have Ohm’s law, we can saw what AV]uss due to resistance WOUld be in terms
of the internal resistance of the battery and the current that [ows. Referring to the last
figure, there is only one way for the current to go. So for this circuit, the current must
be the same throughout the entire circuit., even in the battery! If we call the small

resistance in the battery r, then

A‘/IOSS due to resistance — IT
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and

AV = AVigea — I
It is traditional to give the ideal voltage a name and a symbol. We have encountered
them before. This is the emf. At one time, the letters ‘¢’, ‘m’, and ‘f” stood for
something. But not any more. It is just a name. It is pronounced “€-em-ef,” and the

symbol is a script capital £.

When we first encountered emf we said it was essentially just the potential difference,
but now we see that there is a difference. That difference is because of the internal
resistance of the battery.

AV =& —1Ir
Sometimes you will hear £ referred to as the voltage you would get if the battery is
not connected (the “open circuit” voltage). This is the voltage marked on the battery.
Notice that the actual voltage provided at the battery terminals depends on how much
current is being drawn from the battery. So if you are draining your battery quickly
(say, using your electric starter motor to start your car engine) the voltage supplied by
your battery might drop (your lights might dim while the starer motor runs). You are
not getting 12’V because the current [ is large while the starter motor runs. We will
change to this new symbol for ideal voltage. But we should keep in mind that actual
voltages delivered may be significantly less than this ideal emf unless we plan our

designs carefully.

Circuits made from Resisters

Let’s try to use all we know about resisters and batteries to do a harder problem.

Determine the current in each branch of the circuit shown in the following figure.

3.0Q
I, T I
5.0Q2 1.0Q
I,
8.0Q v
1.0Q2
— AV=12.0V
— AV=4.0V
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Note that I have labeled the currents I, I, and I3 and I have given them directions.
We have junctions now, so we can use the junction rule. I can write an equation using
the top junction

0=I3—1,—1; (21.9)
Note that we have used all the currents we have, so we can stop with this one junction.
The other junction at the bottom just gives

O0=—-I3+L+1

which gives the same equation. This is typical, usually we don’t need all the junctions,

but we do need to use enough junctions that every current shows up in an equation.

Now let’s use the loop rule. Starting with the right most loop and going counter clock

wise.
3.0Q2
[, T I3
502 100
|
8.00 3
.0Q
— AV=12.0V
AV=4.0V

I will start with the battery. It will be 412V because we are going from — to +

12V-L(192)-1330)-L6QY -L(12)—-4V=0 (21.10)
we can simplify this
8V+I3(-109-30+L(-50-1Q)=0 (21.11)
8V —-I3(4Q)—1,(62)=0 (21.12)
4V =I3020)+1,(3Q) (21.14)

Now lets take the left most loop, starting again with a battery
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3.0Q
5.0Q 1.00
[1
8.0Q r l
1.0Q
l AV=12.0V
— AV=4.0V -’7
AV+L (1) + LGB —-1L(802)=0 (21.15)
AV+ L1+ BR)-L8Q) =0 (21.16)
AV+L(6Q) -1 (82)=0 (21.17)
2V+5L3Q)-1(4Q)=0 (21.18)
so we have three simplified equations to solve simultaneously.
0=I0L—-1I,—1

AV =120+ 1,(39)
OV +1,(3Q) — [, (49Q) =0

Let’s solve the first for I3
Izi=0L+1
and substitute this into the second equation
AV =(L+1LH)2Q)+1,(3Q)
AV=L02Y+L(20)+ (390
AV=L020)+120)+ (39
AV=L02O)+L(20+3Q)
AV=122)+ 1 (59)
and solve for I
AV -1 290 =+L(5Q)
4V -1, (29Q)
—o "
now substitute this into the third of our equations

AV — 1, (2Q) B
2V (30— 1 (49) =0
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and solve for I

(39) (29)(39)
2V +4V — I - (492)=0
+ G0) 1 Q) 1(4Q)
(3Q) (29Q)(39Q)

2 AV—"or — | [————+1(4Q) | =
V+ V(5Q) O + 1, (492 0
2 AV—-6L|—F———+Q) | =

(39) (29)(39Q)
2 4 =1 4Q
Ve T oy Y
(C10))
2V +4Viz D I
20)(30
(( (5)§2) ) 4 (4 Q))

I; =0.846153 846 A (21.19)
and now that we have I; we go back an equation or two to find /5 terms of /; and plug
in our Iy

4V —(0.846153846 A) (2Q) 7
(5€) o

1o =0.461538462 A (21.20)

and again find our solution for I3 from the work we did above.

I, = L+1
= 0.846153846 A + 0.461 538462 A
= 1.30769231A

It is a little bit long for a complicated circuit, but it is not really very hard.

[ ConcepTest 19.9 Wheetstone Bridge ||
[ ConcepTest 19.8 ||
[ ConcepTest 19.10 ||

Resisters and Capacitors Together

[ Concept Question 18.1 - 18.3 ||

Let’s use our new em f notation to write the charge on a capacitor

Q=CAV
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or now, with an ideal battery,
Q=C¢

when the capacitor is fully charged (so I = 0 and r does not matter).

Now consider what happens in the circuit shown below

S
-

AY e T

With the switch open, the capacitor is uncharged . So ) = 0 before the switch is closed.
It takes some time for current to start to [ow after.

[ 10F capacitor and bulb demo ||

We can see that if we let £ = 0 be the time the switch is closed, at ¢ = 0 we still have

@ = 0. We will have a current of

at this initial time.

We expect that at some later time, 0,4 we will have
Q=C¢
When this happens, AV of the capacitor will be equal to £. Since the potential is equal

to the potential of the battery, the current must stop by #;,,4. It would be good to be
able to calculate what happens between ¢ = 0 and ¢ = #;5p4-

RC charge as function of time

We can do this using Kirchhoff’s loop rule.
A%attery - AVVC - AVR = 0
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or
£ % —IR=0
and we know that the current I = dg/dt so
q dgq
- —-——R=0
c dt
rearranging gives
a4 _d
- . R _RC dt .
which is a wonderful differential equation—one we can solve. We separate the variables
dq and dt
CE—q _dg
RC  dt
then J
q
dt = gz
RC
4 _ _dg
RC CE€—q

and we integrate both sides
1 / t ar’ / - dq’
_— — q
RC Jy , CE—¢

t 1
KAy N S
RC o CE—¢
now we let u = C& — ¢ so du = —dq and our limits of ¢/ = 0 gives u = C& and the

or

limit of ¢’ = g givesu = CE — ¢

t /05‘1 1
—_— = — —du
RC CE u

= —In u|g§_q

= —(In(C& —q) —In(CE))

- CE —q
o Cc¢E

L__l € —q
rC - "\Tce

Exponentiating both sides gives

then

= ()
e"Ho = 17%
efﬁ = 17%
e"Fe —1 = f%
05(1—37%) = 4
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and now we recognize that

Q=CAV =C¢
as the total charge that the capacitor can hold, then
q(t)ZQ(l—e*%) (21.21)

RC example

The small g is the charge is has at the current time. This will get bigger until at ¢;5,4 it
will reach Q. The letter e here is the base of the natural logarithm. Suppose we had the

following values

R=2Q
C=10F (21.22)
E=15V
then our charge as a function of time would be
g(t) = (10F) (15 V) (1 - e*i@ﬂﬁwm) (21.23)
We can plot this
20T
Q
10 T
0 f f f
0 20 40 60
t

notice, that by about ¢ = 70s we essentially have ¢ = (). But up to that point, the
charge changes in a very non-linear way. The part of the equation that looks like

(=)

=1

is interesting, what is €?

so at t = 0 we do have ¢ = 0 because
(1 fe*R—‘c) —(1-1)
For any positive time, e~ e will be less than 1. For large times % gets to be a big

number. So e~ ®e gets very small, So (1 — e*ﬁ> gets very close to 1. That means
that

¢=Q(1-ec)=Q1=0Q

just as we saw in the graph and as we know it must.
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We sometimes give a name to R x C

T=RC (21.24)
this is called the time constant because it tells us something about how long it takes for
q to go from 0 to get to Q). The “t-looking-thing” is a Greek letter “t” It is pronounced
“tau.” Note that we also use 7 for torque, but this is really not torque. It is an amount of

time.

RC Current

We can also find the current. We know that

_dq_d —t\ d_L_Q_L
=g~ 7@ (1= ) = Qe = gre
but from ) = CE& we have
I(t) = %e*ﬁf—c
= Ioefﬁc

where I, is the maximum current I, = £/ R. For our case this looks like
I(t) =0.75Ae” 5

RC Discharging

To understand better what the time constant means, lets now remove the battery from
the circuit, but let the circuit stay connected (say, replace the battery with a piece of

wire). Now we find that the charge seems to fade away!

[ 10F capacitor and bulb demo ||

We can calculate what the charge would be as a function of time. We probably won’t
have time to do this in class, but really it is just the same the answer is
q= Qe‘ﬁ = Qe_% (21.25)
We find by again taking Kirchhoffs rule
AVper — AVe — AVp =0
or

q
_ L _IR=
0 C R=0
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Again writing out the current gives

a4 _
RC dt
o g
RC q
and integrating gives
1 t q /
— / ar = [
RC 0 Q q/
)
(e
RC Q
and exponentiating both sides gives
g=Qe T =Qe 7 (21.26)

Now we can see that if £ = 7, then
1

q= Q67% = Qefl = Qeil
since e = 2. 718 3,
1
e l==-=0.36788

e
so we have

q = 0.36788Q)
That is, after a time 7, we are at about 37% of the original charge, or we have lost about
63% of the original charge. Likewise, if we decide to recharge our capacitor, T will tell
us how long it takes to gain 63% of the full charge.

We can say a capacitor discharges when it looses its charge. Let’s plot the discharge.

Q 20T
10 T

0 N

0 20 40 60 ¢

As we would expect, by about ¢ = 50, we have discharged. At 7 = 10 s we have about
37% of the full charge (3 C in this case).

The observant student might worry that our equation gives values for very large values
of t. Does the capacitor ever fully discharge? Well, yes it does. Remember that we have
a minimum charge of 1.6 x 10~1? C because that is the charge of our charge carrier.
We can’t have less charge than that. So when our equation gives ¢ < 1.6 x 10719 C,
we will remember that it must really be ¢ = 0.
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[ Concept Question 18.4 ||

Meters

Ammeters

Suppose we wanted to know how much water [owed through our pipes in our water

system.

Upper Tank

Flow meter

AU, / 3 {
v
Middle Collection Tank = AU
AU, ; é N

Lower Tank

To do this we install a Cow meter. The "ow meter has to have the water [ow through it

in order to tell how much water has gone by.
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The same is true for measuring current. The meter must be in the circuit to measure the
current because the current has to go through the meter to me measured. The meter
that measures current is called an ammeter, and ideally the ammeter will not have any
resistance. You might guess that this is hard to achieve. in practice. Well, in the circuit
above we have an ammeter measuring the current through two resisters. The current
should be

£
= —— 21.27
.R1 + Ry ( )
but we know that there must be some resistance from the ammeter, so
&
[=————— 21.28
Ri+ Ry + R, ( )

where R, is the resistance due to the ammeter. Suppose all three resistances are the

same, then with no ammeter we would have

&
I =— 21.29
5T ( )
but with the ammeter ¢
I'=— 21.30
Ve ( )

which gives a percent change of
-1 _ -
=T =0.5 (21.31)
3R
or on the order of 50%! Usually R, is designed to be very small, but you need to know

your meter to know how much to trust it when you seek to measure circuits with low

resistance.

Voltmeters

Suppose we wanted to know how much potential energy lose when the water moves
from the middle tank to the lower tank. What would we do?
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Upper Tank

AU,

)

phmrmmdmmshmmadnemd oo

| mReEsEe s

g

AU

dle Collection Tank
AU,

Pump

mmemimmE rmh

Lower Tank

Well, I think we would measure the distance from the lower tank to the middle tank,
and then multiply by mg. The potential would be

AU =mg(y2 — y1)
Notice that to measure potential energy we have to make two measurements, one at y;
and one at ys. This is always true for a potential energy difference. The same is true for
electric potential. But we don’t use a ruler to measure electric potential. We use a volt

meter.

-
4

Notice that to measure the voltage drop for the lower resister we need two measurements
on either side of the resister.

Really the meter measures a small current [ owing through a very large resistor inside

the meter. Ideally, a voltmeter would have infinite resistance. Of course it is difficult to
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achieve an infinite resistance, so we have to make due with smaller, finite, resistances.
We can see that if Ry of the voltmeter is not much larger than Rp, then it will change

the current through Rs. Since

AV = RI (21.32)
the current should be
AV = Rol (21.33)
were we can find / e
I= T (21.34)
but suppose the voltmeter has a resistance equal to Ry. Then, from the loop rule,
I=05L+1y (21.35)

where I will go through R, and Iy will go through the voltmeter. Since the resistances

are the same, we expect Is = Iy/. so now

1
I, =

5 (21.36)

Then IR
AV:&QZTf (21.37)
or half the value we expected!

A too-small resistance will change the voltage it is trying to measure. Again, you must
know your meter before you attempt to make the measurement across elements with

large resistances.

Household Circuits

Many of you may have worked on new homes and may understand household wiring
quite well. I am just going to give a high level overview.



286 Chapter 21 RC Circuits

120v @ ®

Ground OV @

Circuit Breaker

Individual house switches

Individual house appliances

Electrical power enters our homes through a meter (so the power company can charge
us) and is divided into several major circuits. Each circuit is designed according to what
is likely to be done in the room it services. Bedrooms likely will require less power
than kitchens, for example. Each circuit has a circuit breaker. This devices senses when
too much current is [owing and stops the [ow to the entire circuit before wires can heat
an pose a danger.

Usually only one of the wires entering the home carries current. We call this the /ive
wire. The other is neutral and represents our home zero potential point. For larger
appliances, we often will have a third wire that represents a large negative potential as

well.

In modern electrical outlets, there are also three wires. One is called the ground wire.

The chassis of many electrical devices are connected to this ground wire. If there is a

malfunction such that the live wire is accidently connected to the device, the electrical
current is more likely to travel though the ground wire. This is good because relatively
small currents (<100 mA) can be fatal!
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Fundamental Concepts

Bar Magnet Demo —
Make this like the
first charge demo

Bar Magnet Demo
— Alternate, use the
array of iron ar-
rows and an over-
head projector with
the bar magnet

e The Earth has a magnetic field

e Magnets have “magnetic charge centers” called poles and there is a magnetic field.
e Magnetic poles don’t seem to exist independently

e A long wire that carries a current produces a magnetic field

e The magnetic field due to a long wither with current becomes weaker with distance
and forms concentric cylinders of constant magnetic field strength

e The direction of the long-wire-with-current field is given by a right-hand-rule.
e The field due to a moving charge is given by the Biot-Savart law
1o qusin @

T
Most people have used a magnet. at some time. They come as ads that stick to a
refrigerator. They are the working part of a compass. They hold the pieces of travel
games to their boards, etc. So I think we all know that magnets stick to metal things.
But do they stick to all metal things?

The answer is no, only a few metals work. Iron and Nickel and Cobalt are some that
do. Aluminum and Copper do not. By the time we are done studying magnetism, we
should be able to explain this.

Magnets are very like charged objects in some ways. They can attract or repel each
other They attract “unmagnetized” materials. But there are some important differences.

Notice that a “magnetic charge” seems to be induced in some metal objects, but not
in other common objects. This is very different than electric charge and electric
polarization! And we should state explicitly that for magnets, there seem to be both
“charges” in the same object! We call the “charge centers” the poles of the magnet.
We find that one pole attracts one of the poles of a second magnet and repels the other.
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More Bar Magnet
Demo — Like Poles

If we turn around the first magnet, we find that our pattern of attraction and repulsion
reverses. Because magnets were used for centuries in navigational compasses, we call
one pole the north pole of the compass and the other the south pole of the magnet. The
north pole is the pole that would orient toward the north. Why does this happen?

I hope your high school science class taught you that the Earth has a magnetic field.

Geographic Axis Magnetic Axis

Geographic North Pole

H"‘\ Magnetic South Pole

North end of compass

Geographic Equator points to Sout Magnetic Pole

Magnetic Equator

!
Magnetic North Pole I
Geographic South Pole

So we constantly live under the in[‘uence of a large magnet! Now lets hang both of our
magnets from a string, and see which way they like to hang. The north facing end we
will label N and the south facing end we will label S. Now we can see that the two IV
ends repel each other and the two S ends repel each other. But a NV end and a S end
will attract.

Atractive
s - =S [N

Repulsive

=S =N N -
N S] S |

Once again we have a situation where we can define a mover object and an
environmental object. We can picture one of the magnets making a magnetic field and
the other magnet moving through this field. Of course both magnets make magnetic
fields, but since a magnet can’t make a magnetic field that moves itself, we won’t
draw this self-field for the mover magnet. We just draw the field for the environmental
magnet. We did this in our Earth-compass picture. The Earth was the environmental

magnet and the compass was the mover magnet.

One quirk of history is that since a IV end of a magnet is attracted to the North part of
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Pass out magnets on
sticks

Pass out magnets
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the Earth. But north end of magnets are attracted to south poles of magnets, the Earth’s

geographic north pole must be a magnetic south pole!

One common misconception is that there is one specific place that is the magnetic north
pole. Really it is a region near Newfoundland where the field strength actually varies
quite a bit. You may have heard people discuss how the poles switch every so often.
This is true, and we don’t fully understand the mechanism for this.

There is a large difference between the magnetic force and the electric force. Electric
charges are easy to separate. But magnetic poles are not at all easy to separate. If we

s I

break a magnet

s s Il

we end up with each piece being a magnet complete with both north and south ends.
This is very mysterious! something about the source of the magnetic field must be very
different than for the source of the electric field. We will investigate the source of a
magnetic field as we go.

The Earth’s magnetic fields affects many biological systems. One of these is a bacteria
that contain small permanent magnets inside of them to help them find the mud they

live in.

In the 1990’s there was a health fad involving magnets. Many people bought magnets to
strap on their bodies. They were supposed to reduce aging and give energy. Mostly they
stimulated the economy. But we will find that magnetic fields can alter the [‘ow of blood
(but these magnets did not do so, the FDA would not allow strong enough magnets to
be sold as apparel to have this effect). Another common place to find magnetic fields is
the MRI devices used in hospitals to make images of the interior of bodies.

We have now experience with two non-contact forces, the gravitational force and the
electric or Coulomb force. In both cases, we have found that there is a field involved
with the production of this force. We can guess that this is true for the magnetic force

as well.

The discovery of this field involved an accidental experiment, and understanding this
experiment gives us great insight into the nature of this field and where it comes from.
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So we will spend a little time describing it.

Discovery of Magnetic Field
Question 223.38.1

In 1819 a Dutch scientist named Oersted was lecturing on electricity. He was actually
making the point that there was no connection between electricity and magnetism. He
had a large battery connected to a wire. A large current [owed through the wire. By
chance, Oersted placed a compass near the wire. He had done this before, but this time
the wire was in a different orientation than in previous demonstrations. To his great
surprise, the compass needle changed direction when it was placed near the wire!

A similar experiment, but this time with several compasses, is shown in the next figure.

=
@o/

When the current is turned on, the compasses change direction.

I

s

This is a very good clue that there really is a connection between electricity and



Oersted’s  Experi-
ment Demo: Use
the 106 boards and
compasses
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magnetism.

We know that a compass orients itself in the Earth’s magnetic field. We can infer that
the compass needle will orient in any magnetic field. In the next figure you can see that

there is a force on each end of the needle due to the magnetic field.

—_— L >

— F m >

T— —
FITI

H o =

Notice that we have marked the environmental magnetic field with the letter B. This
is traditional. Magnetic fields are often called B-fields for this reason. But more
importantly, this looks very like an electric dipole in a constant electric field. We know
enough about the dipole situation to predict that there will be a torque, and that there
will be a stable equilibrium when the compass needle is aligned with the magnetic field.

Since our compasses oriented themselves near the current carrying wire, there must be
a magnetic field caused by the current in the wire. The field shown in the last figure is
uniform, but the field of our wire cannot be uniform. The compasses pointed different
directions. A common way to describe this field is with a right-hand-rule. We imagine

grabbing the wire with our right hand with our thumb pointing in the current direction.

Ik

The field direction is given by our fingers.

S kD
T SIS
Sl
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Question 223.38.2

Although this is true, it takes some interpretation Let’s take some time to see what it
means. Let’s redraw the figure.

Now that we have a new figure, let’s reconsider what our right hand rule. What we
mean is that the magnetic field is constant in magnitude around a circle, and that the
direction of the field is tangent to the circle, with the arrow pointing in the direction
your fingers go with the right-hand-rule.

I

This is easier to see in a top-down view.
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Discovery of Magnetic Field 293

<_-_\?pv|ew
/l F

N

But in the first figure we only drew the field around one circle. By using symmetry,
we can guess that the field magnitude must be constant around any circle. It must
depend only on r,if the current is constant. So we could draw constant field lines at any
distance, r, away from the wire.

T

But again, this figure is not so good, because the entire wire makes a field that has a

constant value for B at a distance r away. So we could also draw the field above our
hand.



294 Chapter 22 Magnetism

Question 223.38.4

Maybe a better way to draw this field would be a set of concentric cylinders. Along the
surface of the cylinder (but not the end caps) the field will be constant.

Of course, if our wire is infinitely long, the cylinders will be infinitely long too...

And the field does not stop after a few cylinders, it reaches B = 0 only when r = co.
So the field fills all of space.
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RUTRTR

7L

This is a more accurate way to draw the magnetic field due to a long straight wire, but it
takes a long time to draw such a diagram, so usually we will just draw one circle, and
you will have to mentally fill in the other circles and the concentric cylinders that they

represent.

To use the right hand rule, remember to place your thumb in the current direction. Then

the field direction is given tangent to the circle and pointing in our finger direction.

Making the field-moving charges

But how does a current in a wire make a magnetic field?

The secret is to look at the individual charges that are moving. When early scientists
caused individual charges to move, they found they created magnetic fields. The

experimental results gave a relationship for the strength of this field
_ Hoqusin 0
2

C4m 7
and the direction is given by the right hand rule by pointing the thumb in the direction

the charges are going and using the figures to indicate the field direction as we have
described above. In a sense, this is a very small current (one moving charge!). So the
field should look very similar.

This relationship was found by two scientists, Biot and Savart, and it carries their name,

the Biot-Savart law.

The factor 1, is a constant very like €,. It has a value

T
11, = 47 X 10—7Tm
and is called the permeability of free space, The unit T is called a tesla and is
N

T:Am
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The charges already had an electric field before they were accelerated, but now they

have two fields, an electric and a magnetic field.

We used unit vectors to write our E-field.
= 1 q.
= =T
4dre, 72
It is convenient to do the same for the magnetic case. We can remember that a vector

cross product is given by
?xgzabsine LE),LE)
where the resulting vector is perpendicular to both @ and b. Thinking about this for
a while allows us to realize this is just what we want for the magnetic field. If the
velocity of the charges is up (say, in the Z direction) then we can use our right hand rule
to realize we need a vector perpendicular to both Z and 7. This is given by
Z X7t
which is always tangent to the circle indicated by our fingers. Since v is in the z
direction we can use
V x #=wvsinf 1V, Lf

to write the Biot-Savart law as
= qv Xt
T dr 2

We should do a problem to see how this works.

Suppose we accelerate a proton and send it in the z-direction to a speed of
1.0 x 107 m/s. Let’s further suppose we have a magnetic field detector placed 1 mm
from the path of the proton. What field would it measure?

X . o Detector

— -— Proton Path

Proton

We know -

B o M4V 2>< r
and by symmetry we know that v is perpe7r71dic171ﬂlar to 7 just as the proton passes the
detector. So, using the right hand rule for cross products, we put our hand in the

v-direction and bend our fingers into the r-direction. Then our thumb shows the
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resulting direction. In this case it is in the positive y-direction, or out of the page. The

magnitude would be
8 4 x 10772 (1.6 x 1071 C) (1.0 x 10" m/s) _
4 (0.001m)? Y
= 1.6x107 83Ty
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Fundamental Concepts

o The magnetic field due to a current in a wire is given by the integral form of the
— — A
Biot-Savart law B = 4ol [ S xt

o The magnetic field magnitude of a long straight wire with a current is given by

B = g;a with the direction given by the right hand rule we learned last time.

e The field due to a magnetic dipole is B~ Z—;i—?i where 77 is the magnetic dipole

moment p = I A with the direction from south to north pole.

Magnetic field of a current

Last lecture, we learned the Biot-Savart law
— A
ﬁ _ Mo gV XF

4T 12
now let’s consider our ¢ to be part of a current in a wire. A small amount of current

moves along the wire. Let’s call this small amount of charge AQ.

This small amount of charge will make a magnetic field, but it will be only a small part
of the total field, because A() is only a small part of the total amount of charge [‘owing
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Question 223.39.1

Question 223.39.2
Question 223.39.3
Question 223.39.4

Question 223.39.5

in the wire. That part of the field made by AQ is
Aﬁ _ Mo AQV X T
4 r2

Let’s look at AQV . We can rewrite this as

AQV = AQﬁ
B At
AQ
= —A
At©S
= IA¥
then our small amount of field is given by
N INS x #
4T 12
as usual, where there is a A, we can predict that we can take a limit and end up with a d
JB = Mo Ids x #
4 72

Some things to note about this result

o
1. The vector dB is perpendicular to d's” and to the unit vector f directed from d’s” to
some point P.

2. The magnitude of dB is inversely proportional to 2
3. The magnitude of dB is proportional to the current
4. The magnitude of dB is proportional to the length of d's’

5. The magnitude of dB is proportional to sin § where 6 is the angle between d's” and
r

Where there is dB we will surely integrate. The field dB is due to just a small part of

the wire d’s”. We would like the field due to all of the wire. So we take
= ol / ds x i
B =2
47 r2

This is a case where the equation actually is as hard to deal with as it looks. The

integration over a cross product is tricky. Let’s do an example.

The field due to a square current loop

Suppose we have a square current loop. Of course there would have to be a battery or
some potential source in the loop to make the current, but we will just draw the loop
with a current as shown. The current must be the same in all parts of the loop.
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Let’s find the field in the center of the loop at point P.

I will break up the integration into four parts, one for each side of the loop. For each
part, we will need to find d's” x # and r to find the field using
B _ Mol / ds x i

r2

47

This is very like what we did to find electric fields. For electric fields we had to find dgq,

t, and r and we integrated using

Now we need d's” x ¢ and r. For electric fields, we needed to deal with the vector .

Now we need to deal with a cross product, d’s’ x #, involving .

For the bottom part of our loop d's’ x T is just
ds xi = -—dssinfk
= —drsintk

We can see this in the figure

\\‘?

dx
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so our field from the bottom wire is

B, — u_ol/d?xf
4 72
B M/—dwsinﬁ(
T A4r 72

But we need to find . From trigonometry we realize
) a
sinf = —
r
on the right side of the wire, and
. . a
sin (m — 0) = sinf = —
,

on the left, thus
a

Y
then our field equation for the bottom wire becomes

ﬁb ol / — (dz) sin 0k

= 1 2
(siﬁ&)

dr
but now we have an integration over dz and our function is in terms of § which depends

on . We should try to fix this. Let’s find dx in terms of df. We can pick = 0 to be
the middle of the wire. Then

a
tanf = —
T

on the right and

a
tan (m — 0) = —tanf = —
x
on the left. Since on the left « is negative, this makes sense. So we have either
a

Tr =
tan 6

or
a

tan 6
depending on which size of the dotted line we are on. We could write these as
a acosf

= :l: =
. tan 6 sin 6
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for both cases. We really want dz and moreover we want it as a magnitude (we deal
with the direction in the cross product). So we can take a derivative and then take the
magnitude (absolute value).

dr  sinf(—asinf) —acosfcost)  —a

g sin? 6  sin?0
This derivative was not obvious! We had to use the quotient rule. But once we have

found it we can rewrite this as

(now with the absolute value inserted) and since neither a nor sin” # can be negative we

can just write this as
a
o sin” 0
Then our field for the bottom wire is

E)b H’oI / — (silil2 9) df sin 91;

(5%)°

T A4Arm

which we should simplify before we try to integrate.

ﬁb _ /L_OI/ — sin 0dOk
47 a
= —Moll}/sianO
4ra

which is really not too bad considering the integral we had at the start of this problem.
When we get to the corner of the left hand side § = %T’T and when we start on the right
hand side § = 7 and along the bottom wire 6 will be somewhere in between § and %’r.

Then 7 and ?jf are our limits of integration. We can perform this integral

3
.
B, = —to k/4 sin 00
47'('& %
_ 7“oIA - 3
= 47rak[ cosﬂ\%

This was just for the bottom of the loop. Now let’s look at the top of the loop. There
is finally some good news. The math will all be the same except for the directions. We

had better work out d’s” X f to see how different it is.

Now the d’s’ is to the right and # is downward so
ds x # = —dxsin 0k

But this is just as before. So even this is the same! The integral across the top wire
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Question 223.39.6

Question 223.39.7

will have exactly the same result as the integral across the bottom wire. We can just
multiply our previous result by two.

How about the sides? Again we get the same d's” x T direction and all the rest is the

same, so our total field is
I ~
M k
Ta

— —
B =4B, = -

This was a long hard, messy problem. But current loops are important! Every electric
circuit is a current loop. Does this mean that every circuit is making a magnetic field?
The answer is yes! As you might guess, this can have a profound effect on circuit
design. If your circuit is very sensitive, adding extra fields (and therefore extra forces
on the charges) can be disastrous causing the design to fail. There is some concern
about “electronic noise” and possible effects on the body (cataracts are one side effect
that is well known). And of course, as the circuit changes its current, the field it creates
changes. this can create the opportunity for espionage. The field exists far away from
the circuit. A savvy spy can determine what your circuit is doing by watching the field
change!

Long Straight wires

In our last example, we found that the magnitude of the field due to a wire is

—MOI / sin 6d0
4ma

Of course, we would like to relate this to our standard charge configuration, in this case

B =

an infinite line of (now moving) charge. If the wire is infinitely long, then the limits of
integration are just from =0to 6 =«

B = ‘“—I/ sin 0do
0

tol
2ma
This is an important result. We can add a new geometry to our list of special cases, a

long straight wire that is carrying a current /. The direction of the magnetic field, we
already know, is given by our right-hand-rule. Of course, if our wire is not infinitely
long, we now know how to find the actual field. It is all a matter of finding the right
limits of integration.
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Magnetic dipoles

kg

As a second example, let’s find the magnetic field due to a round loop at the center of
the loop. We start again with

I — N

B o Kol / ds x ¥t
4 r2

We need to find d's” x t and r, to do the integration. Our steps are:

1. Find an expression for d's’ x , this is a vector
2. Find an expression for 7

3. Turn three-dimensional problems into three one-dimensional problems by taking
components

4. Assemble the integral, including limits of integration

5. Solve the integral.

Let’s start with the first step. As we go around the loop d's and # will be perpendicular
to each other, so
ds x ¥ = dsk
For the second step, we realize that r is just the radius of the loop, R. Then the
integration is quite easy (much easier to set up than the last case!)
—=  p,l [ dss
B= 4 ﬁk
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The limits of integration will be 0 to 27 R. Notice that this is really a one-dimensional
problem! B is a vector that points in the k direction only. So we don’t need to take

components. Or in other words, we already know B, and B, are zero for this case. We

2R
Boo ol [Ty
0

can perform this integral

47 R?
ol 2R -~

—k
4 R2

SO

I~
B = g‘}% k loop
The field is perpendicular to the plane of the loop, which agrees with our square loop

problem.

Let’s extend this problem to a point along the axis a distance z away from the loop.
Starting with step 1, we realize that, in general, our value of d's’ x  is

ds x t=dssing
where ¢ is the angle between d’'s and . We can see that for this case ¢ will still be
90°.
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Side View
We have tipped t toward our point P, but tipping T from pointing to the center of the

hoop to pointing to a point on the axis just rotated ¥ about part of the hoop. We still
have ¢ = 90°. So

|d’s” x £ =ds
with a direction shown in the figure. But our value of r is now more complicated

r=+R2+ 22

We have used symmetry to argue that we can take just « or y-components in the past
because all the others clearly canceled out. We can also do that again here. Using
symmetry we see that only the z-component of the magnetic field will survive. So we
can take the projection onto the z-axis.

—>_,u,OI @ N
B = 47r/7"2 cos 0k

We know how to deal with such a situation, since we have done this before. From the

diagram we can see that
R

VRET 2
B - Mol i / Rds
4 (R? + 22)
— ~
This is also a one-dimensional problem with B only in the k direction. Fortunately this

cosf =

so our field becomes

3
2
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integral is also not too hard to do. Let’s take out all the terms that don’t change with ds
I R 2TR
B — Lgk / ds
dr (R? 4 22)2 Jo
The limits of integration are 0 to 27 R, the circumference of the circle
B - H I R2TR i
4dm (R? + 22)
IR? .
pol R &
2(R? 4+ 22)2

3
2

Let’s take some limiting cases to see if this makes sense. Suppose z = 0, then
IR? .
B - Ml ¢
2(R?+0)>
IR? .
Bol R o
2R3
MOI i
= k
2R
which is what we got before for the field at the center of the loop. That is comforting.

Now suppose that z >> R. In that case, we can ignore the R? in the denominator.

2
B ~ 'uOIR3k
2(22)2
MOIR2A
= k
223

We have just done this for on-axis positions because the math is easy there. But we
could find the field at other locations. The result looks something like this.

XX XX XX XXX
XXX ¥ X X XXX

X POOOE> X
oJololololc vEg
QOEEOECK X
oJolololola) e
ROOEOYX X

ARk X X

X X RAX X X X

XXXXP(XXX

X XXX XXX XXX
X X XXX ¥X

The figure on the left was taken from the pattern in iron filings that was created by an
actual current loop field. The figure to the right is a top down look. We will use the
symbol @to mean “coming out of the page at you” and the symbol ®“g0ing into the
page away from you.” Imagine these as parts of an arrow. The dot in the circle is the
arrow tip coming at you, and the cross is the [‘etching going away from you. Notice
that the field is up through the loop, and down on the outside.
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As we generalize our solution for the magnetic field far from the loop we have

2
ﬁz'uOIRk

2r3

This looks a lot like the electric field from a dipole
_ 27
T dre, 3
which gives us an idea. We have a dipole moment for the electric dipole. This magnetic

—

field has the same basic form as the electric dipole. We can rewrite our field as
B ~ ol (7TR2) -
2(m)r3
_ m @A)
(2)2 (m)r?
o 21 Ai
dr 73

where A = mR? is the area of the loop.

The electric dipole moment is the charge multiplied by the charge separation

p=qa
we have something like that in our magnetic field, The terms I A describe the amount of
charge and the geometry of the charges. We will call these terms together the magnetic
dipole moment

uw=1A
and give them a direction so that p is a vector. The direction will be from south to north
pole

where we can find the south and north poles by comparison to the field of a bar magnet.

7 =IA  from South to North
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This is a way to characterize an entire current loop.

As we get farther from a loop, the exact shape of the loop becomes less important. So
as long as r is much larger than R, we can write
N
= U, 2 -
B~-—"2—k
4 73

for any shaped current loop.

The integral for of the Biot-Savart law is very powerful. We can use computers to
calculate the field do to any type of current configuration. But by hand there are only a
few cases we can do because the integration becomes difficult. With electrostatics, we
found ways to use geometry to eliminate or at least make the integration simpler. We
will do the same thing for magnetostatics starting with the next lecture. Our goal will

be to use geometry to avoid using Biot-Savart when we can.

Basic Equations



24

Fundamental

Ampere’s Law

Ampere’s law, and Forces on
Charges

Concepts

e The magnetic field can be found more simply for symmetric currents using
=
Ampere’s law § B - d's’ = p,Lihrougn

e The force due to the magnetic field on a charge, ¢,is givenby F =¢Vv x B

The Biot-Savart law is a powerful technique for finding a magnetic field, but it is more
powerful numerically than in closed-form problems. We can only find exact solutions
to a few problems with special symmetry. Since problems we can do by hand require
special symmetry anyway, we would like to use symmetry as much as possible to
remove the need for difficult integration.

We saw this situation before with electrostatics. We did some integration to find fields
from charge distributions, but then we learned Gauss’ law, and that was easier because
it turned hard integration problems into relatively easy ones. This still required special
symmetry, but when it worked, it was a fantastic time saver. For non-symmetric
problems, there is always the integration method, and a computer.

Likewise, for magnetostatics there is an easier method. To see how it works, let’s

review some math.

In the figure there is a line, divided up into many little segments.
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We can find the length of the line by adding up all the little segment lengths
i

Integration would make this task less tedious

L:/ds

This is called a line integral. Our new method of finding magnetic fields will involve
line integrals. The calculation of the length is too simple, however. We will have to
integrate some quantity along the line. For example, we could envision integrating the
amount of energy lost when pushing a box along a path. The integral would give the
total energy loss. The amount of energy lost would depend on the specific path. Thus a
line integral

W= [F.ds
would be useful to find the total amount of work. Each small line segment would give a
differential amount of work

aW=TF .-ds

and we use the integral to add up the contribution to the work for each segment of size
ds along the path. Notice the dot product. We need the dot product because only the

component of the force in the direction the box is going adds to the total work done.

— B
B > —_— = 2 > —>
ds’ > - - > — 3 —>
—
.
—_— 2 —3 — —a —3 —>
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We wish to do a similar thing for our magnetic field. We wish to integrate the magnetic

field along a path. The integral would look like this

b
/E’-d?

This may not look like an improvement over integrating using the Biot-Savart law, but
our goal will be to use symmetry to make this integral very easy. The key is in the dot
product. We want only the component of the magnetic field that is in the d’s; direction.

There are two special cases.
If the field is perpendicular to the ds; direction, then
b
/ B-ds =0
a
— — .
because B - ds; = 0 for this case

If the field is in the same direction as d’s; , then § -ds; = Bds and

b_, b
/ B-d?:/ Bds

Further if we can make is so that B is constant and everywhere tangent to the path, then

b b
/E’-d? /Bds
a a b
= B/ ds

= BL

This process should look familiar. We used similar arguments to make the integral
S E-dA easy for Gauss’ law.

With Gaussian surfaces, we found we could imagine any surface we wanted. In a
similar way, for our line integral we can pick any path we want. if we can make B
constant and everywhere tangent to the path, then, the integral will be easy. It is
important to realize that we get to make up our path. There may be some physical thing
along the path, but there is no need for there to be. The paths we will use are imaginary.

Usually we will want our path to be around a closed loop. Let’s take the case of a long
straight current-carrying wire. We know the field shape for this. We can see that if we
take a crazy path around the wire, that B- A’s; will give us the projection of B onto

the As; direction for each part of the path.
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We get

or in integral form

/ By ds
The strange shape I drew is not very convenient. This is neither the case where
B . ds; = 0 nor where B . ds; = Bds. But if we think for a moment, I do know a
shape where B- ds; = Bds. If we choose a circle, then from symmetry B will be
constant, and it will be in the same direction as ds so§ -ds; = Bds. From our last

lecture we even know what the field should be.
B Pl
27r
Let’s see if we can use this to form a new general approach. Since B is constant around

the loop, we can write our line integral as

/ﬁ-d? = B2nr

This is an amazingly simple result. We integrated the magnetic field around an
imaginary loop path, and got that the result is proportional to the current in the wire.
This reminds us of Gauss’ law where we integrated the electric field around a surface
and got that the result is proportional to the amount of charge inside the surface.

/E).djz%

€o
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Let’s review. Why did I pick a circle as my imaginary path? Because it made my math
easy! I don’t want to do hard math to compute the field, so I tried to find a path over
which the math was as easy as possible. Since the path is imaginary, I can choose
any path I want, so I chose a simple one. I want a path where B- ds; = 0 or where
B- ds; = Bds. This is very like picking Gaussian surfaces for Gauss’ law. If I chose
a harder path I would get the same answer, but it would take more effort. I found the
result of my integral | B -d5 tobe just p, 1.

We had to integrate around a closed path, so I will change the integral sign to indicate
that we integrated over a closed path.

= =

B.-ds = .UJoIth,rough (241)
and only the current that went through the imaginary surface contributed to the field, so
we can mark the current as being the current that goes through our imaginary closed
path.

This process was first discovered by Ampere, so it is known as Ampere’s law.

Let’s use Ampere’s law to do another problem. Suppose I have a coil of wire. This coil
is effectively a stack of current rings. We know the field from a single ring.

I
B o

R
But what would the field be that is generated by having a current Cow through the coil?

Well, looking at the single loop picture, we see that the direction of the field due to a
loop is right through the middle of the loop. I think it is reasonable to believe that if
I place another loop on top of the one pictured, that the fields would add, making a

stronger field down the middle. This is just what happens. So I could write our loop
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field equation as

B=N /;—"TI
where NV is the number of loops I make. It is customary in electronics to define n as
the number of loops per unit length (sort of like the linear mass density we defined in
waves on strings, only now it is linear loop density). Suppose I take a lot of loops! In
the picture I have drawn the loops like a cross section of a spring. But now the loops
are not all at the same location. So we would guess that our field will be different than

just N times the field due to one loop. We can use Ampere’s law to find this field?

OO0
-

N
N
=y

Consider current is coming out at us on the LHS and is going back into the wires on the
RHS. Remember our goal is to use Ampere’s law

%E) ' d? = NJOIthrough
to find the field. Let’s imagine a rectangular shaped Amperian loop shown as a dotted
black line. Note that like Gaussian surfaces, this is an imaginary loop. Nothing is really

there along the loop. Let’s look at the integral by breaking it into four pieces,
/§~d?+/§-d?+/§~d?+/§~d?:MOIthmugh
1 2 3 4

one for each side of the loop. If I have chosen my loop carefully, then B- ds; will

. - — - — 5 . . .
eitherbe B - ds; = 0or B -ds; = Bds. Let’s start with side 2. We want to consider

B-dss
We see that for our side 2 the field is perpendicular to ds; So
B.-dls =0
This is great! I can integrate 0
/ 0=0
The same reasoning applies to
B =
B -ds; =0

From our picture we can see that there is very little field outside of our coil of loops. So
—
Bs is very small, so B - ds3 ~ 0. It is not exactly zero, but it is small enough that I will
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call it negligible for this problem. For an infinite coil, this would be exactly true (but

infinite coils are hard to build).

That leaves path 1. There the B-field is in the same direction as ds; so
B - ds; = Bds,
Again this is great! B is fairly uniform along the coil. Let’s say it is close enough to be

considered constant. Then the integral is easy over side 1

/Bds1:B€
We have performed the integral!
fﬁ-d? = /E’-d?+/§-d?+/§-d?+/§.d?
= Blﬂ—i-O—&—O—i—O2 ’ )
= B¢

Now we need to find the current in the loop. This is more tricky than it might appear. It
is not just I because we have several loops that go through our loop, each on it’s own
carrying current I and each contributing to the field. We can use a linear loop density'®
n to find the number of loops.
N =nt

and the current inside the loop will be

Linside = N1
Then, putting the integration all together, we have

B =
B-ds=Bl+0+0+0=p,NI

or
Bl=p, NI
which gives a field of N
B = MOTI
or
B = pu,nl

This device is so useful it has a name. It is a solenoid. You may have made a coil as a

kid and turned it into an electromagnet by hooking it to a battery (a source of potential
difference) so that a current ran through it. In engineering solenoids are used as current
controlled magnetic switches.

16 Physicists like densities!



318

Chapter 24 Ampere’s law, and Forces on Charges

Solenoid at rest
valve closed

Solenoid active,
valve open

Solenoid operated valve system.

There is another great thing about a solenoid. In the middle of the solenoid, the field
is really nearly constant. Near the ends, there are edge effects, but in the middle we
have a very uniform field. This is analogous to the nearly uniform electric field inside a
capacitor. We can therefore see how to generate uniform magnetic fields and consider
uniform B-fields in problems. Such a large nearly uniform magnetic field is part of the
Compact Muon Solenoid (CMS) experiment at CERN.
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CMS Detector at CERN. The detector is constructed of a very large solenoid to bend
the path of the charge particles.

Magnetic Force on a moving charge

Magnetic
tion Demo

Delec-

Now that we know how to generate a magnetic field, we can return to thinking about
magnetic forces on mover charges. Our magnetic field is slightly more complicated
than the electric field. We can still use a charge and the force, but now the charge
is moving so we expect to have to include the velocity of the charge. We want an
expression that relates B and F};,q4 in both magnitude and direction.

Our expression for the relationship between charge, velocity, field and the force comes
from experiment (although now we can derive it). The experiments show that when a
charged particle moves parallel to the magnetic field, there is no force! This is radically
different from our E-field! Worse yet, the force seems to be perpendicular to both v and
B when the angle between them is not zero! Here is our expression.

Fgp=qvxB (24.2)
where g is the mover charge and B is the magnetic field environment.
We have a device that can shoot out electrons. The electrons show up because they hit

a phosphorescent screen. When we bring a magnet close to our beam of electrons, we
find it moves!
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But we did this with moving electrons, what happens if they are not moving? We might
expect the electrons to accelerate just the same—and we would be wrong! Static charges
seem to not notice the presence of the magnet at all!

We expect that, like gravity and electric charge, the force on the moving electrons
must be due to a field, but this magnetic field does not accelerate stationary electrons.
We learned before that the reason we know that there is some force on the electrons
came when Oersted, a Dutch scientist experimenting with electric current, found that
his compass acted strangely when it was near a wire carrying electric current. This
discovery is backwards of our experiment. It implies that moving charges must effect
magnets, but given Newton’s third law, If moving electrons make a field that makes a
force on a magnet, then we would expect a magnet will make a field that makes a force

on moving charges as well!

The derivation of the magnitude of the force from the experimental data is tedious. We
will just learn the results, but they are exciting enough! The magnitude of the force on a
moving charge due to a constant magnetic field is

Fp=qvxB (24.3)
The magnitude is given by

F =quBsinf

where ¢ is charge, v is speed, and B is the magnitude of the magnetic field We need
to carefully define 0. Since we have a cross product,  is the angle between the field

direction and the velocity direction.

We can solve the equation for the magnetic field force (equation 24.3) to find the

magnitude of the field
F p—
qusin®

But the strangeness has not ended. we need a direction of the force. And it turns out
—
that it is perpendicular to both ¥ and B as the cross product implies! We use our

favorite right hand rule to help us remember.
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We start with our hand pointing in the direction of v. Curl your fingers in the direction
of B. And your fingers will point in the direction of the force. We saw this type of right
hand rule before with torque, but there is one big difference. This really is the direction
the charge will accelerate! Note that this works for a positive charge. If the charge is
negative, then the ¢ in

Fp=qvxB
will be negative, and so the force will go in the other way. To keep this straight in my
own mind, I still use our right hand rule, and just remember that if F’ is negative, it goes
the opposite way of my thumb.

Right hand rule #2: We start with our hand pointing in the direction of v. Curl your
fingers in the direction of B. And your fingers will point in the direction of the force.
The magnitude of the force is given by

F =quBsinf (24.4)

Motion of a charged particle in a B-Field

Question 223.40.1
Question 223.40.2
Question 223.40.3
Question 223.40.5

Question 223.40.6

We refer to the magnetic field as a B-field for short.

Let’s set up a constant B-field as shown in the figure. We draw a B-field as a set of
vectors just like we did for electric fields. In the figure, the vectors are all pointing "into
the paper" so all we can see is their tails.

X X X X X X

X X X X

X

X

Vv
X X X X | X X
X

X X X X X

X X X X X X

If I have a charged particle, with velocity v, what will be the motion of the particle in
the field? First off, we should recall that F is in a direction perpendicular to v and B.
Using our right hand rule we see that it will go to the left.
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X X X X X X
X X X X X
\Y
X X X X |X X
X X X X X X

X X X X X X

Remember that F' = ma, so the charge will accelerate in the —x direction.
X X X X X X X

+m T T T T~
X %J' X X ~¥ X X
f/ F \“
! )
X X X 1

X X ' X X

A
X X /X X X X X

X X x X X X X
Now, if we allow the charged particle to move, we see that the v direction changes. This
makes the direction of F' change. Since v and a are always at 90 °, the motion reminds

us of circular motion! Let’s see if we can find the radius of the circular path of the

charge.
F =quBsinf
will be just
F=quB
because 6 is always 90 °. Then, using Newton’s second law
F =ma=quB
and noting that the acceleration is center-seeking, we can write it as a centripetal
acceleration
2
v
a=—
r
Then
2
m— = quB
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Question 223.40.8
Question 223.40.9
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We can find the radius of the circle

mv
WB
Could we find the angular speed?
v _¢B
T om

How about the period? We can take the total distance divided by the total time for a

revolution
2mr
v =
T
to find 9
72"
) v
and we recognize
1
—=-
SO )
r==
) w
so0, using our angular speed we can say
2
o 2mm
qB

The angular frequency w that we found is the frequency of a type of particle accelerator
called a cyclotron. This type of accelerator is used by places like CERN to start the
acceleration of charged particles. The same concept is used to make the charged

particles go in a circular path in the large accelerators like the LHC at CERN.

Turning magnets at CERN. This is an actual magnet, but this magnet is at ground level
in the testing facility. The tunnel is a mock-up of what the actual beam tunnel looks
like.

Within the detector systems, like the CMS, charged product particles can be tracked
along curved paths for identification.

But it is also interesting to know that charged particles that enter a magnetic field with
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some initial speed will gain a circular motion as well.

e T
e ey
'ﬂ

i

An example is the charged particles from the Sun entering the Earth’s magnetic field.

the particles will spiral around the magnetic field lines.

Geographic Axis Mugnctic Axis

Geographee Equator

Magnetic Equator

’ I
Magnetic Marth Pole I '
Geograplne South Pole

As the helical motion tightens near the poles, the particles will sometimes give off
patterns of light as they hit atmospheric atoms.

Aurora Borealis: Sand Creek Ponds Idaho 2013
The light is what we call the aurora borealis. A more high-tech use for this helical

motion is the confinement of charged particles in a magnetic field for fusion reaction.
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The velocity selector
Question 223.40.10

Source b 4 X X

x
X

This device shows up on tests, especially finals, because it has both an electric field and
a magnetic field—you test two sets of knowledge at once! So let’s see how it works. Our
question should be, what is the velocity of a charged particle that travels through the
field without being del ected?

FE-field

We remember that the force on a positively charged particle will be
F E = qE

directed in the field direction so it is downward.
B-Field

Now we know that

Fp=qvxB
and we use our right hand rule to find that the direction will be upward with a magnitude
of
Fg = quBsinf
= quB

So there will be no del ection (no acceleration) when the forces in the y-direction
balance.
YFy=0=—-Fp+Fp
or
qF = quB
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which gives
as the speed that will be “selected.”

Bainbridge Mass Spectrometer

You may use a mass-spec some time in your careers. I have had samples identified
by mass-spectrometers several times in my industrial career. They are very useful
devices—especially when chemical identification is hard or impossible.

* x x x x
” x ®x %
Detector e
» B x
.'/I(-\‘-
x x|\ X
[+ + + + + + | r ]
»” ®x | x ® | x| > x x|/
F i
Source " " L L L x x ”» *x »x E x
Tl S 4| e~~~ — — - — - —— -
Y ® »® »® ® »® ® x % *®
»® w | ® x| = p ="
» Es x ®x ¥V » * * %
s’ * ® X X X %
® ®x x ®x = »
®x x %X n
x  x %X X n

The Bainbridge device is one type that we can easily understand. It starts with a
velocity selector which sends charged particles at a particular speed into a region of
uniform magnetic field. The charged particles then follow curved paths on their way to
an array of detectors. When they hit the array, their spatial location is recorded. Where
they hit depends on their ration of charge to mass. From our study of the rotational

motion we found

,o
- 1B,
so the charge to mass ratio is
qg v
. . .. . . m TBO
Since we know the initial velocity will be
E
V==
B
from the velocity selector, then
qg F
m  rBB,

One way this is often used is to separate a sample of substance, say, carbon to find the



Motion of a charged particle in a B-Field 327

relative amount of each isotope. The carbon atoms will all ionize to the same charge.

Then the position at which they are detected depends on the mass.

I used a mass-spec in my last industry project to identify large carbon compounds and
their relative concentration in complex oil leaks. This data helped us look for possible
leak detection targets so pipeline leaks could be detected before the oil was visible to
the naked eye.

Classical Cyclotron

We already found the period of rotation of a charged particle in a uniform magnetic
field.
2mm
qB
Note that this does not depend on the speed of the particle! So it will have the same

travel time regardless of how fast it goes. We can use this to accelerate particles. But we
add in an electric field to do the acceleration. The device is shown in the figure below

Basic Geometry of the Cyclotron. (Public Domain image courtesy KlausFoehl)
The particle starts in the center circling around in the magnetic field. but the device is
divided into halves (called “Ds”). There is a gap between the Ds, and the electric field
is created in the gap. One side at high potential and the other at low potential. When the
particle is in the gap, it accelerates. It will gain a kinetic energy equal to the potential
energy difference across the gap

AK = qAV
As the particle travels around the D to the other side of the, the cyclotron switches the
polarity of the potential difference. So as it passes the gap on the other side of the
cyclotron, it is again accelerated with an additional AK = gAV. Since r does depend

on the speed,
mu
-

_q_B
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the radius increases with each “kick.” Finally the particle leaves the cyclotron with a

velocity of
qBTmax _

m
Since we often describe the velocity of particles in energy terms, the kinetic energy of

the particle
1
K = -mv*

2mv
1 (gBrma

= —-m —_—
2 m

_ q2B2T12nax

B 2m

Hall Effect
Hall Effect Demo

The Hall probe is a cool little device that measures the magnitude of the magnetic field.
We should find out how it works.

f

A
A
16

Let’s take a piece of material that has a current going through it. If we place it in a
magnetic field, then the charge carriers will feel a force. Suppose it is a metal, and that
the charge carriers are electrons. The force is perpendicular to the current direction.
So the electrons are accelerated toward the top of the piece of metal as shown in the
drawing. This creates a negative charge on the top side of the metal piece. Then

the bottom side will be positively charged relative to the top. With separated charge
like this, we think of a capacitor and the electric field created by such a separation of
charges. There will be a field in the conductor with a potential difference between the

top and bottom of the conductor. We call this potential difference
AVy
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the Hall potential after the man who first observed it.

Now if the charge carriers were positive, we would still build up a potential, but it
would be in the opposite polarity. We wish to find this hall potential. The electric field
of the charges will try to push them back down as more charge builds up. So at some
point the upward force due to the magnetic field on the electrons will be balanced by
the built up electric field. At that point

YF,=0=Fp—Fg
)

quaB = qEn

where Ep is the field due to the separation of charges.

So
EH = ’UdB
The potential is nearly equal to
where d is the top-to-bottom distance of the conductor , so
AV ~ ”UdBd
Since we know
I = nqAvy
then
o, — 1
- ngA
and the area A is
A=td
where t is the thickness of the conductor, then
1
vd = nqtd
and B
AV ~ —
nqt
You may find this expressed in terms of the Hall coefficient
1
Ry =—
ng
SO B

To do a good job of finding Ry for metals and semiconductors, you have to go beyond
classical theory. But if we know B, I, t, and AV, which can all be measured, then we

can find Ry . Once this is done, we can place the Hall probe in different magnetic fields
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to find their strength. One way to do this is to control I and measure AV, so
t
B~——AV
Ryl

Basic Equations
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Magnetic forces on wires

Fundamental Concepts

e The magnetic force on moving charges extends to wires with currents
e The force on a wire with current is given by F; = IL x B

e The torque on a current loop is 7 = p x B where p = TA

Magnetic forces on Current-Carrying wires

Question 223.41.1
Question 223.41.2

If there is a force on a single moving charge due to a magnetic field, then there must be

a force on lots of moving charges! We call lots of moving charges an electric current

For charges in a wire, we know that the charges move along the wire with a velocity v .
We would expect the total force on all the charges to be the sum of all the forces on the

Fy = ZFq = quB sinf

i i
but, since in our wire all the charge carriers are the same, this is just

Fr = Ng;vgBsin 6

individual charges.

where here IV is the number of charge carriers in the part of the wire that is experiencing
the field. We used a charge density n before. Let’s use it again to make an expression
for N
N =nV =nAL
where A is the cross sectional area of the wire and L is the length of the wire. So
Fr =nALg;vyBsin6
Now let’s think back to our definition of current. We know that

I =nqvgA
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so our force on the current carrying wire is
Fr = (ngugsA)LBsinf
= ILBsind

Remember that 6 is the angle between the field direction and the velocity. In this case [
is in the direction of the velocity (we still assume positive charge carriers, even though
we know they are electrons). So € is the angle between the field direction and the
direction of the current. We can write this as a cross product

— - =
F;,=ILxB (25.1)

_) . . . .
where L is in the current direction.

Force between two wires
Question
2234123

MIT movies We can use what we have learned to find the force between two wires.

If I have two wires with current, I will have a field created by each wire. Let’s suppose

that I; and I, are in the same direction

1 ) L
2 ﬂ !
& i d

and let’s calculate the force on wire 1 due to the field of wire 2. The field due to wire 2
at the location of wire 1 will be

~ 2md
where d is how far away wire 1 is from wire 2. We know

F12 = IlLBQ sin 0
We can see that sin § = 1 since I; will be perpendicular to By,

Fip = L LBy
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and using our expression for B2

Pol2
2nd
tol2h

= L 25.2
2md ( )

Fiq L)L

Would you expect Fs; to be very different?

Torque on a Current Loop
Question 223.41.4

Question 223.41.5 Remember that in PH121 or Statics and Dynamics we defined angular displacement

AO=0;—0; (25.3)

and this told us how far in angle we had traveled from a starting point ;.

We also defined the angular velocity

Ab
At
which told us how fast an object was spinning in radians per second. The direction of

w =

(25.4)

this angular velocity we found using a right hand rule.

We also defined an angular acceleration
Aw
= — 25.5
a=— (25.5)

and we used angular acceleration in combination with a moment of inertia to express a

rotational form of Newton’s second law

Y r=1Ia (25.6)
where 7 is a torque. We found torque with the expression
- = "
T=7TxF (25.7)

We wish to apply these ideas to our new force on wires due to magnetism.

Let’s take a specific example. I want to use a current loop. This is just the simple loop
of current we have seen before.
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(on

I drew the current loop as a rectangle on purpose, I want to look at the force on the
current for each part of the loop. Each side of our loop is a straight wire segment.
Remember that the magnitude of the force on a wire is given by

Fr =1LBsin6
where 6 is the angle between I and B so if § = 0 or if § = 7 rad, then sin 6 will be

zero. The magnitude of the force will then be zero. So the top and bottom parts of the

loop will not experience a force. The sides will, though, and since for 6 = 5 or = —3
(0 = —3 isthe same as ) = 37”) then sin @ = 1 and the force will be a maximum.
F;=1bB

on each side wire segment. But we need to consider direction. The force will be
perpendicular to both I and B. We use our right hand rule. Fingers in the direction of
I, curl to the direction of B. We see the force is out of the figure for the left hand side
and into the figure for the right hand side. The next figure is a bottom-up view.
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B
F a/2
re
A .
I_’

Clearly the loop will want to turn! This looks like a nice problem for us to describe
with a torque. We have a force acting at a distance from a pivot. We have a torque

T =rFsiny
We have already used 6, and our torque angle is the angle between r and F', so we
needed a new greek letter. I have used ¢/!7. Then 1) is the angle between 7 and F.

Let’s fill in the details of our total torque. Remember we have two torques, one for
the left hand side, and one for the right and side. Their magnitudes are the same, and
the directions we need to get from yet another right hand rule. Both are in the same
direction so

o= %FI sin (1) + % (Fy) sin (1)
= aFrsin (¥)
Putting in the force magnitude gives
T=ua(IbB)siny

and rearranging lets us see

T = (ab)IBsiny
= (A)IBsiny
where A = ab is the area of our loop. Of course we can write this as
N — —
T=IA X B (25.8)

The torque is the cross product of the area vector and the magnetic field multiplied by
the current.

We did this for a square loop. It turns out that it works for any loop shape.

When things rotate, we expect to use moments. We defined a magnetic dipole moment

17" which is a psi
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Question 223.41.5

for a current loop. Now we can see why it is useful. The magnetic moment tells us
about how much torque we will get for a particular current loop.

N —

Ha=1A
using this we have

—
?Z[_ljd x B

We could envision our loop as a single circle of wire connected to a battery. But we
could just as easily double up the wire. If we do this, what is our torque? Well we
would have twice the force, because we now have twice the current (the current goes
trough both turns of the wire). So now we have

T7=2(A)IBsiny
But why stop there? We could make three loops all together.

7=3(A)IBsiny
or many more, say N loops,

7= NAIBsiny

Thinking of our magnetic dipole moment, we see that
T=Np,Bsiny
for a coil. We could combine the effects of all the loops into one magnetic moment that

represents the coil.

L =NAT (25.9)
then

T = puBsiny
or in cross product form

7= xB (25.10)

Using this total magnetic moment, we can more easily do problems with coils in

magnetic fields.

For example, we found that there was a potential energy associated with spinning
dipoles, for a spinning current loop we also expect a potential energy. We have a simple

formula for this potential energy in terms of the magnetic moment.

U=-7-B (25.11)
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Galvanometer

We finally know enough to understand how to measure a current. The device is called a

galvanometer.

0

In the picture, we see the typical design of a galvanometer. It has a coil of wire (shown
looking at the side of the coil) and a spring. The coil is placed between the ends of a
magnet. When there is a current in the wire, there will be a torque on the coil that will
compress the spring. The amount of torque depends on the current. As the current
increases, the spring is more compressed. A marker (large needle) is attached to the
apparatus. As the spring is compressed, the indicator moves across the scale. Since this

movement is proportional to the current, a galvanometer can easily measure current.

Electric Motors

With our new understanding of torque on a current loop, we should be able to see how
an electric motor works. A current loop is placed in between two magnets to form a
magnetic field. The loop will turn because of the torque due to the B-field. But we have
to get clever. What happens when the loop turns half way around so the current is now

going the opposite way?
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Now the torque switches direction and the loop will come to rest. We don’t want that if
we are building a motor, so we have to switch the current direction every time the loop
turns half way.

Commutator

Brushes S

The way we do this is to have electrical contacts that are [ exible, called brushes. The
brushes contact a metal ring. The metal ring is connected to the loop. But the ring has

two slits cut out of it.

ks
/

\

The ring with slits is called a commutator As the loop turns, the commutator turns,
and when it has turned a half turn, the brushes switch sides. This changes the current
direction, which puts us back at maximum torque.
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[ ¢

This keeps the motor going the same direction.

Basic Equations
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Fundamental Concepts

e Using classical physics, we can’t quite explain a permanent magnet.

e Using a semiclassical model, the permanent magnet’s field is due to spinning
electrons.

e Alignment of the spinning electrons creates what we call magnetism.
e Temporary alignment results in paramagnetism and diamagnetism.
e More permanent alignment yields ferromagnetism.

e A changing magnetic field can create an emf.

Finally, why magnets work
Question 223.42.1

We all would like to know how magnets work. Can a permanent magnet have something

A
NS /i

Well, lets look at the field due to a current loop. It looks a lot like the field due to a
magnet. Could there be current loops inside a bar magnet? The answer is well, sort

to do with current loops?

of... We have electrons that sort of travel around the atom. Suppose the electrons orbit

like planets. Then there would be a current as they travel. For one electron the current
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Question 223.42.2

would be
de
==
T

where T’ is the period of rotation. It is an amount of charge per unit time. We can write

this as "
I= Qe%
and recalling
UV = wr
then
=gt

We can find a magnetic moment (a good review of what we have learned!)
pw = NIA=(1)IA

(0 2
= — (7r
de 27r ( )
qeUtT
2
Physicists often write this in terms of angular momentum. Just to review, angular

momentum is given by

L=1I,w
where I,,, is the moment of inertia. Then
L = IlLhw
(mr?) (<
= mru

so the magnetic moment of the orbiting electron would be

L
p= Lz (26.1)
2m
which gives us a magnetic moment related to the angular momentum of the electron.

Quantum effects

All of this works well for Hydrogen. We find that individual hydrogen atoms do act
like small magnets. But if the hydrogen is in a compound, it is more complicated
because we then have many electrons and they are “orbiting” in different directions. It
is even true that most atoms have many electrons, and within the atom these electrons
[y around in all different directions. The magnetic field due to one electron in the atom
cancels out the magnetic field due to another, so there is no net magnetic field. So in
general there is no net magnetic field. Even for Hydrogen in a compound the overall
magnetic moment of the compound tends to cancel out.
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Further, we know that electrons do not travel like planets in circular orbits. So our
model for magnetism is not really correct yet. To understand the current model of
electron orbitals takes some quantum mechanics (and a few more years of physics). But
we can understand a little, because quantum mechanics does tell us that the electrons
have angular momentum. The big difference is that the angular momentum is quantized
meaning it can have only certain values (think of the quantized modes of an oscillating
string). The smallest magnetic moment for an electron turns out to be

p=12 Qq—;leﬁ (26.2)
where

h= % =1.05x 107* Js

is pronounced “h-bar” and is a constant. We encountered Planck’s constant h before
(h = 6.63 x 1073* Js). This is just Planck’s constant divided by 27. So it would seem
that with only certain values being available the magnetic moments might be more
likely to line up.

But it turns out that even in quantum mechanics, the magnetic moments of the electrons

due to their orbits cancel each other out most of the time.

But there is another contribution to the magnetic moment, this time from the electron,
itself. The electron has an amount of angular momentum. It is as though it spins on an
axis. This spin angular momentum is also quantized. It can take values of

S = i?ﬁ (26.3)

My mental picture of this is a charged ball spinning on an axis.

J Ms

J

The magnetic moment due to spin is

geh
no= =< 26.4
s 2me ( )

This means that electrons, themselves are little magnets. Where does this magnetic
moment come from? Well it is as though the electron is constantly spinning. It is not
really, but this is a semi-classical mental model that we can use to envision the source
of the electron’s magnetic field. The “spinning” electron is charged, so the electron acts
like a miniscule current loop. The electron, itself is a source of the magnetic field for

permanent magnets.
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Question 223.42.3

The spin magnetic moment was given the strange name Bohr magneton in honor of
Niels Bohr. If there are many electrons in the atom, there will be many contributions
to the total atomic magnetic moment. The nucleus also has a magnetic moment (a
detail we will not discuss) and there are other details like electron spin states pairing
up. But those are topics for PH279 and our senior quantum mechanics class. But it
turns out that this spin magnetic moment is the major cause that produces permanent
magnetism. We don’t want to wade though a senior level physics class now (well, you
probably don’t anyway) so we need a more macroscopic description of magnetism. But
fundamentally, if we can get the electrons spins in a material to line up, we will have a

magnet.

Ferromagnetism

Because of the spin magnetic moment, we can see some hope for how a permanent

might work. But these spin magnetic moments are also mostly randomly arranged. So
again, most atoms won’t have an overall magnetic moment. But some atoms do have a
slight net field. They have an odd number of electrons. So the last electron can have an

unbalanced magnetic moment. That atom would act as a magnet

Still, this does not produce much of an effect, because neighboring atoms all are
oriented differently. So neighboring atoms cancel each other out. In a few materials,
though, the atoms within small volumes will align their magnetic moments. These
little domains form small magnets. But still the overall effect is very small because the

domains are all oriented in different directions.

|

If we place these materials in a magnetic field, we can make the domains align, and

then we have something!
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Few materials can do this. The ones that can are called ferromagnetic. Iron is one
material. We can make the domains align, but the alignment decays quickly. That is
why iron objects stick to a magnet, but don’t stick to each other when they are taken
away from the magnet. But if we can force the domains to stay in one direction, say, by
heating the ferromagnetic metal in a magnetic field and letting it cool and form crystals,
then we can make a magnet that will last longer. The magnetic moments will get stuck
all pointing about the same direction as the ferromagnetic metal cools. Some materials

like Cobalt form very long lasting permanent magnets.

Magnetization vector

We now know that each atom of a substance may have a magnetic moment. For a block
of the material, it is useful to think of the magnetic moment per unit volume. We will
call this M. It must be a vector, so that if there is an overall magnetic moment, we have

a magnet! Let’s see how to use this new quantity.

Suppose I have a current carrying wire that produces a field B,. But I also have a
material where M is not zero. Then there must be a a field due to the magnetic material
B,... So the total field will be

B=B,+B, (26.5)
and all we have to do is determine the relationship between B,,, and M.

Solenoid approximation

Lets look at two atoms, We will model them as little current loops, since they have

magnetic moments.
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I

(D@

notice that in between the loops, the currents go opposite directions. We could think of

them as canceling. We get a net current that is to the outside of the loops

Now let’s take many current loops.

again, the inside currents cancel, leaving an overall current along the outside. Now if

we view a material as a stack of such current loops

I

I

I

I

I

I

I

I

we can model a magnetic material like a solenoid! That is great, because we know how
to find the field of a solenoid.

B,

trond
NIA
Fo=pa
I didn’t cancel the As because I want to recognize the numerator as the magnetic
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moment
uw=NIA
SO
B = 'uofiA
but note that A is just the volume of the piece of magnetic material, so
I
By = p,—=
Ho vV
which is gives us our new quantity, the magnetization vector
I
M== 26.6
v (26.6)
well, this is the magnitude, anyway, so
By, = p,M (26.7)
and of course the directions must be the same, since 1, is just a scalar constant
B,, =u,M (26.8)
So the total field is given by
B=B,+pM (26.9)

Magnetic Field Strength (another confusing name)

Sometimes we physicists just can’t let things alone. So when we arrived at the equation
B=B,+,M (26.10)

someone wanted to define a new term

B
= (26.11)
Ho
so we could write the equation
B
B =y, (M—" + M> (26.12)

This new term is given an unfortunate name. The magnetic field strength. It is not the
magnitude of the magnetic field, but is the magnitude divided by the constant x,. It

has it’s own symbol, H. So you may write our total field equation as
B=ypyp,(H+M) (26.13)

You might find this change unnecessary and confusing (I do) but it is tradition to use

this notation, and is not bad once you get used to it.
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Macroscopic properties of magnetic materials

We want a way to describe how “magnetic” different substances are without doing
quantum mechanics. This will allow us to classify materials, and choose the proper
material for whatever experiment or device we are designing.

For many substances we find that the magnetization vector is proportional to the field
strength (which is why field strength hangs around in usage)

M = yH (26.14)

For many materials, this nice linear relationship applies, and we can look up the
constant of proportionality in a table. The name of the constant y is the magnetic
susceptibility.

If  is positive (M is in the same direction as H ), we call the material paramagnetic.
If  is negative (M is in the opposite direction as H), we call the material diamagnetic.

Using this new notation, our total field becomes
B =, (H+M)
B = p, (H+ xH)

B=yu,(1+xH (26.15)
The quantity 1, (1 4 x) is also given a name,
fm = o (14 X) (26.16)

it is called the magnetic permeability. Now you see why 1, is called the permeability
of free space! (the name was not so random after all!). If x = 0 then

Lo = o (26.17)
and this is the case for free space. We can write definitions of paramagnetism and

diamagnetism in terms of the permeability.

Paramagnetic  p,,, > 1,
Diamagnetic ., < i,
Free Space Lo, = o

For paramagnetic and diamagnetic materials, (,,, is usually not too different from

but for ferromagnetic materials f,,, is much larger than f,,.

Note that we have not included ferromagnetic substances in this discussion. That is
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because
M = xyH

is not true for ferromagnetic materials.

Ferromagnetism revisited

But why is ferromagnetism different? To try to understand, let’s take a iron toroid and

Ll
%

5
Iron

Toroi ‘7//&{\7

Field Meter

wrap it with a coil as shown.

We have a magnetic field meter that measures the field inside the windings of the coil.
When we throw the switch, the coil produces a magnetic field. The field will produce a
magnetization vector in the iron toroid and, therefore, a field strength. We can plot the
applied magnetic field vs. the field strength to see how much effect the applied field has
on the magnetic properties of the iron toroid. We won’t do this mathematically, but the

result is shown in the figure.
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As we throw the switch, we go from no alignment of the domains so zero M and
therefore zero induced field in the iron toroid to a value that represents the almost
complete alignment of the magnetic moments of each atom of the iron. This is point a.
It may take a bit of current, but in theory we can always do this. All the domains are
aligned and M is maximum.

Now we reduce the current from our battery, and we find that the field due to the
aligned domains drops as expected, but not along the same path that we started on! We
go from a to b as the current decreases. At point b there is no current, but we still have a
magnetic field in the toroid!

We can even keep going and reverse the field by changing the polarity of our power
supply contacts. Since we still have some field in the toroid, it actually takes some
reverse current to overcome the residual field. But if we apply enough reverse current,
then we get alignment in the other direction. Almost complete alignment is at point d. If
we again reduce the current and find that-once again—it does not retrace the same path!

Each time we align the domains with our applied external field from the coil, the
domains in the iron toroid seem to want to stay aligned. Most do lose alignment, but
some stay put. We have created a weak permanent magnet by placing our ferromagnetic

material in a strong external magnetic field.

This strangely shaped curve is the magnetization curve for the material. The fact that
the path is a strange loop instead of always following the same path is called magnetic
hysteresis. We can see now that the external field (represented by the current I, since

Bestrnar < I) and magnetization don’t behave in a simple relationship like they did for
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diamagnetic or permanganic materials.

The thickness of the area traced by the hysteresis curve depends on the material. It also

represents the energy required to take the material through the hysteresis cycle.

If we add enough thermal energy, it is hard to keep the atomic dipole moments aligned.

The next figure shows this effect.

Paramagnetic

Ferromagnetic

T
Te

At a temperature called the Curie temperature, the material no longer acts ferromagnetic.
It becomes simply paramagnetic. So if we heat up a permanent magnet, we expect

it to lose it’s alignment and therefore to stop being a magnet. This is what happens

to ferromagnetic materials when they are heated due to volcanism. The domains are
destroyed and all the atoms lose alignment. Whey the material cools, the Earth’s
magnetic field acts as an external field and some of the domains will be aligned with
this field. This is how we know that the Earth’s magnetic field switches polarity. We
can see which way the magnetization vector points in the cooled lava deposits from
places like the Mid-Atlantic Trench.

This is also how magnetic tapes and disks work.

Paramagnetism

So what is paramagnetism? It comes from the material having a small natural magnetic
susceptibility.

0<xxl (26.18)
So in the presence of an external magnetic field, you can force the little magnetic
moments to line up. You are competing with thermal motion as we saw in
ferromagnetism, so the effect is usually weak. A rule of thumb for paramagnetism is
that B

M=C T (26.19)
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Meissner
demo

effect

where C' contains the particular material properties of the substance you are
investigating (another thing to look up in tables in books), B, the applied field, and 7" is
the temperature. In other words, if it is cool enough, a paramagnetic material becomes
a magnet in the presence of an external magnetic field. This is a little like polarization
of neutral insulators in the presence of an electric field. For paramagnetic materials, the

induced magnetic field is in the same direction as the external field.

Some examples of paramagnetic materials and their susceptibilities are given below
Material Susceptibility
Tungsten 6.8 x 1075
Aluminium 2.2 x 107°
Sodium 0.72 x 1075

Diamagnetism.

This is fundamentally quite different from paramagnetism. It comes from the material
having paired electrons that orbit the atom (classical model). The magnetic moments of
the electrons will have equal magnitudes, but opposite directions (a little bit of quantum
mechanics to go with our classical model). When the external field is applied, one
electron’s orbit is enhanced by the field, and the other is diminished (think ¢v x B).
So there will be a net magnetic moment. If you think about this for a while, you will
realize that the new net magnetic moment is in the opposite direction of the applied
external field! So diamagnetism will always repel.

There is always some diamagnetism in all mater. We can enhance the effect using a
superconductor. The diamagnetism of the superconductor repeals the external field

entirely! Why does this happen only for superconductors? Well, that will take more
theory to discover (a great topic for our junior level electrodynamics class). But the

phenomena is called the Meissner effect.

Back to the Earth

So now we can see that the Earth is a magnet and we know how magnets are formed.
But wait, why is the Earth a magnet? The real answer is that we don’t know. But we
believe that again it is because of current loops. We believe there is a current of ionized
Nickel and Iron in near the center of the Earth. So the [ow of these charged liquid

metals will create a magnetic field. This is a vary large current loop! The evidence for
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this is that magnetic field seems proportional to the spin rate of the planet. But this is

an area of active research.

It is curious that the magnetic pole and the geographic pole are not in the same place.
The magnetic pole also moves around like a precession. Then, every couple of hundred
thousand years, the polarity of the Earth’s field switches altogether!

There is still plenty of good research to do in this area.

The location of the magnetic pole explains the declination adjustment you have to use
when using a compass. What you are really doing is accounting for the difference in

pole location.

Induced currents

Question 223.42.5

MIT ledit.wmv

We spend most of the last two lectures building a relationship between moving charge
(current) and magnetic fields. But suppose we have moving magnetic fields. Could a
moving magnetic field make a current?

If we think of relative motion, it seems like it should. After all, how do we know that
it is the charge that is moving and not a moving B-field. In fact, moving B-fields do
cause a current. We say that a moving or changing magnetic field induces a current.

Notice that in our movie, the current does not stay constant. As the magnet moves, we
get a spike in current. But it drops back down to zero. When the magnet is taken away,
again we get a spike in current (now the other direction). But again it dies back down.
The current seems to exist only as the field changes, and there is more current where
the field is changing fastest

Faraday discovered this effect. He described it as an induced emf. An emf is something
that “pumps” the charges in the wire. It takes them from a lower to a higher potential so
they can form a current. The changing magnetic field must be “pumping” the charges

as it changes!

What is really going on here? Think for a minute what must be happening.
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High Potential Energy Low Potential Energy
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When we defined the electric potential, we use a capacitor. We found that there was a
field directed from the + charges to the — charges. And in this field, charges had an
amount of potential energy. When a current [ows from the + end of the battery to the
— end. there must be an electric field acting on the charge in the wire! That is what

creates the electric potential. So, then, does a moving magnetic field create an electric
field?

The answer is yes! We say that an electric field is induced by a moving magnetic field.

This is really the same as saying that there is an induced emf for our current loop.

Iron

Current Meter

Battery

Switch

Faraday actually set up his experiment with two coils of wire. One coil was connected

to a battery. We now know this coil will make a magnetic field. As the current starts
[owing the field will form. While it is forming, it will induce an emf in the second coil.

But this is just using an electromagnet instead of a permanent magnet.

To be able to calculate how much current [ows, we will need to investigate changing
magnetic fields. We will do this next lecture with our concept of [ux.
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Basic Equations






27

Fundamental

Motional emf

Induction

Concepts

e Conductors moving in magnetic fields separate charge. creating a potential
difference that we call “motional emf.”

e Motional emfs generate currents, even in solid pieces of conductor. These currents
in conductors are called “eddy currents.”

e Magnetic [ux is found by integrating the dot product of the magnetic field and a
- —
differential element of area over the area. &5 = f A B-dA

Last lecture, we studied Faraday’s experiment. He created a magnetic field, and then
used that magnetic field to make a current. But currents are caused by electric fields!
Did Faraday’s magnetic field create an electric field?

To investigate Faraday’s result, let’s see if we can find a way to use charge motion
and a magnetic field to make an electric field. Let’s take a bar of metal and move it
in a magnetic field. The bar has free charges in it (electrons). We have given them a
velocity. So we expect a magnetic force

Fp=q¢v xB
The free charges will accelerate together, but the positive stationary charges can’t move.
We have found another way to separate charge. We know that separated charge creates
a potential difference. We often call this induced potential difference the motional emf

because it is created by moving our apparatus.

Let’s take an example to see how it works.
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For this example, let’s look at a piece of wire moving in a constant field. To make the
math easy, let’s move the wire with a velocity perpendicular to the B-field.

As the figure shows, the electrons will feel a force. Using our right hand rule, we get an
upward force for positive charge carriers, but we know the electrons are negative charge
carriers, so the force is downward. We find that the magnitude of the force is

Fp =quB

The electrons will bunch up at the bottom of the piece of wire, until their electric force
of repulsion forces them to stop. That force is

Fp=qF
By separating the charges along the wire, we now have and E-field. We can solve for £
when we have reached equilibrium.

YF=0=—-Fp+ Fg

or

qF = quB
which tells us

E=vB (27.1)

Now, we know that electric fields cause potential differences. The E-field in the wire
will be nearly uniform. Then it looks much like a capacitor with separated charges. The

potential difference will be
AV = / E-d¥
EL

Q
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where L is the length of our wire. So

AV ~vBL (27.2)

This is like a battery. The magnetic field is “pumping” charge. If we connected the
two ends somehow with a wire that is not moving, a current will [ow (that is tricky to
actually do!).

P —_ - =B

Let’s take another example. We wish to make a bar of metal move in a B-field. To
make the rest of the circuit, we allow the bar to slide along two wires as shown. We
will call the two wires “rails” since they look a little like railroad rails. Then we have
a connection between our moving piece of metal, and the rest of the circuit. What we

have is very like the circuit on the right hand side of the last figure.

We will have to apply a force F},,,;; to move the bar. This is because there is another
force, marked as F.cs;stive in the figure. This force is one we know, but might not
recognize unless we think about it. We now have a current [ owing through a wire, and
the wire is in a magnetic field. So there will be a force

Fresistive = If X E)
= JILBsin#
= ILB

pushing to the left. This force resists our pull.
From Ohm’s law, the current in the wire will be

A
1= 22

R
vBL

R
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Eddy Currents
Question 223.43.1

Pendulum-loop

Pendulum-plate

Question 223.43.2

Question 223.43.3

so the force is

BL
Fresisti’ue = (vR ) LB

vB2L?
R

Thus we have to push with an equal force

Fpush = Fresistive
to keep the bar moving along the rails. If F},,5p < Fresistive then the bar will have an
acceleration, and it will be in the opposite direction from the velocity, so the bar will

slow down.

So if we have a conductive loop and part of that loop moves in a magnetic field, we get
a current. I chose to make our apparatus a pendulum.
T T—

Bidirectional
Diode

& Jxxxx
_/XX)(X
XXK‘B

So as the pendulum swings, through the magnetic field, we get a current. What if we
have a solid sheet of conductor and we move that sheet through the magnetic field, will

there be a current?

X X X X
X X X X

X X X X
B

The answer is yes. We call this current an eddy current. Let’s see that this must be true

with another experiment.Let’s cut groves in the plate.
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e

X X X X

X X X X

XX XX g
Al plate and strong The current is broken by the grooves, so there is little opposing magnetic fieldThis
magnets effect due to the eddy currents is often used to slow down machines. Rotating blades,
Floating Plate and even trains use this effect to provide breaking.
Demo

Magnetic [ux

Remember long ago we defined the electric [ux.
Area=A

>

E

=
\-:..{

-

~

[1.LL
|

Recall that the electric [ux is given by
bp = E-A

But we now have a magnetic field.
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Area = A
B
We define a magnetic [ux
- —
dp=B-A (27.3)
Area = A
B
8 .
<
dp = BAcos (27.4)

— —
where 0 is the angle between B and A.
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Area=A

We found that the electric [ux was very useful. We used Gauss’ law to find fields using
the idea of electric [ux. It turns out that this magnetic [ux is also a very useful idea.
There is a difference, though. With electric [uxes, we had imaginary areas that the field
penetrated. Often when we measure magnetic [ux, we actually have something at the
location of our area. We generally want to know the [ux through a wire loop.

Just like with electric [ux, we expect the [ux to be proportional to the number of field
lines that pass through the area.

Non uniform magnetic fields

So far in this lecture we have only drawn uniform magnetic fields and considered their
[ux. But we can easily imagine a non-uniform field. We tackled non-uniform electric
field [uxes. We should take on non-uniform magnetic field [uxes as well. Suppose we
have the situation shown in the following figure.

X B X X X X
X X
X X
X dA X X
X X X X
X X X
X X
X X
X X X X X

We have a loop of wire, and the loop is in a [ux that changes from left to right.

To find the [ux through such a loop of wire, we can envision a small element of area,
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dA as shown. The [ux through this area element is

— —
dbp=B-dA
We can integrate this to find the total [ux
— —
op = / B-dA
A

27.5)

But what could make such a varying B-field? Consider a long straight wire again.

—
1
Bo o o o o X X X
@ o X
o} © @ 0 X |
®
Q O] X
(0] 10 Q (0] X
°© 5 4
© 0 o o o X 4
- rO >:< .................. - a ')i

We know that the field due to the current-carrying wire will be
g Pl
27y

where r is the distance from the wire and the direction is given by one of our right hand

rules.
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Question 223.43.4 The [ux through the green rectangular area is almost constant. The little area is given
Question 223.43.5 by
dA = dydr
The area is perpendicular to the field, so the angle between B and A is 90 °. Then
ol
ddp = —=bdr (1
B= o r(1)

and we can integrate this to find the total [ux

r=a b
tol
@ =
B /ro /O 2mr

Ib [Tt 1
= MO—/ —dr
2/, T

_ “;f b (in(ry + a) — In (ry))

oI (ro—l—a)
= —In

dydr

o

2 T

We can even put in some numbers for this case. Suppose our loop has a height of
b = 0.05m and a width of ¢ = 0.01 m and that it is a distance 7, = a away from the

current carrying wire and that the current is / = 0.5 A. Then
(47 x 107 7L2) (0.5 A) (0.05 m) n <0.01 m + 0.01 m)

o
B o 0.0l m

= 3.4657 x 1077 Wb
the unit of magnetic [ux is called the weber and it is given by :
m? kg

— 2 _
Wh=Tm’ = —-—

We know now how to calculate magnetic [ux, but you should expect that we can do
something with this [uix to simplify problems. And your expectation would be right.
We used electric [ux in Gauss’ law. We will use magnetic [ux to find the induced emf.
An induced emf can create a current, and this is the basic idea behind a generator. The
law that governs this relationship between induced emf and magnetic [ux is called
Faraday’s law after the scientist that discovered it. We will study this law in our next
lecture.

Basic Equations
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Fundamental Concepts

Question 223.44.1
Question 223.44.2
Question 223.44.3

We talked about an induced electric field created by a magnetic field last lecture. We
want to formalize that relationship in this lecture. Let’s go back to our motional emf
problem.

—_
/
We have a sliding bar, and a u-shaped conductor and a magnetic field. The moving bar
makes the current [ow. But now we know another way to express this. We can see that
there is a magnetic [ux through the loop consisting of the u-shaped conductor and the
sliding bar. This [ux going through the loop is changing. The area is getting larger,
so the amount of field going through the loop is increasing. We can say the induced
current is due to the changing loop area in the presence of the magnetic field, or a

changing magnetic [ux.

An important thing we learned is that the moving bar feels a resistive force due to the
current and magnetic field. It seems like the magnetic field and current are resisting any
change in our set up. We will see in this lecture that this is true in general.

It turns out that there is more than one way to cause an induced current. Any change
in the magnetic [ux is found to make a current [ ow. Remember in class we found that
putting a magnet into or pulling the magnet out of a coil makes a current. In this case,
the strength of the magnetic field changes, so the [ax changes. Really any change in
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magnetic [ux makes a current [ow.

Fundamental Concepts in the Lecture

e Changing magnetic [ux makes an electric field—which has an associated potential
difference or emf.

e The current caused by the induced emf travels in the direction that creates a
magnetic field with [ux opposing the change in the original [ux through the circuit.

e The emf (potential difference) generated by a changing magnetic field is given by
£E=-N AftB

Lenz

What we are saying is that if we change the magnetic [ux through a loop, we will get a
current. The direction of current [‘ow is not obvious. Lenz experimentally determined

which way it will go. Here is his rule

The current caused by the induced emf travels in the direction that creates a magnetic
field with [ux opposing the change in the original [1x through the circuit.

This takes a moment to digest. Let’s take an example
Z

wo]|
Jer

Consider the case shown in the picture. Suppose the B-field gets smaller in time. If
that is the case, then the induced current will try to keep the same number of field lines
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going through the loop. To do this, it will have to add field lines, because our field that

is getting smaller will have fewer and fewer field lines. So in this case, the induced field
Bi,.q will be in the same direction as B to try to keep the number of field lines the same.
We find the current using our current-carrying wire right hand rule for magnetism. We

imagine grabbing the wire such that our fingers curl into the loop the way Bina goes

through the loop. Then our thumb is in the direction of the current.

In our motional emf problem, the sliding bar in the magnetic field creates a potential

difference, AV. It becomes an emf. We can use the symbol £ for our emf.

But then in considering Lenz’s law, it was experimentally found that any change in [uix

causes a current. Then any change in [ux must create an emf.

/
In this case the area is getting larger, and so the [ux is getting larger. The induced
current will oppose the change. So the induced magnetic field should go up through the
center of the loop. Imagine sticking your fingers through the loop out of the page, then
grabbing the loop (fingers still out of the page in the inside of the loop). Anywhere you
grab the wire, your thumb is in the induced current direction.

Faraday’s law of Magnetic Induction

Faraday wrote an equation to describe the emf that was given by changing a B-field. It
combines what we know about magnetic [ux and current from Lenz’s law. Faraday did

not know the source of the emf, it is a purely empirical equation. Here it is
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Question 223.44.12

223.44.17

Question

Adp

E=—N—r

(28.1)

The N is the number of turns in the coil (remember he used a coil, not just one loop).
d® g is the change in the magnetic [ux. Our definition of magnetic [ux is

— —
op = / B -dA

but for simple open surfaces we can gain some insight by writing the [ux as
dp = BAcosl

Then the induced emf would be given by
E—_N (B2Az cosfy — By Ajcosb)

At
and we see that we get an emf if B, A, or # change. We can write this as a differential

(28.2)

if we let At get very small.
N d®p

£ = = 28.3
7 (28.3)
. g - . .
Suppose we have a simple [ux ®5 = B - A, then for this simple case
d /1= —
£ = —-NZ (B : A)
dt

~ ~N(B-2R4x.48

B dt dt
The first term shows our motional emf case. The area is changing in time. But the
second term shows that if the field changes, we get an emf. This is the moving magnet

in the coil case.

There are some great applications of induced emfs, from another design for circuit

breakers to electric guitar pickups!

Return to Lenz’s law

Remember that Lenz’s law says the current caused by the induced emf travels in the
direction that creates a magnetic field with [ux opposing the change in the original [ux
through the circuit. What if the current went the other way?

If that happened, then we could set up our bar on the rails, and give it a push to the
right. With the current going down instead of up (for positive charge carriers) then we
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would have a force on our bar-like segment of wire

F; = BILsin¢
here sin¢ = 1 so

Fr=BIL

It will be directed to the right. So the bar would accelerate to the right. That would
increase the size of the loop, increasing the current. That would increase the force to
the right, and our bar would soon zip off at amazing speed. But that does not happen. It
would take ever more energy to make the bar go faster, with no input energy. So this
would violate conservation of energy. Really Lenz’s law just gives us conservation of

energy again.

Pulling a loop from a magnetic field.

Let’s try a problem. Suppose we have a wire loop. The loop is rectangular, with side
lengths ¢ and x. Further suppose that the loop is in a region with magnetic field, but that
it is on the edge of that field, so that if we pull it to the right, it will leave the field.

¢

let’s see if we can find the induced emf and current.

The Magnetic [ux through the loop is changing. We can find an expression for the [ux

=B -A
or in this case
dp = Blx
We know the emf from Faraday’s law
g= N2z

dt



372 Chapter 28 Faraday and Lenz

then J
E=—-() T (Blx)

The field is not changing strength, and the length ¢ is not changing. But along the x
side, we are losing field. Remember that A in our [ux equation is the area that actually
has field and we have less area that has field all the time. We can see that

E=-() % (Blx) = —Béi—j = —DBlv
where v is the speed at which we are pulling the wire loop. That is the speed at which
our [ux changes.

We can use Ohm’s law to find the current,
AV &
I = — = —
R R
_ Bt
R

We could ask, how much work does it take to pull the wire out of the field? This is like

or
1

our capacitor problem where we pulled a dielectric out of the middle of the capacitor.

The net force on the loop is not zero, because the field is no longer uniform. The right
hand side of the loop is outside the field, and the left hand side is not. Of course, the top
and bottom of the loop have opposite forces that balance each other. So the net force is
due to the left hand side of the loop. Recall that

F=ILxB
We can see that in this case [ is upward, and B is into the page. So there is a force to
the left resisting our change [ux. We must pull to overcome this force. The magnitude
of this force is

F=1I/B
and we know I so B B2
v v
F=—/B=
R R

Now we need to find the work done.

Wz/Fdx

or, since our force will be constant,

W:F/d:c

which is not a hard integral to do. But instead of performing the integral, let’s look at
the integrand.
dW = Fdx
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if we divide both sides of our equation by dt we have

W e
b dt
we know that P = dW/dt and ‘fi—"t” = v and so we can write our equation as
P = Fuv
B20?v?
R

which is how much power the magnetic field force provides in resisting. We must

provide and equal power to move the loop. It will take time

At:%
v

to pull the loop a distance Ax. If we define our coordinates such that x; = 0 then to
pull out the loop, we will write this time as
At=12
v
so the work is
W = PAt
B2(?y? z
R w
B%zv
R

Incidentally, we learned from our demonstrations that induced currents can take energy
out of a system, creating heat energy. From Ohm’s law the power lost due to resistive
heating would be

P = I’R

Blv\?
_ (7) R
B20%y?

R
which is just the power we had to provide to make our loop move. So our work has

moved the loop and heated up the wire.

We have created a current in a wire. This is the first step in building a generator. It cost
us work to do this. In the next lecture, we will tackle more practical design and build
generators and transformers. Then we will pause to think philosophically about what it
means that a changing magnetic [ux creates an electric field.

Basic Equations
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Fundamental Concepts

e Changing the commutator for slip rings makes a motor into a Generators

e Using alternating current, we can build an inductive device that can change from
one voltage to another. This device is called a transformer.

e A more general form of Faraday’s law is [ E - ds = fdfi}%

Generators
Question 223.45.1

Whether you are just plugging in an appliance, or preparing for an emergency, you
likely would think of a generator as a source of electrical energy. Our studies so far
have strongly hinted on how we would build an electric generator. In this lecture, we

will fill in the details.

Slip rings

Brushes

We can learn a lot by studying this device as an example. The figure shows the
important parts of the generator (and a light bulb, which is not an important part of a
generator, but just represents some device that will use the electrical current we make).
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Question 223.45.2

The generator has at least one magnet. In the figure, there is one with a north end on
the left and a south end on the right. A generator also has a wire loop. Usually in real
generators, there are thousands of turns of wire forming the loop. In our picture, there is
just one. The wire loop is connected to two metal rings. The rings will turn as the loop
turns. Metal contacts (brushes) that can slip along the rings, but maintain an electrical
connection, are placed on the rings. So as the rings turn, current can still “ow through
the connected wires (to the light bulb in this case).

This should look familiar. This is the same basic setup as the motor, with a few
exceptions. An important exception is that the commutator has been replaced by the
set of rings. We will call these ring contacts s/ip rings because the wires can slip
along them while still maintaining electrical contact because of the brushes. We have a
current loop in a (nearly) uniform, constant field. If I look from the slip ring side of the
loop, I have the same geometry we had before when we considered motors. This time I
want to consider doing work to turn the loop, and find the induced emf in the loop. We
start with Faraday’s law

dd
£= _N—dtB (29.1)
since in our special case we only have one loop, this is just
ddp
E=—— 29.2
7 (29.2)

Here is a the view looking at the cross section of the loop facing toward the slip rings.
|
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Let’s consider the [ax through the loop. The definition we have for [ux is
o5 = B-A
= BAcosf
= BApy,

where 6 is the angle between the loop area vector and the magnetic field direction.

I want to write the [uix in terms of the lengths of the wire. When the loop is standing up
straight along the y-direction the projected area is just the area
A=ta
Then the projected area is
Aproj = Lacos
Let’s check to make sure this works. When the loop is standing up straight along the
y-direction § = 0°, and cosf = 1 so
A ., max = lacost = la

so this works.

To find the emf generated, I need
_dop
dt
and only the projected area is changing (really, only the angle is changing). So
dPp dApro;
E=— —_B proj
dt dt

We realize that f must change in time. We remember from PH 121 or Dynamics that

we can use 6 = wt where w is the angular speed of the rotating loop. Then
Aproj = Lacoswt
and
d
&= = —Baﬂacoswt
We recognize that 6 changes as the loop turns Since B is not changing, the change in

[ux per unit time is just B times the change in area with time.

€ = Blawsin (wt)
Look at what we got! it is a sinusoidal emf. This will make a sinusoidal current!

&
I = —
R
Blaw sin (wt)
R
for a circuit. Our emf looks like

E = Emax sin (wt) (29.3)
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where
(29.4)
Here is a plot of the function

EMF_max |

Of course this sinusoidal emf will create what we call an alternating current. This is
how the current in the outlets in your house is generated.

Of course, our generator only has one coil. Actual generators have multiple coils.

Fru. 1.—Series=wound generntor,

Double Armature Generator (Public Domain Image)

and we need a source of work to turn the generator. A water turbine is an example,
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Generator
=

Turbine Blades

Water Turbine driven Generator (Public Domain Image courtesy U.S. Army Corps of
Engineers)
or for emergencies, you might have a gasoline powered generator, or in a nuclear
reactor you might have a steam driven generator. Still, the basic idea of a wire loop
moving relative to a magnetic field is common to all electric generators.

DC current from a generator

We can also make a non-alternating current with a generator, but we have to get tricky
to do it. We use the same idea we used to make a motor. We cut slots in the slip rings,
so the current will switch directions every half turn. We get a kind of poor quality
current from this because the emf still varies a lot.

EMF_max |

Clever engineers design generators for non-alternating or direct current generators by
overlapping several current loops at different angles. Each loop has it’s own cut slip
rings. The combined currents smooth out the ripples we see in the previous figure. For
semiconductor devices, special circuits are used to make the current very smooth.
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Back emf

We can see that a motor is a DC generator run backwards. I just want to mention that
when we talk about motors, we have to realize that as we send current into the motor
coils, there will be an induced emf that will try to maintain the existing [ux as the
motor’s loops turn. This emf will be in the opposite direction of the applied current!
So it reduces the amount of work the motor can do. This is like the resistive force we
encountered when we pulled a loop from a magnetic field last lecture. This resistive

force is called the hack emf and must be accounted for in motor design.

Transformers (not the movie)

Question 223.45.3

The power comes into our houses at about 120V. Your iPhone probably requires 3 V
to 5 V. How do we get the voltage we want out of what the power company delivers?
You know the answer is to plug in your phone using a special adaptor. Lets see how it

works.

Let’s consider Faraday’s law again. We know that

dd
E=AV(t)=-N n
Suppose we use Faraday’s idea and hook two coils up next to each other.
W, WV,
Iron Core ~
bt
< - <L - .
\ C-""" Switch
< P =T
L
\ d_,,,.----
> | "
] R
Alternating N1 N2
Current Source

One side we will hook to an alternating emf. We will call this side coil 1. The other
side we will hook a second coil with some resistive load like a light bulb. We will call
this coil 2.The iron core keeps the magnetic field inside, so the [ux through coil 1 ends
up going through coil 2. (think of all the little domains in the iron lining up along the
field lines, and enhancing the field lines with their own induced fields).

The alternating potential from the source will create a change in [ux in coil 1.
dd,

AVy = —N;—
Vi 7
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if little [Cux is lost in the iron, then we will retrieve most of the [ux in coil 2 and an emf

will be induced in the resister (light bulb in our case).

dd,
AV, = —N.
dt
we just convinced ourselves that
a0, d0
dt "~ dt
so we can solve each equation for the change in [11x term, and set them equal.
AV, dh
Ny dt
AV, d®,
N, — dt
so we have AV AV
1 2
—_— = 29.5
NN, (29.5)
If we solve for AV, we can find the emf in coil 2.
N.
2ZAV; = AV, (29.6)
Ny
Question 223.45.4 You have probably already guessed how we make AV, to be some emf amount we

want. We take, say, our wall current that has a value!® of AV; = 120 V. We pass
it through this device we have built. We design the device so that & AVl gives just
the potential that we want for AV5. If we want a lower emf, say 12 V, then we make
% =0.1s0

—AV1 =0.1(120V) =12V (29.7)
This is part of what the wall adaptor does. Usually wall adapters also have some

circuitry to make the alternating current into direct current.

Note that there is a cost to doing this. The power must be the same on both sides (or a
little less on side 2). So

Pa'u - Il,rmsAvl,rms - IQ,rmsAV2,TmS

We can change the emf, but it will effect our ability to supply current.

This device is called a transformer. Real transformers do lose power. Some loss is
due to the fact that not all the B-field from coil 1 makes it inside coil 2. But real

Question 223.45.5 transformers are not too bad with efficiencies ranging from 90% to 99%.

Induced Electric Fields

Consider again a magnetic field and a moving charge. If the field changes, the [ux

18 Really this should be an rms voltage, but we have not studied alternating current yet, so for now we will

just call it a voltage.
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changes. Say, for example, that the field is increasing in strength.

The charge will move in a circle within the wire. We now understand that this is

because we have induced an emf. But think again about a battery.

The battery makes an electric field inside a wire. Recall this figure

++ E +4+ 4

This is really interesting. We now have a hint at how wireless chargers might work (we
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will return to this later). But now let’s ask ourselves, do we need the wire there for this
electric field to happen? Of course, the force on the charge is the same if there is no
wire, so the E-field must be there whether or not there is a wire.

B X X — X X X

v "

X X X X

r
)d.__X_X_ X Xa X

X X X X X X
2% >
X X X X X
e
Question 223.45.6 In fact, the electric field is there in every place the magnetic field exists so long as the

Question 223.45.7 magnetic field continues to increase.

B X X =X X X

E\( e
X L. X, TR OX

This is quite a profound statement. We have said that a changing magnetic field creates
an electric field. Before, only charges could create electric fields, but in this case, the

magnetic field is creating the electric field. Of course, we know that moving charges are
making the magnetic field, so it is not totally surprising that the fields would be related.

This electric field is just like a field produced by charges in that it exerts a force
F=qF

on a charge g,. But the electric field source is now very different.
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Relationship between induced fields

It would be nice to have a relationship between the changing B-field and the E-field
Question 223.45.8 that is created. It would be good to obtain the most general relationship we can that

relates the electric field to the magnetic field. By understanding this relationship, we

can hope to gain insight into how to build things, and into how the universe works.

Let’s start with a thought experiment.

Suppose we have a uniform but time varying magnetic field into the paper. In this field,
we have a conducting ring. If the field strength is increasing, then the charges in the
conducting loop shown will feel an induced emf, and they will form a current that is

tangent to the ring.

Let’s find the work required to move a charge once around the loop. The amount of

potential energy difference is equal to the work done, so

|AU| = [W]
but in terms of the electric potential this is

AU = qAV = g€

)

(W[ = |¢€]
Now let’s do this another way. Let’s use

W= / F.ds
The force making the current move is due to the induced potential difference. This is
just
F =qF
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which will not change as we go around the loop. The path will be along the loop, so
W = Fds
loop
and since the E-field is uniform in space at any given time as we travel around the loop,
W=F / ds = qE27r
loop

So we have two expressions for the work. Let’s set them equal to each other

q€ = qE2nr
The electric field is then e
—=F (29.8)
2mr
but 5D
£=-N—2ZL
dt
)
—N ddp
FE = ————
27 dt
7
T 27r dt

So if we know how our B-field varies in time, we can find the F-field that the changing

B-field induces. Let’s rewrite this one more time

dd
2mrE = ——2
wr dt

Since the E-field is constant in as we go around the loop, we can recognize the LHS as
= g—

2nrE= | E -ds

which should be little surprise, since we found

= =

AV = [ E-ds

to be our basic definition of the electric potential. So
e g— d®p
E-ds=——

dt
This is a more general form of Faraday’s law of induction.

(29.9)

This electric field is fundamentally different than the E-fields we studied before. It is
not a static field. If it were, then [ E - d's would be zero around a ring of current.
Think of Kirchhoft’s loop rule. Around a closed loop AV = 0 normally. Then

= .
AV = / E -ds=0 no magnetic field

But since [ E ds # 0 for our induced F-field, we must recognize that this field is
different from those made by static charges. We call this field that does not return the
charge to the same energy state on traversing the loop a nonconservative field. 1t is still

just an electric field, but we are gaining energy from the magnetic field, so AV around
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the loop is not zero.

The equation

- =

E-ds=—— (29.10)
is the most general form of Faraday’s equation, but it is hard to use in calculation for
normal circuits where there is no magnetic field or where the fields are weak. So we
won’t use it as we design normal circuits (we will use the idea of inductance instead,
which we will soon study). But it plays a large part in the electromagnetic theory of
optics (PH375). We will just get a taste of this here.

Electromagnetic waves

Question 223.45.9

Question 223.45.10

Let’s return to the idea that a changing magnetic field makes an electric field.
X X X X X

x/x %‘x.&x

Induced E-Field

X X x4 X

X X X XA X X
EN,, o Z
X X X X X
o
But what about a changing electric field?
: X K> X X

Changing E-Field /HX / e \ X

y \x % x

For the electric and magnetic field equations to be symmetric, the changing electric

field must create a magnetic field. There is no requirement that the universe display
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such symmetry, but we have found that it usually does. Indeed, a changing electric field

creates a magnetic field.

This foreshadows our final study of light. We learned earlier that light is an
electromagnetic wave. What this means is that light is a wave in both the electric and
magnetic fields.

Maxwell first predicted that such a wave could exist. The electric field of the wave
changes in time like a sinusoid. But this change will produce a magnetic field that will
also change in time. This changing magnetic field recreates the electric field—which
recreates the magnetic field, etc. Thus the electromagnetic wave is self-sustaining. It
can break off from the charges that create it and keep going forever because the electric
field and magnetic field of the wave create each other. You often see the electromagnetic

wave drawn like this:

Where you can see the electric and magnetic fields being created and recreated to make

the wave self sustaining.

This is a direct result of Maxwell’s study of electromagnetic field theory. Our more
complete version of Faraday’s law is one of the fundamental equations describing

electromagnetic waves known as Maxwell’s Equations.

/E’.d?:_d(}i
dt

You might guess that the symmetry we have observed would give another similar
equation relating the magnetic field and the electric [ux.

B.-ds =+—=
/ S + at

and we will find that this is true! But we have yet to show that is so. Note that [ B.d¥

/_B>-d§>= ol

shows up in Ampere’s law,
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so this last equation is not complete, but we are guessing that there is also the possibility
of an induced magnetic field from a changing electric field, so we can predict that we

need to modify Ampere’s law to be

B-ds=pup,l+——
/ s = p,d + a

but again we will have to show this later.

In the next lecture, we will take a break from this deep theoretical discussion, and learn

how to use induction to make useful circuit devices.

Basic Equations
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Inductors

Fundamental Concepts

Self Inductance
Question 223.46.1

e The self inductance L has all the geometric and material properties of a coil or other
inductor an it can be found using L = N ‘%{1

e The emf induced by an inductor is given by £ = —L%
e For a solenoid, the inductance can be found to be L = u,n?V

e The energy stored in the magnetic field is Uy, = %L[ 2 and the energy density in the
magnetic field is up = %MLBQ

o There is an apparent voltage drop across an inductor of AV, .. = —L%
e There is also a mutual inductance between two inductors given by My, = & 2;?”

When we put capacitors and resisters in a circuit, we found that the current did not
jump to it’s ultimate current value all at once. There was a time dependence. But really,
even if we just have a resister (and we always have some resistance) the current does
not reach it’s full value instantaneously. Think of our circuits, they are current loops!
So as the current starts to Low, Lenz’s law tells us that there will be an induced emf that
will oppose the [ow. The potential drop across the resister in a simple battery-resister

circuit is the potential drop due to the battery emf, minus the induced emf.

We can use this fact to control current in circuits. To see how, we can study a new case
B
-
— — g
‘_’/”_— _-h-___‘_‘_‘_‘_kh-

I {1

Let’s take a coil of wire wound around an iron cylindrical core. We start with a current

as shown in the figure above. Using our right hand rule we can find the direction of the
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Question 223.46.2

B-field. But we now will allow the current to change. As it gets larger, we know

ddy
=_-N_Z
£ dt

and we know that as the current changes, the magnitude of the B-field will change, so
the [ux through the coil will change. We will have an induced emf. We could derive
this expression, but I think you can see that the induced emf is proportional to the rate

of change of the current.
Al

At

You might ask if the number of loops in the coil matters. The answer is—yes. Does the

size and shape of the coil matter—yes. But we will include all these geometrical effects
in the constant L called the inductance. It will hold all the material properties of the

iron cored coil.

ddp dl
E=-N—=-L—
dt L dt
so for this case
Ay di _
dt dI —
or 4D
L=N—2
I

If we start with no current (so no [11x), then our change in [ux is the current [ux minus

zero. We can then say that

Op
L=N—
I
It might be more useful to write the inductance as
Er
L= —a
dt

In designing circuits, we will usually just look up the inductance of the device we
choose, like we looked up the resistance of resisters or the capacitance of the capacitors

WE use€.

But for our special case of a simple coil, we can calculate the inductance, because we
know the induced emf using Faraday’s law

Inductance of a solenoid’’

Let’s extend our calculation for our coil. Really the only easy case we can do is that of a

19 Think of this like the special case of a capacitor made from two [at large plates, the parallel plate

capacitor. It was somewhat ideal in the way we treated it. Our treatment of the special case of a coil will
likewise be somewhat ideal.
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solenoid (that’s probably a hint for the test). So let’s do it! We will just fill our solenoid

with air instead of iron (if we have iron, we have to take into account the magnetization,

so it is not terribly hard, but this is not what we want to concentrate on now). If the

solenoid has NV turns with length L. and we assume that L is much bigger than the

radius r of the loops then we can use our solution for the B-field created by a solenoid
B = p.nl

N
Ry
Ho

The [ux through each turn is then
N
dp = BA = ;LO?I A

where A is the area of one of the solenoid loops. Then we use our equation for
inductance for a coil

Dp
N=-E

1

N
— N (MOTIA)
I
(1, N?A)
14
(1, N?A)
14

Uy N2 AL

72
1o N2V

02
= pen’V

L =

¢
‘

where we used the fact that the volume of the solenoid is V' = A/.

Many inductors built for use in electronics are just this, air filled solenoids. So this

really is a somewhat practical solution.

Energy in a Magnetic Field
Question 223.46.3

An inductor, like a capacitor, stores energy in it’s field. We would like to know how
much energy an inductor can store. From basic circuit theory we know the power in a
circuit will be

P=IAV
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If we just have an inductor, then the power removed from the circuit is
Peir = IAV =1E

= —LI—
As with a resistor, we are taking power from the circuit so the result is negative. But
unlike a resistor, this power is not being dissipated as heat. It is going into the magnetic

field of the inductor. Therefore, we expect the power stored in the inductor field to be
dI
Pr = —Peir = LIE
Power is the time rate of change of energy , so we can write this power delivered to the

inductor as

dur, dl

ke CRY o Sl

L . dt dt
Multiplying by dt gives

dUr, = LIdI

To find the total energy stored in the inductor we must integrate over /.

U, = /dUL
I
= /LIdI
0
I
= L/ IdI
0

1
= -LI’
2

Thus, .
Uy = 51:[2
is the energy stored in the magnetic field of the inductor.

Suppose we have an inductor L = 30.0 x 1073 H. Plotting shows us the dependence of
U L on I.
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0.1 T

0.0 f T

— L

We should take a moment to see how our inductor compares to a capacitor as an energy

storage device. The energy stored in the electric field of a capacitor
1
Up=5L (I)?
1
Uo =5C (AV)?

Notice that Remarkable similarity!

Energy Density in the magnetic field

We found that there was energy stored in the electric field of a capacitor. Is the energy
stored in the inductor really stored in the magnetic field of the inductor? We believe
that this is just the case, the energy, Uy, is stored in the field. We would like to have an
expression for the density of the energy in the field.

To see this, let’s start with the inductance of a solenoid.

L = p,n?Al
The magnetic field is given by
B = pu,nl
then the energy in the field is given by
1
Up = 5LI2

1
= 5p0n2A€I2
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If we rearrange this, we can see the solenoid field is found in the expression twice

Up = % (pon) AKZ—ZTLI
L

= —BAl

241,
and the energy density is

T

= liBQ
2

Just like our energy density for the electric field, we derived this for a specific case, a
solenoid. But this expression is general. We should compare to the energy density in
the electric field.

1
Ugp = §€oE2
Again, note the similarity!

Oscillations in an LC Circuit

We introduce a new circuit symbol for inductors

It looks like a coil, for obvious reasons. We can place this new circuit element in a
circuit. But what will it do? To investigate this, let’s start with a simple case, a circuit
with a charged capacitor and an inductor and nothing else.

L

Let us make two unrealistic assumptions (we will relax these assumptions later).

Assumption 1: There is no resistance in our LC circuit.
Assumption 2: There is no radiation emitted from the circuit.

Given these two assumptions, there is no mechanism for energy to escape the circuit.
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Energy must be conserved. Can we describe the charge on the capacitor, the current,
and the energy as a function of time?

It may pay off to recall some details of oscillators. Energy of the Simple Harmonic Os-
cillator

Remember from Dynamics or PH121 that a mass-spring system will oscillate. The
mass has kinetic energy because the mass is moving

1
K = —mv?

(30.1)
for our Simple Harmonic Oscillator we knogv that the position of the mass as a function
of time is given by

2 (t) = Zmax cos (wt + @)
and the speed as a function of time is
v (t) = —WTmax sin (Wt + @)

then the kinetic energy as a function of time is

K = %m (—Wmax sin (wt + ¢))°
= %mszfnax sin? (wt + ¢)
= %mExfnax sin? (wt + ¢)
= %kxilax sin? (wt + ¢)
The spring has potential energy given by

1
U= 5/«& (30.2)
For our mechanical oscillator the potential as a function of time is

1
U= §kxl2nax cos? (wt + ¢)
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The total energy is given by

EF = K+U
1 1
ka?,. sin (wt + ¢) + §kx,2nax cos? (wt + ¢)

2
1
- 5k::z:?nax (sin® (wt + ¢) + cos® (wt + @)
1
= —ka?

2 max

If we plot the kinetic and potential energies it looks like this

We can see that the total energy won’t change, and the energy switches back and forth
from kinetic to potential as the mass moves back and forth. If we plot the kinetic and

potential energy at points along the mass’ path we get something like this.
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Question 223.46.6

One of the important uses of an inductor is to create electrical oscillations. Having
recalled what oscillations look like, we can see that a LC circuit will have an oscillating

current.

here is our circuit again.

We will start with the switch open the capacitor charged to its maximum value Q) ax-
For t > 0 the switch is closed. Recall that the energy stored in the capacitor is

_ Q7
Vo =56



398 Chapter 30 Inductors

and the energy stored in the inductor is

Uy = %IQL
The total energy (because of our assumptions) is
U = Ucs+Ug
2 1 )
= % + 5[ L
The change in energy over time must be zero (again because of our assumptions) so
we_
da
d (Q*> 1,
= —|—=+=I°L
di (20 3 )
QdQ dl
= ——+LI—
ca M
We recall that
;42
- dt
Q (dQ dl
= == LI—
0= ol\a) M
Q dI
0 = =)+ LI—
cTLlg
aQ
o, (%)
0 = =I+LI———=
oM
Q , ,d’Q
0 = =+L—~
c T hae
or
£Q__Q
2 LC

This is a differential equation that we recognize from M316. It looks just like the

differential equation for oscillatory motion! We try a solution of the form
Q = Acos (wt + ¢)

then J
aQ _ —Awsin (wt + ¢)
dt
and 20
Z X Aw? cos
s w” cos (wt + @)
thus )
Aw? cos (Wt + ¢) = _EA cos (wt + @)
This is indeed a solution if )



Energy in a Magnetic Field 399

When cos (wt + ¢) = 1, Q = Qumax, thus
Q = Qmax cos (Wt + @)

Now recall,
4Q
dt

d
= = (Qmax €08 (Wt + ¢))
= —wWQmax sin (wt + @)

We would like to determine ¢. We use the initial conditions ¢ = 0, I = 0 and
@ = Qmax- Then

0 = —wQmax sin (@)
This is true for ¢ = 0. Then
Q = Qmaxcos(wt)
I = —wQmaxsin (wt)

=  —Ipaxsin (wt)

We can use the solution for the charge on the capacitor and the current in the inductor
as a function of time to expand our energy equation
U = Us+Ug
G + lrp
2
L o 2 Lo oo
3¢ @imax €08 (wt) + §Ll’max sin® (wt)
This looks a lot like our kinetic and potential energy equation for a mass-spring system.
The energy shifts from the capacitor to the inductor and back like energy shifted from
kinetic to potential energy for our mass-spring, with the components out of phase by
90 °. By energy conservation, we know that
5GP = 50
that is, the maximum energy in the capacitor equals the maximum energy in the

inductor. Then the total energy
1 1
U = %Qfmx cos? (wt) + §L‘[12nax sin? (wt)

1 1
= %anax C082 (Wt> + % Iznax Sil’l2 (wt)

2
max

2C
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which must be the case if energy is conserved. We can plot the capacitor and inductor

energies at points in time as the current switches back and forth.

After Halliday and Resnick Figure 35-1

This is very much like our harmonic oscillator picture. We can see that we have, indeed

made an electronic oscillator.

This type of circuit is a major component of radios which need a local oscillatory circuit

to operate.

The RLC circuit

As fascinating as the last section was, we know there really is some resistance in the

wire. So the restriction of no resistance needs to be relaxed in our analysis.

s
L
— & C
e
Sz

We can use the circuit in the picture to imagine an LRC circuit. At first, we will keep
S5 open and close S to charge up the capacitor. Then we will close S; and open S5.
What will happen?

It is easier to find the current and charge on the capacitor as a function of time by using
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energy arguments. The resistor will remove energy from the circuit by dissipation

(getting hot). The circuit has energy

U= & + = L12 (30.3)
20
so from the work energy theorem,
Whe = AU

the energy lost will be related to a change in the energy in the capacitor and the inductor.
Let’s look at the rate of energy loss again

dU Q? )
i (20 +=LI (30.4)
Q dq
= =— LI —
g
but this must be equal to the loss rate. The power lost w111 be P =I°R
QdQ
_rr=999 4 .
R= C + d n (30.5)
This is a differential equation we can solve, let’s first rearrange, remembering that
aQ
I =
dt
then
Q dI
~I’R = =I+LI—
o T
Q dI
—IR = —=+L—
ctra
again using [ = %
’Q dQ , Q
L_ . — = .
+ 72 +dtR+C 0 (30.6)

This is a good exercise for those of you who have taken math 316. This is just like the

equation governing a damped harmonic oscillator. The solution is
Q= Qmaxe_% cos wyt (30.7)

where the angular frequency, wq is given by

1 R\2 3
wy = (ﬁ - <ﬁ> ) (30.8)

Remember that for a damped harmonic oscillator

z(t) = Ae~ 7t cos (wt + @)

()

The resistance acts like a damping coefficient! Suppose

and
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Qmax = 0.05C
R=50Q
L=50H
C=0.02F

we have a graph that looks like this.

Q 0.04 1
0.02 A
ooo Jllgssme
1 50 100 150 200
-0.02
-0.04

The gray lines are
+Quaxe” 7t (30.9)
They describe how the amplitude changes. We call this the envelope of the curve.

1 R\2 3
Wy = (E - <ﬁ> ) (30.10)

Let’s look at

If wg = 0 then
2
0 = L _ (2
LC 2L
1 (RN’
Lc — \2L
1
2L\ — =
LC R
or

R= \/ﬁ (30.11)

We know that if w,; = 0 there is no oscillation. We will call this the critical resistance,
R.. When the resistance is R > R, there will be no oscillation. These represent the
cases of being critically damped (R = R..) and overdamped (R > R.).If R < R, we
are underdamped, and the circuit will oscillate.

We don’t know how to make electromagnetic waves yet, but we will in a few lecture.
Those waves carry what we call radio signals. To make the waves, we often use circuits
with resisters, capacitors, and inductors to provide the oscillation. You can guess that if

@ on the capacitor oscillates, so does the current. This oscillating current is what we
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use to drive the radio antenna.

Now that we have some resistance, we could consider a circuit with just an inductor and

a resistor and a battery.

This is a little harder than our author indicates. We will examine the difficulties in

thinking about such a circuit in the next section.

Return to Non-Conservative Fields

A few decades ago, we could have stopped here in an engineering class in considering
and LRC circuit. But as electrical devices become every more complicated, it might be
good if we examine circuits with inductors and resistors more carefully. A few lectures
ago we found that

E ds=———
implies a non-conservative electric field. We should take a moment to see what this
means. We should also, if we have time, investigate mutual inductance, which has
become a major engineering technique for wireless power. First let’s consider the

following circuit.[?]

Changing Magnetic Flux

notice that there is no battery. If the field [ux changes, will there be a potential
difference measured by the voltmeters? Let’s use Kirchhoff’s rules to analyze the
circuit. I can draw in guesses for the currents.
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Changing Magnetic Flux

and now we use the junction and loop rules to find the voltages.

But recall that

E-ds=0
was the basis for Kirchhoff’s loop rule. And we learned that this is not true for induced
emfs. So in the middle loop Kirchhoff’s loop rule is not true! We now know that

because of the changing magnetic field,

%E-ds:ngd(jl
dt

for this middle loop. Now then, £ comes just from the changing external [ux. It does

not depend on R; or on R;.

We can write a Kirchhoff’s law-like equation for each loop.

LR, —IR; = 0
—IR — IR +& = 0
LR, —IRy = 0

where R; is the internal resistance of the voltmeters. If there were no £, then the volt
meters would certainly not read anything, but now we see that

‘V1| = IlemIRl
H/Q| = IQRlR':IRQ

This seems crazy. Each volt meter reads a different voltage.

To understand this, remember that our induced field is not a conservative field. As we

go around the loop we no longer expect to get back to our starting voltage. We have lost
some energy in making a magnetic field. And for non-conservative fields, ¢ E - ds is

path dependent.

So as crazy as it seems, this is actually what we would find, each volt meter reads a
different voltage.

To try to make this idea of inductance make some sense, let’s take another strange
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circuit.

There is a battery, and resister, and a single loop inductor. When the switch is thrown,
the current will [ow as shown. The current will create a magnetic field that is out of the
page in the center of the loop. Since the loop, itself, is creating this field, let’s call this
field a self field.

Consider this self-field for a moment. When we studied charge, we found that charge

created an electric field. That electric field could make another charge accelerate. But
the electric field crated by a charge does not make the charge that created it accelerate.
This is an instance of a self-field, an electric self-field. Now with this background, let’s

return to our magnetic self-field.

Let’s take Faraday’s law and apply it to this circuit. Let me choose an area vector A
that is the area of the big loop and positive out of the page. Again, let’s use Kirchhoff’s

loop law. Let’s find ¢ E - ds for the entire circuit. We can start with the battery. Since

there is an electric field inside the battery we will have a component of % E - dsaswe
bat
cross it. The battery field goes from positive to negative. If we go counter-clockwise,

our ds direction traverses this from negative to positive, so the electric field is up and

the ds direction is down, we have

f E- -ds= _gbat
bat
for this section of the circuit. Suppose we have ideal wires. If the wire has no resistance,

then it takes no work to move the charges through the wire. In this case, an electron
launched by the electric in the battery just coasts from the battery to the resister. There
is no need to have an acceleration in the ideal wire. The electric potential won’t change
from the battery to the resister. So there won’t be a field in this ideal wire part. But let’s
next we consider the resister. There is a potential change as we go across it. And if

there is a change in potential, there must be an electric field. So the resister also has an

electric field inside of it. We have a component of 7{ E - dsthatisequalto &g = IR
R
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from this field.

E-ds=1IR
Now we come to the big loop part. Sﬁlce we have ideal wire, there is no resistance in
this part so there is no voltage drop for this part of the circuit. All the energy that was
given to the electrons by the battery was lost in the resister. They just coast back to the

other terminal of the battery. Since there is no voltage drop in the big loop,
gbig loop = 0

there is no electric field in the big loop either. Along the big loop, ds is certainly not

gbigloop = 7{ E-ds=0
big loop

For the total loop we would have
7{E~ds:—5batt+IR+O (30.12)

Normally, Kirchhoff’s loop rule would say that all this must be zero, since the sum of

Z€ro. SO

the energy changes around the loop must be zero if no energy is lost. But now we know
energy is lost in making a magnetic field.

Consider the magnetic [ux through the circuit. The magnetic field is made by the
current in the circuit. Note that we arranged the circuit so the battery and resister are in
a part that has very little area, so we can ignore the [ux through that part of the circuit.
Most of the [u1x will go through the big loop part. The magnetic field is out of the paper
inside of the loop. The [ux is

@B:]{B-dA (30.13)

and B and A are in the same direction. ® g is positive.

Then from Biot-Savart

I [d 'y
B = Lo % ek (30.14)
4 72
Let me write this as
ds x §
B = I &j{”r (30.15)
47 r2
= I (geometry factor)

If the geometry of the situation does not change, then B and I are proportional. Since
B o I, then &5 o« [ since the integral in Biot-Savart is the surface integral of B, and
B is everywhere proportional to I. Instead of using Biot-Savart, I wish to just define a
constant of proportionality that will contain all the geometric factors. I will simply say
that

bp =LI (30.16)
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where L is my geometry factor. This geometry factor is just our inductance! This is
what inductance is. It is all the geometry factors that make up our loop that will make
the magnetic field if we put a current through it.

Assuming I don’t change the geometry, then the inductance won’t change and we have

d®p dI
— =L— 30.17
dt dt ( )
and Faraday’s law gives us
dPp dl
= -2 —-_I—= 30.18
dt dt ( )

Which says that we should not have expected 7{ E - ds = 0 for our case as we traverse

the entire circuit. Integrating 7{ E - ds around the whole circuit including the big loop

should not bring us back to zero voltage. We have lost energy in making the field.

Instead it gives

dal
E-ds=-L—
° dt
We are dealing with non-conservative fields. So we have some energy loss like we

would with a frictional force. It took some energy to make the magnetic field!
With this insight, we can now make a Kirchhoff-like loop like rule for such a situation.
Integrating around the whole circuit gives
%E-ds = —Epat +ER
Which we now realize should give —L% SO

dI
E-ds=—&, = —L—
f ds gbt+£R i

or more succinctly

I
~Epatt + IR = —L%
Now I can take the RHS to the left and find
dl
Epatt —IR—LE =0 (30.19)

which certainly looks like Kirchhoff’s rule with —L% being a voltage drop across the
single loop inductor. Under most conditions we can just treat —L% as a voltage drop
and it works fine. Most of the time thinking this way does not cause much of a problem.
But technically it is not right!

We should consider where our magnetic [ux came from. The magnetic [‘ux was created
by the current. It is a self-field. The current can’t make a magnetic [ux that would then
modify that current. This self-[ux won’t make an electric field So there is no electric

field in the big loop, so there is no potential drop in that part of the circuit. It is just
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Pick it up here

that ¢ E - ds # 0 because our field is not conservative. We had to take some energy to

create the magnetic field.

Now, if you are doing simple circuit design, you can pretend you don’t know about
Faraday’s law and this complication and just treat —L% as though it were a voltage
drop. But really it is just that going around the loop we should expect

dI
E.ds= —[—
]{ ds 7

not

E-ds=0
The danger is that if you are designing a complicated device that depends on there
being an electric field in the inductor, your device will not work. We have no external
magnetic field, our only magnetic field is the self-field which will not produce an
electric field (or at least will form a very small electric field compared to the electric
fields in the resistor and the battery, due to the small resistance in the real wire we use

to make the big loop).

This is very subtile, and I struggle to remember this! Fortunately in most circuit design
it does not matter. We just treat the inductor as though it were a true voltage drop.

I can make it even more exasperating by asking what you will see if you place a
voltmeter across the inductor. What I measure is a “voltage drop” of LdI/dt, so maybe
the there is a voltage drop after all! But no, that is not right. The problem is that in
introducing the voltmeter, we have created a new loop. For this loop, the field from our

big loop is an external field. .

New Loop Area

So the changing magnetic field through this voltmeter loop will produce an emf that
will just match LdT/dt. And there will be an electric field—but it will be in the internal

resistor in the voltmeter. And that is what you will measure!

The bottom line is that for non-conservative fields you need to be careful. If you are just
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designing simple circuits, you can just treat LdI /dt as though it were a voltage drop,
but you may be badly burned by this if your system is more complicated, depending on
the existence of a real electric field. You can see that if you are designing complicated
sensing devices, you may need to deeply understand the underlying physics to get them

to work.

RL Circuits: Solving for the current as a function of time

Te L =

o

|~ |

The equation we found from Faraday’s law or incorrectly from Kirchhoff’s rule is
dl

E—IR—La =0 (30.20)
This is a differential equation. We can solve it for the current. To do so, let’s define a
variable £
=—=-1
TR
and then we see that
de = —dI
Then we can write our differential equation as
& LdI
S _r_Z=Z= _
R R dt 0
s Ll _
Rdt
and so
oo Ldr
dt

You might be able to guess the solution at this point from your M316 experience. But

let’s work it out as a review. We see that our x equation separates into

dzr R
B
T Ld

T t
/ @:_/ Liph
mox OL

Integration yields
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exponentiating both sides gives

Now we replace = with % -1

And because att =0,1 =0

rearranging gives

I= % (1—6*%) (30.21)

or, defining another time constant

L
T= & (30.22)
we have e
_t
=< (l—e ) (30.23)
We can see that e
Z = Iax (30.24)

comes from Ohm’s law. So just like with our capacitor-resister circuit, we have a
current that grows in time, approaching the maximum value we get after a time ¢ which

is much longer than 7.

[ max,| _ _ _ _ _ _ _
, 1
4
0 f f f f i
0 10 20 30 4 20

You might expect that, like for a capacitor, there is an equation for an inductor who has
a maximum current [ owing but for which the current source is shorted (disconnected,
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and replaced with a resistanceless wire). The equation is
I=1Ie7 (30.25)

Magnetic Field Energy in Circuits

We found last lecture that just like with a RC circuit, we should expect there to be
energy stored in a RL circuit.
1 1
Uy = §LI2 = 5C(AV)2

Consider once again the RL circuit shown below.

Recall that the current in the right-hand loop decays exponentially with time according
to the expression

I=1I,e~
where I, = £/R is the initial current in the circuit and 7 = L/R is the time constant.
As an example problem, let’s show that all the energy initially stored in the magnetic
field of the inductor appears as internal energy in the resistor as the current decays to

ZCro.

Recall that energy is delivered to the resister

% =P=1I°R
where I is the instantaneous curilelt}t.
= I’R
% = .[02672%

To find the total energy delivered to the resister we integrate

dU = I?¢~%7 Rdt
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/dU:/ I2¢727 Rdt

3

U:/ I2e™27 Rdl
0

U:ﬁR/ e 2T dt

0
Use your calculator, or an integral table, or Maple, or Scientific Workplace or your very

1
/efaxdx — __efax

good memory to recall that

e

If we let

then we can obtain

L . (o)
= — —IQ 72:
U 5T o Re .
—L
U=—1I20-1)
2
1 2
U= §IOL (30.26)

which is the initial energy stored in the magnetic field. All of the energy that started in
the inductor was delivered to the resistor.

Mutual Induction

Suppose we have two coils near each other. If either of the coils carries a current, will
there be an induced current in the other coil?

)
—
5]

il

A

t

Coil1  Coil 2

We define @15 as the [ux through coil 2 due to the current in coil 1. Likewise if the

battery is placed on coil 2 we would have ®47, the [ux through coil 1 due to the current
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in coil 2.

We define the mutual inductance
No®ys

M =
12 Il

(30.27)

BE CAREFUL! Not all books write the subscripts in the same order!

We can write the [ux as

2
Then, using Faraday’s law, we find the induced emf in coil 2

dd 5
- _N
& Tt

d (Mol
= 7N —_— —_—
th( N, )

d
*M12E (I1)

We state without proof the My5 = Mo;. Then
dl
Ey=—-M—
2 dt

Example : "Wireless" battery charger

Rechargeable Toothbrush with an inductive charger (Public Domain Image courtesy
Jonas Bergsten)
A rechargeable toothbrush needs a connection that is not affected by water. We can use
induction to form this connection. We need two coils. One coil is the base, the other the
handle. The base carries current /. The base has length [ and area A and Np turns.
The handle has Ny turns and completely covers the base solenoid. What is the mutual
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inductance?
Solution:

The magnetic field in the base solenoid is
]{B-ds =Bl =pu,Npl

or
B poNBlB
Because the handle surrounds the base, the [ux through the handle is the interior field
of the base. The [ux is
by = BA

The mutual inductance is

Nu®py
Ig

NgBA
Ip

Ny (N ]\;BIB) A

Ip

NygNpA

NO »6

Example: Rectangular Loop and a coil
A rectangular loop of N close-packed turns is positioned near a long straight wire.
| Il

y

|

— g —

— b —

What is the coefficient of mutual inductance M for the loop-wire combination?

The basic equations are

_ No®ys
I
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%B-ds =1

}{B-dA =&p

The field from the wire
Bds=p,l
Take the path to be a circle surrounding the wire then B is constant along the path and

the direction of B is tangent to the path.

By{ds = p,l

B2rr = p,l

or
tol

27r
The [ux through the rectangular loop is then perpendicular to the plane of the loop
7{ B-dA = ®p

by = /Bydr

b+a I
/ ol iy
a

2rr

Boly , b+a
2 Z1n
2 a
then )
M= NEey, 2
T a
Suppose the loop has N = 100 turns, ¢ = 1lcm, b = 8cm, y = 30cm,

W, = 4m X 10_7%n what is the value of the mutual inductance?

b 1.31 103 1.31 10~° m?2
M:NMIH +a: 3183 x 10 T mem — 3183 x 10 ikg
2w a A A2 s2
1 m?
H=rake

Basic Equations






31 The Electromagnetic field

We started off this semester saying we would consider the environment made by a
charge and how that environment affected a mover charge. Then we found that moving
charges are affected by the environment created by other moving charges (currents). It

is time to consider the overall environment created by both electric and magnetic fields.

Fundamental Concepts

e The electric and magnetic fields are really different manifestations of the
electromagnetic field. Which is manifest depends on our relative motion.

e The Galilean field transformations are

=, — — —

E = Echarges + VS’ s X Benvironment

=, — 1 /— —

B = Bmagnel - 6_2 (VS’ s X Eenvironment)
— , — =,

E = charges Vg % Benvironment

— =, 1 /— =,

B = Bmagnet + 0_2 (VS'S x E environment)

e Gauss’ law for magnetic fields is § B x dA = 0

Relative motion and field theory

Long ago in your study of physics we talked about relative motion when we discussed
moving objects and Doppler shift. We considered two reference frames with a relative
velocity V7. We called them frame A and frame B

y X
A ;

>
>

X

We need to return to relative motion, considering what happens when there are fields
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and charged particles involved. We will need to relabel our diagram to avoid confusion
because now B will represent a magnetic field. So let’s call the two reference frames .S
and S’. We will label each axis with a prime in the S’ frame.

Y
y k.
—
s X'
X
S
Question 223.47.1
Question R . . .
2234715 Now let’s assume we have a magnetic field in the region of space where our two
Question 223.47.2 reference frames exist. Let’s say that the magnetic field is stationary in frame S. This

will be our environment. Let’s also give a charge to the person in frame S’. This will be

Question 223.47.3
our mover charge.

<

X X X X X X

Is there a force on the charge?

If we are with the person in reference frame .S, then we must say yes. The charge is
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moving along with frame S’ with a velocity ¥ = Vi so there will be a force

F = ¢VvxB
:quB(%)
= qVBj

in the 3 direction.

Now let’s ride along with the person in frame S’. From this frame, the charge looks
stationary. So v = 0 and

F=q0)xB=0
Both can’t be true! So which is it? Is there a force on the charge or not? Consider that
the existence of a force is something we can test. A force causes motion to change in
ways we can detect. (the person in frame S’ would feel the pull on the charge he is
holding). So ultimately we can perform the experiment and see that there really is a
force. But where does the force come from?

Let’s consider our fields. We have come to see fields as the source of electric
and magnetic forces. Electric forces come from electric fields which come from
environmental charges. Magnetic forces come from environmental magnetic fields

which come from moving charges.

And here is the difficulty, we are having trouble recognizing when the charge is moving.
We know from our consideration of relative motion that we could view this situation as
frame S’ moving to the right with frame S stationary, or frame S moving to the left

with frame S’ stationary. There is no way to say that only one of these views is correct.

Both are equally valid.

In our case, we are considering that person S sees a moving charge. We have learned

that moving charge will make both an electric field and a magnetic field. This is the



420

Chapter 31 The Electromagnetic field

situation from frame S. But person S’ sees a static charge. This charge will only make

an electric field. We need a way to resolve this apparent contradiction.

Galilean transformation

To resolve this difficulty, let’s go back to forces. Here is our case of a constant magnetic

field that is stationary in frame S with a charge in frame S’ again.

B
X X X X X X

’

Yy

x¥t X

X X X X X X

We can’t see fields, but we can see acceleration of a particle. Since by Newton’s second
law

F=ma
we will know if there is an acceleration and therefore we will know if there is a force!
So are the forces and accelerations of a charged particle the same in each frame? Let’s
find out.

Remember from Dynamics or PH121 that the speed of a particle transforms like this
— — X7
\4 = v-V S'S (3 1. 1)
v o= ¥+ V) 'S

where Vg g is the relative speed between the two frames. What this means is that if we

have a particle moving with speed v’ in frame S’ and we observe this particle in frame

S the speed of that particle will seem to be V = V' + V} s's. In our case, V ss = Vi

- = ~
so vV = V' + V,i.

A quick example might help. Suppose we have a person in the gym running on a
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treadmill.
Ve
@_®
The treadmill track belt has a relative speed v 515 = —2-21 with respect to the room.

We will say that the room is frame S. Then if we envision a reference frame riding
along the treadmill, that would be frame S’. A person standing on the treadmill in frame
S’ sees themselves as not moving, and the rest of the room as moving the opposite
direction.

Room seems to go this way

—

The notation Vs:s means the speed of the reference frame .S’ with respect to frame S or
—
in our case the speed of the treadmill with respect to the room V519 = —224.

Now suppose the person is running at speed v/ = 1.9227" on the tread mill in the tread
mill frame S’.

¥ v'=1.9 m/s
_ —
y X'
Vso =2m/s
@e__ o
€ vyv=-01m/s

What is his/her speed with respect to the room? It seems obvious that we take the two
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speeds and add them.

m m m
vV =19—7-2—i=-01—i
. . A . . S S S
since the ¢ and ' directions are the same.
The person is going to fall off the end of the treadmill unless they pick up the pace!
This example just used the second equation in our transformation.
—

—
v :v/—’_VS’S

likewise, if we want to know how fast the person is walking with respect to the treadmill

frame, we take the room speed vV = —0.1-37 and subtract from it the treadmill/room
—
relative speed V' g/ = —2-14 to obtain

v =012 (—QEi) — 1.9 = 192y
S S S S

Armed with the Galilean transform, we can find the acceleration by taking a derivative
— — N7
dv dv dV S’S

dt At dt
—
av dv’' dVgg
d  dt dt
then
_
— — dv S’S
a a —
dt
AV
— —> S’'S
a a
M7
but we will only consider constant relative motion®’, so
—
dV g
5'S _
dt
then both equations tell us
—> —
a’'=Ta
so there must be a force
o — —
F=ma=ma

in both frame S and S’.

We can gain some insight into finding the mysterious missing force in frame S’ by
considering the net force in the case of both an electric and a magnetic field

— — - =
Fnet:qu+qu x B

This was first written by Lorentz, so it is called the Lorentz force, and is usually written

20

Accelerating reference frames are treated by General Relatively and are treated with the notation of
contravariant and covariant vectors, which are beyond this course. They are taken up in a graduate level
electricity and magnetism course.
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Question 223.47.5
Question 223.47.6
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as
P— — —
F et = qm (E + V X B)

Using this, let’s consider the view point of each frame.

Going back to our two guys on different frames, In frame S, the person sees
—

— — ~
F = g (o+ Vg x B) — gVix B (—k)
= qnVBj]

and in frame S’ the person sees

— — — —

F' =g, (E'+0xB') = ¢E’

— — . — .

It seems that the only way that F = F' is that E’ = 0. So in frame .S” our person must
conclude that there is an external electric field that produces the force F'. In frame S
the person is convinced that the magnetic field, _B), is making the force. In frame S’ the

N
person is convinced that the electric field E’ is making the force.

We can find the strength of this electric field by setting the forces equal

F oo W

_)/
qE

Wl =
|

—
qVsis X

SO

and the direction must be

Our interpretation of this result is mind-blowing. It seems that whether we see a
magnetic field or an electric field depends on our reference frame! The implication is
that the electric and magnetic fields are not really two different things. They are one

field viewed from different reference frames!

So far we have been talking about external fields only. The field B in our case study
is created by some outside agent. So the field E’ observed in frame S’ is also an

environmental field. But the charge, itself, creates a field. So the total electric field in
frame S’ is the environmental field ﬁ’ plus the field due to the charge, itself ﬁself, or

=, — =,
E tot T E self + E environment
— — —
= Eself + VS’S X Benvironment
which we usually just write as

=, — — —
E’ = Eself+ VS’S X Benvironment

We would predict that if we had a charge that is stationary in frame S and we rode
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Question 223.47.7

along with frame S’ that we would see a field
— , — =,
E = Eself — Vg X Benvironment

_

Of course, E jr can’t create a force on the charge, because it is a self-field. So we only
—

need to be concerned with E ¢ if we have other charges that could move. We could

actually have other charges riding along with frame S’. In that case we would have an

additional field £, - We could write this as
— , — =,
E = Echarges inSr Vg % Benvironment
or just
— , — =,
E = Echarges — Vggx Benvironment

What we have developed is important! We have an equation that let’s us determine the

electric field in a frame, given the fields measured in another frame.

We would expect that a similar thing would happen if we replaced the magnetic fields
with electric fields. Suppose we have an electric field in the region of our frames and
that this electric field is stationary with respect to frame S’ this time. Will frame S see

a magnetic field?

g X

To see that this is true, let’s examine the case where we have no external fields, and we

just have a charge moving along with frame S’. Then in frame S’ we have the fields
B o- L 4;
T dqe, 12

—
B =0
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in frame S the electric field is

— =, — =,
E = charges — Vg X Benvironment
1l 9. v
= —21' + VS'S x 0
dme, T
1 q.
= =7
4me, T2
SO 1
- =
E=E=—1=1;

4me, 2
We see the same electric field due to the point cha(l)rge being there in both frames.

But in frame S we are expecting the person to see a magnetic field because to person S
the charge is moving. Using the Biot-Savart law

— A
= _ Mo gV XT

B
dr 2
N
since our charge is moving along with the S’ frame Vv = V g5 so
B _ M9 (3 N
B=-—2=2—= (VS’S X I')
47 72
but we can rewrite this by rearranging terms
B o= Ll (Vo)
= —_—— 1 r
4 12 59
X Mo 4
= V rg X 1o = )
( 58 X w2t
which looks vaguely familiar. Let’s multiply top and bottom by ¢,
E) = \_/ZS/S X HoCo i r
4me, 12

— —
=  Uy€o (VS’S X E/>
which is really quite astounding! Our B-fields have apparently always just been due to
moving electric fields after all!

Of course, we could have an additional magnet riding along with frame S’. To allow for

1
magnet*

— =, — =,
B = Bmagnets in S’ + Ho€o VS’S X Eenvironment

N
that case, let’s include a term B

or just
= = — =,
B = Bmagnets + Moo (VS"S x BE

environment

and we would expect that if we worked this problem from the other frame’s point of
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view we would likewise find

=, — — —
B’ = Bmagnet — Moo (VS’S X Eenvironment)

where the minus sign comes from the relative velocity being in the other direction.
Again ﬁmagnet is a self-field. It won’t move itself, but might be important if we have a
second magnet in our experiment. Then ﬁmagnel would cause a force on this second
magnet.

Once again we have found a way to find a field, the magnetic field this time, in
one frame if we know the fields on another frame! We call this sort of equation a

transformation.

We should take a moment to look at the constants y,€,. Let’s put in their values

C? Tm
_ —12 7
Ho€o (8.85 x 10 2) <47r x 10 —)

2
— L121x 1077
m

This is a very small number, and it may not appear to be interesting. We can see that

the additional magnetic fields due to the movement of the charges can be quite small

unless the electric field is large or the relative speed is large (or both). So much of the
time this additional field due to the moving charge is negligible. But let’s calculate

1 1
N m
ot \/(8.85 X 10712587 ) (4m x 10-702)

= 2.9986 x 108—21

= ¢
This is the speed of light! It even has units of m/s. This seems an amazing
coincidence—too amazing. And this was one of the clues that Maxwell used to discover

that light is a wave in what we will now call (because they are different aspects of one
thing) the electromagnetic field.

We can write the transformation equations for the fields as

=, — — —

E = Echarges + VS’S X Benvironment

=, — 1 /— —

B = Bmagnet - 0_2 (VS’S X Eenvironment)
— , — =,

E = charges — Vg X Benvironment

— =, 1 /— =,

B = Bmagnet + C_2 (VS’S x E environment)

Let’s do a problem. Suppose we have a metal loop moving into an area where there is
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a magnetic field as shown. Let’s show that there is a force on charges in this loop no
matter what frame we consider. First, lets consider the frame where the magnetic field
is stationary and the loop moves.

X X X X X BX
F=qVgs xB
X X X *x X
V
X X x X X
X X X X X X

There should be an upward force on the positive charge because the charge is moving
in a magnetic field. Let’s say that “up” is the j direction and that “to the right” is the 2

direction. Then The Lorentz force is
—

F = ¢ (ﬁ +V x ﬁ)
- = —
_ q(E+VS/5X B)
Now V 5’5 means the speed of the reference frame S’ with respect to frame S. That is
+Vi. And there is no electric field in frame 5, so

—

- = —
F — q(E+VS/5XB>
- q(O+V€x B(—/%))
= q(VixB(-F))
= qVBj
Now suppose we change reference frames so we are riding along with the loop in
frame, S’. In this frame, the loop is not moving, and the magnetic field is moving by us

the opposite direction. We’ll call this the “prime frame.” We should get the same force

if we change frames to ride along with the loop.

pe % % % x|
B

E=V.. xB
F=gE 53
T X X X X
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Let’s use our transformations to find the £ and B-fields in the new reference frame.
Then
— —
self-charge + VS’S X Benvironment
1 /— —
magnet — g (VS’ s X Eenvironment)
so in the prime frame we have an electric field
=, — — —
E' = Echarges + VS’ s X B cavironment
and in particular, we have an external field

=, — —
Eenvironment = VS’ s X B crwironment

E
—

/

w =

_
(we left off the E ¢paree because it can’t move the charge that made it, so it is not part of
the force).

Note that V svs 1s the speed of the primed frame as viewed from the unprimed frame.
So Vg =+Vi
. .
E = V(@i)xB (—k)
= VBj

That is our electric field in the primed frame.

The magnetic field in the primed frame is given by

=, = 1 /— —
B’ = Bmagnet - C_2 (VS’S X Eenvironment)

but there is no external electric field in the unprimed frame, so
—

=, 1 /=
B = Bmagnet - g (VS’S X 0)

—
= B magnet

where here “magnet” means what ever is making the magnetic field in the unprimed
frame. Something must be there making the field, and it is not our charge. It could be
an electromagnet, or a permanent magnet, we have not been told). But it is not our

-
charge, so we know B a0net must be there and can act on our charge. So
—

N

B'=B
The magnetic field in the primed frame is just the same as the magnetic field we see in
the unprimed frame. Then in the primed frame the Lorentz force is

F = ¢(E+VxH)

—
q (VB 740 x B)

= q¢VBj
Which is exactly the same force (magnitude and direction) as we got in the unprimed

frame.
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A “law” in physics is a mathematical statement of a physical principal or theory. We
have been collecting laws for what we will now call the electromagnetic field theory.

Let’s review:

Gauss’ law

Closed Surface

We found that the electric [‘ux through an imaginary closed surface that incloses some
charge is
Qin

€o

by = 7{ E x dA =
We called this Gauss’ law.

But consider the situation with a magnet. We can define a magnetic [ux just like we
defined the electric [1x. And now we know they must be related. Is there a Gauss’ law

for magnetism? Let’s consider the magnetic [ux.
bp = ]{ B x dA

This should be proportional to the number of “magnetic charges” inclosed in the
surface.
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Closed Surface

We can see that every field line that leaves comes back in. That is how we defined zero
net [x, so

bp = 7{ BxdA=0
Which would tell us that there are no free “magnetic charges” or no single magnetic
poles. A single magnetic pole is called a monopole and indeed we have never discovered
one. These two forms of Gauss’ law form the first two of our electromagnetic field

equations.

The differences between them have to do with the fact that magnetic fields are due to
moving charges.

We have a third electromagnetic field law, Ampere’s law. We found Ampere’s law by

integrating around a closed loop with a current penetrating the loop.

%B -ds = /”’oIthrough
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We also know Faraday’s law

&= ]{ E.ds= fd(}i

dt
which told us that changing magnetic fields created an electric field. We have found
that the opposite must be true, that a changing electric field must create a magnetic

field. We express this as
ddg
B .dsx ——
dt

Which gives two expressions for § B - ds. But we have yet to show that this equation
is true. That is the subject of our next lecture. If we can accomplish this, we will have
a complete set of field equations that describe how the electromagnetic field works. In
the following lecture we will complete the set of field equations, and then in the next

lecture we will show that we get electromagnetic waves from these equations.

Basic Equations

Rules for finding fields in different coordinate systems

=, — — —

E = Echarges + VS’ s X Benvironment

=, — 1 /— —

B = Bmagnel - 0_2 (VS’S X Eenvironment)
— , — =,

E = charges Vg % Benvironmem

— =, 1 /— =,

B = Bmagnet + C_2 (VS'S x E environmem)

Gauss’ law for magnetic fields

@B:%BXdAZO






32 Field Equations and Waves in
the Field

We started this class with a study of waves. We learned about optics, and finally
electromagnetic field theory. In this lecture we will take on a case study that involves
all three. We will have come full circle and in the process, hopefully understand all
three topics a little better.

Fundamental Concepts

e Changing electric fields produce magnetic fields

e A changing electric [ux is described as a displacement current I; = sodf—f

e The complete version of Ampere’s law is }{ B-dl=pu,(I+1,)

e Maxwell’s equations give a complete classical picture of electromagnetic fields
e Maxwell’s equations plus the Lorentz force describe all of electrodynamics.

e Maxwell’s equation lead directly to the liner wave equation for both the electric and
the magnetic field with the speed of light being the speed of the waves.

e The magnitude of the E and B fields are related in an electromagnetic wave by
Emax = CBmax

Displacement Current

Last time we listed Ampere’s law as one of the basic field equations. But we did not
discuss it at all. That is because we were saving it for our discussion in this lecture We
need to look deeply into Ampere’s law. Here is what we have for Ampere’s law so far

fB ds = .UJoIthrough,

To see why we need to consider it further, let’s do a hard problem with Ampere’s law.

Let’s set up a circuit with a battery a switch and a circular plate capacitor in the wire.



434

Chapter 32 Field Equations and Waves in the Field

O

I

Using this circuit, let’s calculate the magnetic field using Ampere’s law. Here is a

detailed diagram of the capacitor.
P, e P,

—
I

I could find the magnetic field using the Biot-Savart equation, but that would be hard. I

don’t know how to solve the resulting integral. So let’s try Ampere’s law. Let’s start at

P;. We add in an imaginary surface at P;. [ will choose a simple circular surface.
* P * P,

We have done this before. If we choose P; so that it is far from the capacitor, then we
know what the magnetic field will look like.

@Pl ¢ PZ

Right at P, it will be out of the page. We also know that for a long straight wire, the

field magnitude does not change as we go around the wire, so we can write our integral

as
](Bmlf:Bj{d@:BQwr:uOI
S0
B2nr = p, I
so the field is
tol

C27r
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Question 223.48.2
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which is very familiar, just the equation for a field from a long straight wire.

Now Let’s try this at P,. What would we expect? Will the magnetic field change much

as we pass by the capacitor?
° P, e P,

Again we could use Biot-Savart, but think about what the current does at the plate. It
would be very hard to do the integration!. So again let’s try Ampere’s law. If we use the
same size surface
B-dézB%dEzB?m"

but this is equal to f,Linrougn- There is no I going through the capacitor! so

B2nr =0 (32.1)
and this would give B = 0. But, our wires are not really ideal and infinitely long. And
even if they were, would we really expect the field to be zero if we just have a small gap

in our capacitor? It get’s even worse!

Ampere’s law tells us we need a surface, but it does not say it has to be a circular
surface. In fact, we could use the strange surface labeled S5 in the figure above. This is
a perfectly good surface to associate with the loop at P;. So this gives us

/(1{ B-dl=p,I=0
at P;! So we have two different results with Ampere’s law for the same point. This
can’t be!

Ampere knew this was a problem, but did not find a solution. Maxwell solved this.
He asked himself, what was different inside the capacitor that might be making a
difference. Of course, there is an electric field inside the capacitor!
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E

We know that in the limit that the plates can be considered to be very big the field is
approximately

n__Q

g, mwR2e,

but we know that the charge is changing in time once the switch is thrown. We can find
the rate of change of the field, then

dE_ 1 dQ
dt — mwR2%e, dt
By definition
,_dQ

is a current, but what current? It must be the current that is supplying the charge to
the capacitor. That current is what is changing the () in the capacitor, and it is the )

separation that is making the field. So the time derivative of the electric field is
dE 1

dt mR2e,
where [ is the current in the wire, and only if the wire current is zero will there be no

change in the electric field.

This gives us an idea. A changing electric field creates a magnetic field. Suppose this
changing electric field created a magnetic field like the current does? It would be as

though there were a current with a value
dE

_ 2. 2
I, =7mR"¢, 7 (32.2)

Note that in this we have the area of the plate, A,jqte = mR? multiplied by the time rate
of change of the electric field. Also note, that in our approximation for our capacitor,

there is only an electric field inside the plates. So, remembering electric [ux,

op = / E-dA
our [ux though the surface at P, would be
¢y = FA
= 7R’E

so we can identify
TR*dE = ApjaredE = dPp
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as a small amount of electric [ux. Then our equivalent current will be

I; = go_dt (32.3)
Maxwell decided that, since this looked like equivalent to a current, he would call it a

current and include it in Ampere’s law.

fB-de = p,(I+14)

dPg
= I o————
o (152

but remember it is not really a current. What we have is a changing electric field
that is making a magnetic field as though there were a current 1;. We can try this on
or capacitor problem. We have done our capacitor problem for S; where we expect
422 ~ 0 so our original calculation stands

I
le_'uL

T 2nr

but now we know that if we use S, we have % = 0, and we realize that at P, the

dPp
B.dl = -
% al = p, <O+60 7 )

ddp
and for our geometry we found <

dE
B-dl = 20—
]{ al u0(0+7TR6 dt)

SO we can substitute it in

1
_ 2
fB ~dl =, <O+7TR EO’]TR260>
where we remember that the current [ is the current making the electric field—the

current I = 0 so

and we calculated %

current in the wire. Then we have
B2rr = pu, (0+ 1)
and our field is

tol

B =
27y
which is just what we found using S;. Maxwell seems to have saved the day! There is

no dip in the magnetic field magnitude.

There is one more fix we will have to do to Ampere’s law eventually. We found this
form of Ampere’s law with the capacitor empty—not even containing air. But we could
do the same derivation with a dielectric filled capacitor. We also could have magnetic

materials involved.

But what we have done so far is really a momentous result. We have shown that, indeed,

we should have an equation that provides symmetry with Faraday’s law. We suspected
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that 4D
B.dsox —Z
dt

and we can write the constants of proportionality as

dPg
B.ds=p,co——
7{ S = ooy

but because we have § B - ds also in Ampere’s law, we can combine the two to yield

%B-ds = p,(I+1)

(0]
(o2

dt

This is the last of our field equations. It is called the Maxwell-Ampere law.

Let’s use this to solve for the magnetic field inside the capacitor. A changing electric

field will make a magnetic field.

Take a surface inside the plates that is a circle of radius r < R. Then
/(1{ B -ds =B2xnr

and from our modified Ampere’s equation

7{B-ds = p,(I+14)

®
= 'uo <I+€Od_E)

dt
o)
ddp
B2 = 0 o—
mr u0< +e 7 )
= e,
- :uo o dt
= qr? €—I
B Ho °rTR2e,
r2I
- R
SO 7
r
B=uy —— 324
Hoo T2 (32.4)

We should pause to realize what we have just done. We have shown that, indeed, a
changing electric field can produce a magnetic field. This statement is a profound look

at the way the universe works!
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We have developed a powerful set of understanding equations for electricity and

magnetism. Maxwell summarized our knowledge in a series of four equations

%E.dA:%

%B~dA:O
fE.ds:—d“J

di
%B ~ds = MOIJreO,uOd;}%

Gauss’s law for electric fields
Gauss’s law for magnetic fields
(32.5)

Faraday’s law

Ampere-Maxwell Law

If we have a dielectric, we might see these written as[?]

_Q'in
?{E ~dA =

jfB-dAzo
%E-ds:—dq’i

i
%B cds =p kim (I +e,k92E)

Gauss’s law for electric fields
Gauss’s law for magnetic fields
(32.6)

Faraday’s law

Ampere-Maxwell Law

Since we have all had multivariate calculus, we may also see these written as

V.E-2
V-B=0
VxE=_—4B

it
2 _J | dE
chB_EO—i——dt

Gauss’s law for electric fields
Gauss’s law for magnetic fields
Faraday’s law
Ampere-Maxwell Law

(32.7)

I’ll let you remember the process to do the translation from jl{ B-dAtoV:B.

But we are familiar with all of these equations now. These four equations are the basis

of all of classical electrodynamics. In an electromagnetic problem, we find the fields

using the Maxwell equations to find the fields, and then apply the fields to find the

Lorentz forces

F=¢qE+qvxB

(32.8)

It turns out that these four equations strongly imply that there can be waves in the fields.

We will see this in our next lecture. We already know from our study of optics that

these waves are what we call light.
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Turning the Maxwell Equations into Differential Equations

Maxwell took the hint that 1€, was related to ¢, the speed of light and he thought that
light might be a wave in the electromagnetic field. We know about waves. We can de-
scribe a wave by looking for a surface of constant amplitude—a wave crest. A point
source will cause spherical surfaces of constant amplitude. A half-wave antenna makes
a toroidal shaped wave front. We will not deal with spherical or worse wave shapes.
Unfortunately, many antennas send out complicated wave patterns that take spherical
harmonics to describe well. That is beyond the math we want to do in this course.

A representation of a plane wave. Remember that the planes are really of infinite
extent. Image is public domain.

Instead, let’s picture our wave front far from the source. No matter what the total shape,
if we look at a small patch of the fields far away, they will look like the plane wave in
the last figure. Since this is a useful and common situation (except if you use lasers),

we will perform some calculations assuming plane wave geometry.

We will assume we are in empty space, so the charge ¢ and current I will both be zero.
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Then our Maxwell Equations become

)
!

E - dA=0 Gauss’s law for electric fields
- —
% B-dA=0 Gauss’s law for magnetic fields
(33.1)
%ﬁ ds = —% Faraday’s law
f B.ds = so,uod‘;% Ampere-Maxwell Law

Our goal is to show that these equations tell us that we can have waves in the field. To

do this, we will show that Maxwell’s equations really contain the linear wave equation

Far Board within them. As a reminder, here is the linear wave equation
0%y 1 0%y
0x2 02 Ot2

it is a second order differential equation where the left side derivatives are take with
respect to position, and the right side derivatives are taken with respect to time. The
quantity, v, is the wave speed. In this form of the equation y is the displacement of a

medium. Our medium will be the electromagnetic field.

Rewriting of Faraday’s law
Skip this

Let’s start with Faraday’s law

®
fﬁ ds = —dd—tB (33.2)

—
Given our geometry, we can say the wave is traveling in the x direction with the E field
positive in the y direction and the magnetic field is positive in the z direction.
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The top and bottom of the rectangle don’t contribute because E.ds =0 along these

paths. On the sides, the field is either in the d's’ or it is in the opposite direction. So

]{ﬁ-d?:%Eds

E.ds = — ¢ Eds

along the sides. Let’s say we travel counter-clockwise along the loop. Then the left side

or

will be negative and the right side will be positive.
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E.ds = Edsf/ Eds
right left
On the left side, we are at a position x away from the axis, and on the right side we are
a position z + Az away from the axis. Then the field of the left side is F (z, ¢) and the
field on the right hand side is approximately

oF
E(x+ Ax,t) = E(z,t) + a—Aa: (33.3)
z
so if our loop is small, then ¢ is small and £ won’t change much so we can write
approximately
- =
}{E~ds = / Eds—/ Eds (33.4)
right left
~ FE(zx+Ax,t)l—FE(x,t)¢ (33.5)
E
= (E(x,t) + aa—Ax) {—FE(z,t)¢
x

(E(x,t)+g—fo)eE(x,t)e

E
_ BN, (33.6)
Ox
So far then, Faraday’s law 2!
% E. a5 =228
dt
becomes OF .
(== Ag=-——2L

Let’s move on to the right hand side oxf Faraday’s law. We need to find ® 5 so that we
can find the time rate of change of the [ux. We can say that B is nearly constant over
such a small area, so
dp = B-A

= BAcosf

= BA

= BlAzx
where here Az means “a smzzil(lpdistance” Zs it did above. Then

d—tB = o (BlAx)

dB

- i
Tt

x constant
= (Az—

where we have held = constant because we are not changing our small area, so

2l We need ds to be very small, much smaller than the wavelength of the wave.
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Faraday’s law
dd
f E ds=-22F

dt
becomes
OF 0B
OF 0B
v (33.7)

We have made some progress, we have a differential equation relating the fields, but it
is a mixed equation containing both the electric and magnetic fields. We are only half
way there.

Rewriting of the Maxwell-Ampere Law

We have used one field equation so far and that took us part of the way. We have the
Maxwell-Ampere law as well. We can use this to modify our result from Faraday’s law
to find the linear wave equation that we expect. The Maxwell-Ampere law with no

sources (charges or currents) states
o = d®g
7{ B ds =cono =5
This time we must consider the magnetic field path integral

We can do the same thing we did with Faraday’s law with an area, but this time we will
use the area within the magnetic field (shown in the figure above). Again, let’s start with
the left hand side of the equation. We see that the sides of our area that are parallel to

the z-axis do not matter because B - ds’ = 0 along these sides, but the other two are in
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the direction (or opposite direction) of the field. They do contribute to the line integral.
%ﬁ-d? = Bz, t){— B(z+ Az,t)¢ (33.8)

0B
~ —A—A
£8$ .

Now for the left hand side, we need the electric [ux. For such a small area, the field is

nearly constant so

b ~ FEAcosl
= FA
= FElAz
% 00 OF
E —_ -
Combining both sides
B-d = Eolby——
7{ ° “olo™ g
0B OF
*gaAI = €O,UJO£ACZ$W
0B OF
% = *&‘OHOW (3310)

We now have a second differential equation relating B and F. But it is also a mixed

differential equation.

Wave equation for plane waves

This leaves us with two equations to work with

oF 0B
Ty (33.11)
B_B = —Eo,uoa—E (33.12)

z
Remember that these are all partial derivatives. Taking the derivative of the first

equation with respect to x gives

Q00E _ 9 ( 9B
dx dx Oz ot
0*’FE o (0
2 - on (aB)

82_]17 0 (0B
or2 ot



Wave equation for plane waves 447

In the last equation we swapped the order of differentiation for the right hand side. In
parenthesis, we have 9B /0z on the right hand side. But we know what 0B /0 is from
our second equation. We substitute from our second equation to obtain

?E_ 0 (  OF
o2 ot \ oHoTpy

0’FE 0*E

B ol g (33.13)
We can do the same thing, but taking derivatives with respect to time to give

0’B 0’B

g7 ~Colo gz (33.14)

You will recognize both of these last equations as being in the form of the linear wave

equation.
0%y 1 0%

27 2 92
This means that both the F field and the B field are governed by the linear wave

equation with the speed of the waves given by
1

VEolo

We have studied waves, so we know the solution to this equation is a sine or cosine

(33.15)

v =

function
E = FEnaxcos(kx —wt) (33.16)
B = Bpaxcos (kx — wt) (33.17)
with o
Al
and A
w=2nf
then 5
2o

which is the wave speed.
We can show that the magnitude of E is related to B.

Lets take derivatives of F and B with respect to x and ¢.

oF
% —k Frax sin (kx — wt)
0B
il WBmax sin (kz — wt)
then we can use one of our half-way-point equations from above

op__ on
dr ot
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and by substitution obtain

—kFEmaxsin (kx —wt) = —wBpaxsin (kz — wt)
*kEmax = *WBmax
or
Emax _ w —
Bmax B k N
The speed is the speed of light, ¢, so
Emax
— = 33.18
B (319

It is one of the odd things about the universe that speed of electromagnetic waves is a
constant. It does not vary in vacuum, and the in-vacuum value, c is the maximum speed.
It was a combination of Maxwell’s work in predicting c and the observations confirming
the predictions that launched Einstein to form the Special Theory of Relativity!

Note that the last equation shows why we often only deal with the electric field wave
when we do optics. Since the magnetic field is proportional to the electric field, we can

always find it from the electric field.

Properties of EM waves

Pick up here

Knowing that the electric and magnetic fields form plane waves, we can investigate
these plane wave solutions to see what they imply.

Energy in an EM wave

The electromagnetic (EM) wave is a wave. Waves transfer energy. It is customary find
a vector that describes the [ow of energy in the electromagnetic wave. This is like the
ray vectors we have been drawing for some time, but with the magnitude of the vector

giving the energy [ow rate.

The rate of at which energy travels with the EM wave is given the symbol S and is

called the Poynting vector after the person who thought of it. It is
1
S=—ExB (33.19)

Ho
Let’s deal with a dumb name first: The Poynting vector. It is named after a scientist with

the last name Poynting. The name is really meaningless. There is nothing particularly

“pointy” about this vector more than any other vector.

Instead of a formal derivation, let’s just see what we get from Poynting’s equation for a
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plane wave.

For our plane wave case, E and B are at 90 ° angles®?. so

1
S=—FEB (33.20)
Ho
and S will be perpendicular to both. Notice from our preceding figures that this is also

the direction that the wave travels! That is comforting. That should be true for a EM

wave. The energy, indeed, goes the way the Poynting vector points.

Using
E
B¢
we can write the magnitude of the Poynting vector as
E2
S=— (33.21)
Clo

We could also express this in terms of B only.

You will remember that our eyes don’t track the oscillations of the electromagnetic
waves. Few detectors (if any) can. For visible light, the frequency is very high. We
usually see a time average. This time average of the Poynting vector is called the

intensity of the wave
I= Save

Intensity of the waves

When we studied waves, we learned that waves have an intensity. The intensity of
electromagnetic waves must relate to the strength of the fields. We can write it as

EB
I=—
24,
(can you remember where the “1/2” came from?)?*. Again usin
M g g
FE=cB
we can write the intensity as
1
I=—F? (33.22)
2u,c

We remember that I is proportional to the square of the maximum electric field strength
from our previous consideration of light intensity. But before we only said that it was
proportional. Now we know the constant of proportionality. Of course we could also

22 For other fields this might not be true, but it is generally true for light.

This is because the average value of sin? (wt) over a period is given by % fOT sin? (wt) dt =

2n
2= o sin? (wt)dt =

23
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write the intensity as

=-S5 p? (33.23)
2

(o]
but this is less traditional. We have said already that the intensity, /, is the magnitude of

the average Poynting vector Sgye.

Recall that we know the energy densities in the fields
1
ugp = 56 0E2
1 B?
up = ——
b 2 p,
again, since
E=c¢B (33.24)
we can write
1 B2
2 Ho
1 E?
2¢%p,
1

= §6OE2

up = (33.25)

so for a plane electromagnetic wave
Up = Up (33.26)
The total energy in the field is just the sum
u=up+up = e, E? (33.27)

But when we do the time average to find the intensity, we pick up a factor of a half

1
Ugve = 550E2 (33.28)

Comparing this to our equation for intensity gives

1
I= —E12rlax = Save
2u,c

and then

Save = —e,FE? (33.29)

Remember when you studied thermodynamics you, learned that we could transfer
energy by radiation. This is our radiation! And we see that it does indeed transfer
energy. We learned about this by discussing solar heating and by talking about Army
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weapons that apply energy to crowds.

but we really use this every day when we microwave something. Microwaves are

electromagnetic waves!

Momentum of light

One of the strangest things is that there is also momentum in the electromagnetic waves.
If the waves are absorbed, the momentum is

p= g (33.30)
c
or if the waves are relkected it is ol
p=— (33.31)

c
(think of balls bouncing off a wall, the change in momentum is always 2muv).

We can think of the light exerting a pressure on the surface. Force is given by
F = ma
dv
it
dp
dt

then using this force, the pressure is

F  1dp
1A% (33.32)
r

1 dU
P=Z=—— (33.33)

We found % % to be the energy rate per unit area, which is the magnitude of the

P =
then
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Poynting vector, S. So our pressure due to light is

S
P=— (33.34)
c
for perfect absorption. If there is perfect rel ection
28
P= — (33.35)

This may seem a little strange. Water or sound waves would exert a pressure because
the water or air particles can strike a surface, exerting a force. But remember the
electromagnetic fields will create forces on the electrons in atoms?*, and most of the
electrons are bound to the atoms in materials by the Coulomb force. So there really
is a force on the material due to the electromagnetic wave. Quantum mechanics tells
us about electrons being knocked out of shells into higher energy shells (absorbing
photons of light) and re-emitting the light when the electrons fall back down to lower
shells. This is a little like catching a frisbee, and then throwing it. Momentum is

transferred both at the catch and at the release.

A cool use of this phenomena is called laser levitation

Figure 33.8.Laser Levation (Skigh Lewis, Larry Baxter, Justin Peatross (BYU), Laser
Levitation: Determination of Particle Reactivity, ACERC Conference Presentation, Feb-
ruary 17, 2005)

In the picture you are seeing a single small particle that is [oating on a laser beam. the

laser beam is directed upward. The force due to gravity would make the particle fall,

24 Protons too, but the protons are more tightly bound due to the nuclear strong force and the nuclei are
bound in the material. their resonant frequencies are usually not assessable to visible light, so I will ignore
their effect in our treatment. But if you consider x-rays or gamma rays, they would be important.
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but the laser light keeps it up!

Antennas Revisited

We talked about antennas before. Let’s try to put all we have done together to make a
radio wave. First, we know from our analysis that we need changing fields. Neither
static charges, nor constant currents will do. If we think about this for a minute, we
will realize that the charges will accelerate. Fundamentally, this is the mechanism for
making EM waves.

The half wave antenna is simple to understand, so let’s take it as our example.

+ 4+ +]|

® o ©

A B C D

It is made from two long wires connected to an alternating current source (the radio
transmitter). The charges are separated in the antenna as shown. But the separation
switches as the alternating current changes direction. The charges accelerate back and

forth, like a dipole switching direction. Radio people call this antenna a simple dipole.

Note the direction of the £ and B fields. The Poynting vector is to the right. The
antenna field sets up a situation far from the antenna, itself, where the changing electric
field continually induces a magnetic field and the changing magnetic field continually
induces a changing electric field. The wave becomes self sustaining! And the energy it
carries travels outward.

Below you can see a graph of the sort of toroidal angular dependence of the dipole
antenna emission pattern.
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Angular dependence of S for a dipole scatterer.
From this you can see why we usually stand antennas straight up and down. Then the

transmission travels parallel to the Earth’s surface, where receivers are more likely to
be.

Speaking of receivers, of course the receiver works like a transmitter, only backwards.
The EM waves that hit the receiving antenna accelerate the electrons in the wire of
the antenna. The induced current passed through an LRC circuit who’s resonance
frequency allows amplification of just one small band of frequencies (the one your
favorite radio station is using) and then the amplified signal is sent to a speaker.

The Electromagnetic Spectrum

Maxwell predicted how fast his field waves would travel by finding the linear wave
equation from the fields and noticing the speed indicated by the result. We have seen

how he did this. The answer is )

VEolo
this speed is so special in physics that it get’s its own letter

¢ =2.99792 x 108—121 (33.37)
which is of course the speed of light. In fact, that this was the measured speed of light

v =

(33.36)

was strong evidence leading us to conclude that light was really a type of these waves.
There are a few more types of electromagnetic waves. In the following chart you can

see that visible light is just a small part of what we call the electromagnetic spectrum.
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WAVELENGTH

Electromagnetic Spectrum (Public Domain image courtesy NASA)

The speed of light is always a constant in vacuum. This is strange. It caused a lot of
problems when it was discovered.

v=fA (33.38)
or

c=fA (33.39)
where we can see that for light and electromagnetic waves, knowing the wavelength is
always enough to know the frequency as well (in a vacuum).

As an example of what problems can come, let’s consider a Doppler effect for light.
Remember for sound waves, we had a Doppler effect. We will have a Doppler effect for
electromagnetic waves too. But light does not change it’s speed relative to a reference
frame. This is really weird. The speed of light in a vacuum is always c—no matter what

frame we measure it in.

Einstein’s theory of Special Relativity is required to deal with this constant speed of
light in every reference frame. From Relativity, the Doppler equation is
V1i+2
= = (33.40)

or, if we let u be the relative velocity between the source and the detector, and insist
that u < ¢

c
Where of course f’ is the observed frequency and f is the frequency emitted by the

f’=f<c+u> (33.41)

source. This is usually written as
f'=r (1 + E) (33.42)
c
but it is really the same equation®. Just like with sound, we use the positive sign when

the source and observer are approaching each other.

This means that if things are moving closer to each other the frequency increases. Think
of
c
A= — (33.43)
this means that as a source and emitter approach each other, then the light will have a
shorter wavelength. Think of our chart on the electromagnet spectrum. This means the

25 This equation is only really true for relative speeds u that are much less than the speed of light. Since is

is very hard to make something travel even close to to the speed of light, we will find it is nearly always true.



456

Chapter 33 Electromagnetic waves

light will get bluer. If they move farther apart, the light will get redder.

This is what gave us the hint that has lead to our cosmological theories like the big
bang. Although this theory is now much more complicated, the facts are that as we look
at far away objects, we see they are all red shifted. That is, they all show absorption
spectra for known elements, but at longer wavelengths that we expect from laboratory

experiments. We interpret this as meaning they are all going away from us!

Summary

Here is what we have learned so far about the properties of light
1. Electromagnetic waves travel at the speed of light

2. Electromagnetic waves are transverse electric and magnetic waves that are oriented
perpendicular to each other.

3.E=cB

4. Electromagnetic waves carry energy and momentum

Photons

Our understanding of light is not complete yet. If you went on to take PH279 you would
find that light still operates much like a particle at times. This should not be a surprise,
since Newton and others explained much of optics (the study of light) assuming light

was a particle.

Einstein and others noticed that for some metals, light would strike the surface and
electrons would leave the surface. The energy of a wave is proportional to the amplitude
of the wave. It was expected that if the amplitude of the electromagnetic wave was
increased, the number of electrons leaving the surface would increase. This proved to
be true most of the time. But Hertz and others decided to try different frequencies of
light. It turns out that as you lower the frequency, all of a sudden no electrons leave no
matter how big the amplitude of the wave. Something was wrong with our wave theory
of light. The answer came from Einstein who used the idea of a “packet” of light to
explain this photoelectric effect. For now, we should know just that the waves of light

exist in quantized packets called photons. The energy of a photon is
E=hf (33.44)



The Electromagnetic Spectrum 457

where F is the energy, f is the frequency of the light wave, and h is a constant

h=6.63x10"3*Js (33.45)

A beam of light is many, many photons all superimposing. We know how waves
combine using superposition, so it is easy to see that we can get a big wave from many
little waves.

Knowing that light is made from electric and magnetic fields, and that these fields are
vector fields, we should expect some directional quality in light. And there is such a
directional quality that we will study next lecture.
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Fundamental Concepts

e The direction of the electric field in a plane wave is called the polarization direction.

e Natural light is usually a superposition of many waves with random polarization
directions. This light is called unpolarized light.

e Some materials allow light with one polarization to pass through, while stopping
other polarizations. The polaroid is one such material polaroids. will have a final
intensity that follows the relationship I = I,,,.x cos? ()

e Light relecting off a surface may be polarized because of the absorption and
re-emission pattern of light interacting with the material atoms.

e Scattered light may be polarized because of anisotropies in the scatterers.

e Birefringent materials have different wave speeds in different directions. This
affects the polarization of light entering these materials.

Polarization of Light Waves

We said much earlier in our study of light that it was a transverse wave. Last lecture we
saw that we have an electric and magnetic field direction, and that these directions are
perpendicular to each other and the direction of energy [ow. We will now show some
implications of this fact. In a course in electromagnetic theory, we often draw light as

in the figure below.
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We will continue to ignore the magnetic field (marked in the figure as B). We will look
at the F field an notice that it goes up and down in the figure. But we could have light

in any orientation. If we look directly at an approaching beam of light we would “see”
many different orientations as shown in the next figure.

~ E

When light beams have waves with many orientations, we say they are unpolarized.
But suppose we were able to align all the light so that all the waves in the beam were

transverse waves in the same orientation. Say, the one in the next figure.
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Then we would describe the light as linearly polarized. The plane that contains the

FE-field is known as the polarization plane.

Polarization by removing all but one wave orientation

One way to make polarized light is to remove all but one orientation of an unpolarized
beam. A material that does this at visible wavelengths is called a polaroid. 1t is made of
long-chain hydrocarbons that have been treated with iodine to make them conductive.
The molecules are all oriented in one direction by stretching during the manufacturing
process. The molecules have electrons that can move when light hits them. They can
move farther in the long direction of the molecule, so in this direction the molecules act
like little antennas. The molecules’ electrons are driven into harmonic motion along the
length of the molecule. This takes energy (and therefore, light) out of the beam. Little
electron motion is possible in the short direction of the molecule, so light is given a
preferential orientation. The light is passed if it is perpendicular to the long direction of

the molecules. This direction is called the transmission axis.

We can take two pieces of polaroid material to study polarization.

Transmission Axis
_ E,
= E,

Analyzer

Polarizer JCOSB

Unpolarized light is initially polarized by the first piece of polaroid called the polarizer.

The second piece of polaroid then receives the light. This piece is called the analyzer. If
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there is an angular difference in the orientation of the transmission axes of the polarizer
and analyzer, there will be a reduction of light through the system. We expect that if the
transmission axes are separated by 90 © no light will be seen. If they are separated by
0°, then there will be a maximum. It is not hard to believe that the intensity will be
given by

I = Iyax cos® (6) (34.1)

remembering that we must have a squared term because I oc E2.

Polarization by relection

If we look at light relected off of a desk or table through a piece of polaroid, we can
see that at some angles of orientation, the rel ection diminishes or even disappears!
Light is often polarized on rel ection. Let’s consider a beam of light made of just two
polarizations. We will define a plane of incidence. This plane is the plane of the paper
or computer screen. This plane is perpendicular to the relective or refractive surface in
the figure below.

Incident Beam Reflected Beam

Transmitted Beam

One of our polarizations is defined as parallel to this plane. This direction is represented
by orange (lighter grey in black and white) arrows in the figure. The other polarization
is perpendicular to the plane of incidence (the plane of the paper). This is represented
by the black dots in the figure. These dots are supposed to look like arrows coming out
of the paper.

When the light reaches the interface between n; and ns it drives the electrons in the
medium into SHM. The perpendicular polarization finds electrons that are free to move
in the perpendicular direction and re-radiate in that direction. Even for a dielectric, the
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electron orbitals change shape and oscillate with the incoming electromagnetic wave.

The parallel ray is also able to excite SHM, but a electromagnetic analysis tells us that
these little “antennas” will not radiate at an angle 90 ° from their excitation direction.
Think of little dipole radiators. We can plot the amplitude of the electric field as a func-

tion of direction around the antenna

Angular dependence of S for a dipole scatterer.
We see that along the antenna axis, the field amplitude is zero. This means that the
wave really does not go that direction. So in our case, the amount of polarization in the
parallel direction decreases with the angle between the rel ected and refracted rays until

at 90 © there is no rel ected ray in the parallel direction.

Reflected Beam
Has only the
perpendicular
polarization

n,

Incident Beam

n,

Transmitted Beam

The incidence angle that creates an angular difference between the refracted and
rel ected rays of 90 ° is called the Brewster’s angle after its discoverer. At this angle the

rel ected beam will be completely linearly polarized.
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We can predict this angle. Remember Snell’s law.
nysinf; = ng sin Oy
Let’s reliable the incidence angle 6, = 0. We take ny = 1 and no = n so

sin 9[,

sin 04
Now notice that for Brewster’s angle, we have

0, +90° 40, =180°
SO
05 =90° — 8,

so we have

- sin 91,

~ sin(90° — 6y)
ah, but we remember that sin (90 ° — ) = cos () so

o sin 91,
" cosb,
but again we remember that
sin 0
tan =
cosf
SO
n = tan 6y (34.2)

which we can solve for 60,,.
0, = tan™* (n)

This phenomena is why we wear polarizing sunglasses to reduce glare.

Birefringence

Glass is an amorphic solid—that is—it has no crystal structure to speak of. But some
minerals do have definite order. Sometimes the difference in the crystal structure
creates a difference in the speed of propagation of light in the crystal. This is not to hard
to believe. We said before that the reason light slows down in a substance is because

it encounters atoms which absorb and re-emit the light. If there are more atoms in one
direction than another in a crystal, it makes sense that there could be a different speed
in each direction.

Calcite crystals exhibit this phenomena. We can describe what happens by defining two
polarizations. One parallel to the plane of the figure below, and one perpendicular.
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Unpolarized Light e
N —I—l—I—I—
Y
e —
~

Calcite ~

With a careful setup, we can arrange things so the perpendicular ray is propagated just
as we would expect for glass. We call this the O-ray (for ordinary). The second ray is
polarized parallel to the incidence plane. It will have a different speed, and therefore a

~

different index of refraction. We call it the Extraordinary ray or E-ray.
~

AN Optic Axis
Y
. E-ray

If we were to put a light source in a calcite crystal, we would see the O-ray send out a
sphere of light as shown in the figure above. But the E-ray would send out an ellipse.
The speed for the E-ray depends on orientation. There is one direction where the

speeds are equal. This direction is called the optic axis of the crystal.
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If our light entering our calcite crystal is unpolarized, then we will have two images
leaving the other side that are slightly offset because the O-rays and E-rays both form

images.

Optical Stress Analysis

Some materials (notably plastics) become birefringent under stress. A plastic or other
stress birefringent material is molded in the form planned for a building or other object
(usually made to scale). The model is placed under a stress, and the system is placed
between to polaroids. When unstressed, no light is seen, but under stress, the model

changes the polarization state of the light, and bands of light are seen.
i 1 ) ) : i [ ]

Polarization due to scattering

It is important to understand that light is also polarized by scattering. It really takes a
bit of electromagnetic theory to describe this. So for a moment, lets just comment that
blue light is scattered more than red light. In fact, the relative intensity of scattered light

goes like 1/ A*. This has nothing to do with polarization, but it is nice to know.

Now suppose we have long pieces of wire in the air, say, a few microns long. The pieces
of wire would have electrons that could be driven into SHM when light hits them. If the
wires were all oriented in a common direction, we would expect light to be absorbed
if it was polarized in the long direction of the particles and not absorbed in a direction
perpendicular to the orientation of the particles. This is exactly what happens when

long ice particles in the atmosphere orient in the wind (think of the moment of inertia).
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We often get impressive halo’s around the sun due to scattering from ice particles.

Rain drops also have a preferential scattering direction because they are shaped like
oblate spheroids (not “rain drop shape” like we were told in grade school).

It is also true that small molecules will act like tiny antennas and will scatter light
preferentially in some directions and not in others. This is called Rayleigh scattering
and is very like small dipole antennas.

Optical Activity

Some substances will rotate the polarization of a beam of light. This is called being
optically active. The polarization state of the light exiting the material depends on the
length of the path through the material. Your calculator display works this way. An
electric field changes the optical activity of the liquid crystal. There are polarizers over
the liquid crystal, so sometimes light passes through the display and sometimes it is
black.

Laser polarization

One last comment. Lasers are usually polarized. This is because the laser light is
generated in a cavity created by two mirrors. The mirror is tipped so light approaches
it at the Brewster angle. Light with the right polarization (parallel to the plane of the
drawing) is rel ected back nearly completely, but light with the opposite polarization is
not re[ected at all. This reduces the usual loss in reection from a mirror, because in
one polarization the light must be re ected completely.

Mirror 1 ] ‘ - Mirror 2
Electrodes =
Brewster Window Brewster Window
s 3y Uy

Glass Tube

Light Out



468 Chapter 34 Polarization

Making alternating current

Question 220.35.1

A few lectures ago, we studied the generator. But we found that a basic generator, we

got a sinusoidal potential difference

AV (t) = AVjpax cos (wt) (34.3)
This sinusoidal potential will cause a sinusoidal current!
i (t) = Imax cos (wt) (34.4)

Note that this w is just like the w from our oscillating RLC circuit. It is an angular

frequency.
f=5 (34.5)

This alternating voltage is really not like a battery, so we need a new symbol for a
source of alternating potential. We use a circle with a squiggle in it

We also need a way to write a current or potential that varies. It is traditional to use
small letters to symbolize instantaneous values. We will do this, and we will explicitly
write The dependence on t. So

Av (t) = AViax cos (wt) (34.6)
is the instantaneous electric potential from our alternating potential source. We can plot
the current and the potential difference to compare them.

AV
= Avg(t)

Imax

Notice that they have different amplitudes, but they are in phase (remember that phase
tells us when they rise and fall, relative to each other).Thinking of Ohm’s law, we would
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expect the two curves to be proportional to each other. But we should be cautious. The
current and voltage both change in time. So we can’t just write

AV =1R
we need to specify which AV and which I since each constantly change. We will

investigate a solution to this problem in our next lecture.






35 Alternating Currents and
Potentials

Question 220.35.1

tion 220.35.2 . . . . .
Question We found in our last lecture that Ohm’s law might need some modification for circuits

Question 220.35.3 with alternating emfs. We will find a convenient way to solve this problem in this
lecture. We will also set the groundwork for dealing with more complicated circuit

elements that change the relative phase between the current and electric potential.

Fundamental Concepts

e We use rms values for the current and potential for alternating currents

e We use phasor diagrams to describe the relative between the current and electric
potential

Instantaneous current and potential

To introduce alternating potentials, let’s take a simple circuit as shown.

AV = AV ..cos( wt)

_(9_

R

Kirchhoff’s rule applies here (no mysterious B-fields). But now our currents and

potential differences are time dependent. So Kirchhof’s rules must apply for each
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Question 220.35.4

Question 220.35.5
Question 220.35.6

instant of time. Let’s review Kirchhoff’s rules. Recall that
AV:—}{E-ds:Lﬂ
dt

The loop rule says that if we add up all the changes in electric potential we get
(assuming the inductance, L, is small enought that we can ignore it)

fE-dszO (35.1)
And this is just
> AV &0
We find for our simple circuit that
Av (t) + Avg (t) =0 (35.2)

note that these are instantaneous values. We recall that for the em f
Av (t) = AViax cos (wt)
So, the magnitude of Avp, is also
Avp = AVipax cos (wt)
Now, using these instantaneous values, we can use Ohm’s law
Av(t)=1i(t)R
where 1 is the instantaneous current.
Avg (t)

i) = ==

= % cos (wt) (35.3)

we recognize AVy,.« /R as a current, the maximum current.

1 (t) = LInax cos (wt) (35.4)
This gives us an idea. If we use the maximum value for the potential and current, then
we can just use Ohm’s law.

AVipax = Imax R (35.5)

Now this does work, but we should realize that the current is not at it’s maximum value
for most of the time. We will want to choose a more representative value. Note that this
cannot be the average current, that is zero! We choose to take the average of the square
of the current and square root it. You may already know this process! It is taking the

rms of the current.

Let’s see how it works. If I take the average of a sine function I get zero because it

spends as much time below the axis as above

sin ()
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Question 220.35.8
Question 220.35.9
Question 220.35.10

Instantaneous current and potential 473

but the square of a sine function is always positive.

1T

y

X o

1+

AIVAN

1 2 3 4 5 6
X
1+
Then our average value of the current squared is
1p (35.6)

2 max
We said we would take the square root of the average of the square of the current. We
just convinced ourselves that the average of the square of the current is 1/2 its original
value because the average of the square of the sine function is 1/2. So all we have to do

now is take a square root.

1 1,
Irms = _12 === .
Vg laa = 5 (35.7)
We can do the same thing for the potential
A‘/HlaX
AVins = (35.8)

V2

and the rms current and potential difference will obey Ohm’s laws and all our former
equations.

Avtrms = LR (359)
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Power dissipated

For example, we used to say that

P =1I°R (35.10)
now that is not true for alternating currents, but we can say
Puve = IEmSR (3511)

Note that this makes sense. The resister does not care which direction the current [ows
(I is squared in the power equation), but it does care that there is less current than if we
had a steady [ow at I}, .

Phasor Addition
Question 220.35.11

Let’s return to our graph of the instantaneous current and potential. We can use
the connection we made in PH123 (or will make now) between circular motion and

oscillatory (sinusoidal) motion. Let’s take a generic set of variables, x and y. Then

tanf = = (35.12)
y
xr
cosf = 7 (35.13)
sinf = % (35.14)

Let’s relate these trig functions to their projections onto the axis



Question 220.35.12

Question 220.35.13

Question 220.35.14
Question 220.35.15
Question 220.35.16
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The projection of circular motion onto the x-axis gives simple harmonic motion.
Look at the projection x of the point P on the z axis. Lets follow this projection as P
travels around the circle. We find it ranges from —z,,x t0 Zax. If we watch closely
we how z (t) varies as a function of time, we find that it’s rate of change with respect to
time is zero at the extreme points and is a maximum in the middle. This projection is
given as the cosine of the vector from the origin to P.

Z (t) = Tmax cos (35.15)
This model, indeed fits our description of our instantaneous potential if we have 0 = wt

as the time dependence of 6.

A phasor is a representation of our time varying quantity as a vector projection on
an axis (the y-axis in this case) of a vector that rotates around the axis with angular

velocity equal to the angular frequency.

AV,

max

ot = AV
AVg

As the large vector of length AV, rotates, the projection moves from it’s maximum

at wt = Orad and is zero at wt = + 7/2.



476 Chapter 35 Alternating Currents and Potentials

We can draw a similar phasor diagram for the current
t

Irnax

oIt N

If we share y-axes, we will note that the two phasors (Awv, and ¢ phasors) rotate together.

they are in phase.

max

Avmax

L ot

AV, i

Question 220.35.16 Note that the magnitudes are not the same, and there is no reason we would expect them
to be. They are different quantities.

AVmax |

Imax

But we see that the phasors traveling together means that the voltage and the current

rise and fall at the same time. This is what being in phase means.



Phasor Addition 477

Of course, all this assumed that
E-ds=0

but what if the inductance is not small enough that we can ignore it?

dI
E.ds = 1%
f{ S dt

We will find that if we have a circuit element that slows the current, the potential and

current may be out of phase. We will take this problem up next lecture.






36 AC circuits with Capacitors
and Resistors

Fundamental Concepts

e In AC RC circuits, the capacitor voltage lags the current with a phase difference of
/2

e Reactance is like resistance in AC circuits

e The capacitive reactance is given by X¢ = —=

AC Circuits and Capacitors

AV = AV ,.cos( mt)

(~)-
N\

Now let’s consider what an AC circuit will do to a capacitor. Recall that a capacitor
will, after a time, stop a direct current. Recall that the reason for this is that as charge
builds up on the capacitor, new charges coming to the capacitor are repelled by the
charges already on the capacitor plates. The charges on the plates form an electric

field in the capacitor, so there is an electric potential across the plates in the capacitor.
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This electric potential grows with more charge (think of our water tank analogy). The
building potential difference across the capacitor opposes the [ow of more charge to

the capacitor. Eventually the current just stops.

But now we have a potential due to our alternating emf that changes. Charge starts

to build on the capacitor, but then the emf potential switches. This makes charge
rush away from the capacitor. Again the potential switches at the emf. So again the
charge rushes to the capacitor. Current [bws through the whole circuit and never stops
because we keep switching the direction of the emf. Notice how different this is from a
battery-capacitor circuit. Eventually the current stops for the battery circuit. But for our

alternating emf, we really don’t stop an alternating current with a capacitor!

But the building and unbuilding of a potential difference in the capacitor does slow the
current some. If we plot the capacitor potential, v (t) and current, i () , we get a graph
that looks like this

AV \
Tmax \

-1

max Tttt

Let’s analyze this graph starting when the potential across the capacitor is maximum.

The capacitor is fully charged. So at this split instant of time no current will [ow.

AV e = AV

~)
N\

™ /N Avelt)

||
11
&1

ry

*+

But then the source emf voltage starts to decrease. So charge will [ow from the higher

capacitor potential back to the emf source because the source now has a lower potential.
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In the graph you see that as we move from ¢ = 0 the capacitor voltage decreases and

the current increases, but it increases negatively.

AV s < Ave

1

(~)
9

The charge is going toward the emf source.

At some point the capacitor is completely drained. So it has a potential of zero volts.

AV
T [ ]

Wwe=0
| =
| |
C

But by now the source emf has totally reversed direction and is increasing in magnitude.
So charge will rush from the higher potential in the emf source to the capacitor.

AV gy > AVg

And we will fill the capacitor the opposite way we had it before. Where the negative
charge was, we will fill with positive charge and vice versa. At some point, the
capacitor will be full again
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AVigmt = AV

~)
O

Av
N
i

C

s ]

and the current will stop for an instant. This is when the capacitor potential is once
again equal to the source emf. But at this point the source emf again loses potential and
current begins to [ow, but this time the other direction.

AVt < A

—

' —

This process just keeps repeating itself.

Note that really what we are seeing is normal behavior for an RC' circuit. It takes time
for a capacitor to charge or discharge in an RC circuit. And that is what is happening
here. Let’s apply our equations for the alternating potential for this situation. The
capacitor instantaneous potential will be

Av, (t) = AVipax cos wt (36.1)
and we know from our study of capacitors
q=CAvc (36.2)
so
q(t) = CAVipax coswt (36.3)
Of course we take a derivative to find the current
i(t) = d(il—fft) = —C' AVpaxw sin wt (36.4)
It is traditional to rewrite this as
i1(t) = —wCAViaxcos (wt + g) (36.5)
N P (wt + g) (36.6)

If you have taken PH123 you immediately notice that the current, and the potential
difference across the capacitor are out of phase. Remember that this means that they
are both cosine functions, but one starts later than the other. Since the shift is a positive
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+/2, the current is shifted to the left, and that means that current is the one that starts

earlier.

And that is just what our analysis of the circuit has found. The cosine function for the
current seems to start earlier than the cosine function for potential (it is already a quar-
ter of a cycle ahead when our graph starts!). If these two cosine functions were angular
measures, they would have a phase difference of 90 °. So we say that they are 90 ° out
of phase. We can use our idea of phasors to draw this situation.

t

max

AVl'l'la)(
. ot

AV, |

The voltage across a capacitor always lags the current by 90 © for AC currents.

Since the capacitor is slowing the current, we can say that it acts much like a resister
for alternating currents. In fact, let’s consider how the capacitor slows the current. First,
we can guess that as the capacitance gets larger it takes longer to fill the capacitor, so
there is less charge build up for a given cycle, and therefore less potential difference in
the capacitor. It is the potential difference that slows down or impedes the current, so
we can see that our new resistance-like-effect should be inversely proportional to the
capacitance. Let’s give this new resistance to alternating current the symbol X, so we

can write
Xo x = 36.7
C C ( )

We can also reason that the faster the potential swaps happen at the source, the less the
charge build-up will happen on the capacitor, so there will be less potential to slow
the current. Then the resistance like property of the capacitor should be inversely

proportional to the frequency of the alternating voltage source
1
Xo x 7 (36.8)
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We usually combine these two effects into one equation for X
1 1

T 2nfC wC
The name given to this resistance like quantity, X, is the capacitive reactance.

Xc (36.9)

The wonderful thing about this new quantity is that it obeys Ohm’s law like a
resistance!

AVe rms = Irms Xc (36.10)
well, OK we had to use the rms value of AV and I, but that is what our voltmeters and

ammeters read for AC currents! so it is great that it works out so simply!

Rectifiers and Filters

Alternating
Current Source

We mentioned in class that you would not want to plug your iPad into the “dirty”
current provided by a standard generator. Our generator design in the book is even

worse. Remember we had alternating current like this

i (t) = Imax sin (wt) (36.11)

NAN
YRYAY
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but our iPad can’t handle alternating current, so we need to remove the negative current.
We can do this with a diode (a device that has a high resistance when current [ bws one
way, and a low resistance when current [ ows the other way). Then our current would

look something like this

Circuil Elements Impedance (Z) Phase Angle (v)
W~ R 0
—— X 3
o0 XL
“MWh—— \:.‘1'-' +x° F<h<o
A0 frrex

A
— Negative # X, » X,
AAA000— — \u-"'" # (X5 =X5) Posithve ), <X,

Usually for our iPad we have a transformer involved, so we place the diode on the iPad
side of the transformer.

Our iPad is not happy though. Half the time it is getting no current at all! So we add in

a resister and a capacitor as shown in the next figure
| o
: T
AVin R AVc)ut
i

O

Now we know what happens when we plug this in. The capacitor charges when

the current starts to Low. But the current from the transformer and diode will reach

a peak and start to fall off. When this happens, the capacitive circuit will start to
discharge, making the current drop much more slowly that it did on the wall side of the
transformer. We get something like thiswhere the heavy (green) curve is the resulting

current.

This current is much better, but still not great for audio systems. You would hear an
annoying hum on top of your beautiful Mormon Tabernacle Choir music. A good audio
system will have additional filter circuits to remove the “ripple” in the current that
remains from our power plug. But we have described what is usually in the little box
that you plug into the wall to power your electronics. The additional filtering is often in
the device.
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Figure 36.9.

We have learned that the capacitive reactance depends on the frequency of the
oscillation. If the frequency was very small, we would still get to zero current in
between current peaks. If the frequency is very large, then there would be barely any
time for decay, so the ripple would be small. This implies that we can change the filter
effect on AC if we change the frequency. Alternately, we can leave the frequency

at 60 Hz and change the capacitor to get different response. We can pick out which
frequencies are left in the ripple.

Take for example this circuit

— AT

R 1

@ Avp, CT=  Avy

We would expect current to [ow in the circuit, and the resistance, R, will slow that
[ow. The capacitor will also slow this [ow because it has a capacitive reactance. The
combined effect would be a little like having two resisters in series, but where one

resister’s resistance depends on the frequency of the alternating current.

Recall that if we have two resistances in series each has a voltage drop of IR
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The two resister voltage drops must equal the source voltage
AVigr = IR + IRy
and we can see that if we lower the resistance of R; then the voltage across Rs will be

larger.

Since X = 1/ (wC) the reactance goes down as the frequency increases. So as
we measure the voltage across the capacitor, it is like the resistance is lower for the
capacitor at higher frequencies. The voltage across the capacitor is

AVe.=IcXe
so as X¢ goes down, so does the voltage. We have a higher voltage for lower
frequencies and a lower voltage for higher frequencies.

We can plot the voltage that leaves the circuit divided by the voltage that we input into
the circuit as a function of the frequency of the input AC. We see that low frequencies
get through the circuit just fine, but large frequencies don’t get through.

AVOLITI AVin

: T I—_

logleo)

The capacitive circuit is not able to discharge and charge fast enough to keep up.

Here is another circuit

@ Avig R a\"Iciut

o

Note that we have switched the capacitor and resistor positions. It is still like a series
circuit with a reactance and a resistance. But now the reactance comes first and we are
measuring the voltage across the resistor. As the frequency increases, X decreases, so
AV will get larger.
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Avoul Avi,

log(em)

Since we are measuring AVR as our output, then we get a larger voltage for higher
frequencies. Thus, the circuit passes all the high frequencies (like those high notes from

the sisters in the MoTab) but removes low frequencies (like our 60 Hz hum).

Filter design can be very complicated. Notch filters pass a narrow band of frequencies.
Electrical engineers usually have course work in filter design. Now days filtering is
often done digitally by transforming the signal into the Fourier domain, removing
unwanted frequencies, and inverse transforming back to the signal domain. This is
great when you can, but if you want to remove the annoying interference from the local
business’s radio signals, a good hardware filter on your TV input is a wonderful thing.

This is something to think about as you design experiments. What electronic noise
may exist. What filter is built into your test equipment. You may want to add a filter to
eliminate the noise. Conversely, you may find that your equipment’s filter has removed

the signal you wanted!



37 Inductive AC Circuits, and
the LRC AC circuit

So far we have allowed resistors and capacitors in our AC circuits. It is time to include

inductors.

Fundamental Concepts

e The inductive reactance X7 = 2w fL = wL

AC Circuits and Inductors
Question 220.37.1

AV = AV ,,c08( wt)

o

@

When we learned about inductors a few lectures ago, we found that we can pretend that

there is an emf induced in the inductor

Al
EL=-L%; (37.1)

really there is an amount of energy tied up in making the magnetic field in the inductor.

But in this lecture, we will treat this just as though it were a normal voltage.
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Question 220.37.2

We do need to rewrite this to match our AC notation

TN
Avy, (t) =—L AL

(37.2)

to show time dependence. And we can use Kirchhoff’s rules to find the current and
voltage as a function of time. Because of the inductor, this is a little more difficult than
the purely conductive circuit. But in going around the loop we still have

Av (t)+ Avg (t) =0

and we can write out Avy, (¢) so that

di(t
Av (t) — L% =0 (37.3)
Using our equation for Av (¢) , we see that
di (t
AViax cos (wt) = L Zd(t ) (37.4)
this tells us that AV
——= cos (wt) dt = di (t) (37.5)
and of course we can integrate both sides of the equation
t AV I
/ ——= cos (wt) dt = / di (37.6)
o L 0
The right hand side is just /. So that
A max t A max
I= VT/O cos (wt) dt = :)/—L sin wt (37.7)

Again we will write this in terms of the cosine function so we can compare our

inductive circuit current to the resistive and capacitive circuit currents.
AV, s
I = —2E cos (wt — —) 37.8
wL 2 ( )

Note again that the current has a phase constant, this time —m /2.

We should also remember that the induced emf will oppose the current, so it slows
down the current (it is a back emf). We immediately think of our capacitive reactance
and wonder if we can define an inductive reactance! And indeed we can

X =2rfL =wlL (37.9)
Let’s see if it makes sense. We expect the back emf to increase as L increases. This
is like placing a small battery in the circuit backwards. It will slow the current. The
back emf increases with L, so having the resistance-like property increase with L
makes sense. Since the back emf goes like —L% we expect that the faster the current
changes, the more resistance-like behavior we will get, so our reactance should increase
with frequency. So this equation makes sense. Now we can write an AC' version of
Ohm’s law for inductors

AVL rms = Irms X1 (37.10)
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and we can immediately see that
Avy, = Lpax X1, coswt (37.11)
which shows us the phase relationship between ¢ (¢) and Avy, (t) . The phase difference

of —7 /2 says that the current will now lag the voltage.
t

AV,

max
ot

AV, I

max

we can plot both i (¢) and Awvy, (¢) as a function of time.

AV
max | Av, ()

/i(t)

lmax

To see why the current and potential are out of phase, consider point right at ¢ = 0. The
potential of the inductor is largest when the change in I is largest. When the change is

zero, we expect the potential to be zero.

For an inductor, the current lags the potential by 90 ° for AC' currents

Question 220.37.3

RLC Series circuits
Question 220.37.4

tion 220.37.5 . . . L
Question Of course, we can have both capacitors and inductors in our circuits.
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AV = AV ,,.cos( wt)

(~)
Y

Avg Avg Av,
| |
| |

R c L

It is tempting to treat all these circuit elements as reactances, and just use our normal
circuit theory to find the current or potential drops. We can almost do this. If they were
all resisters we would just add the resistances

Reg =R+ Ro+ R3
but resisters do not alter the phase relationship between AV and I. Capacitors and
inductors do. So our alternating voltage drops won’t all be low or high at the same time.
So we need a clever trick to find the total reactance. This is where the idea of a phasor
becomes useful. We can use our knowledge of vector addition, and treat the potential

drops like vectors!

Let’s start with ¢ (¢) and Awv (¢) as a function of time.
Av(t) = AVpaxcos (wt)
i(t) = Imaxcos(wt+ o)
where ¢ is the phase constant. So far ¢ has been + /2 or 0 depending on which circuit

element we have.

Let’s draw a phasor diagram for 4 (¢) and Avg (1)

AVR

!
‘max
.ot

The ¢ for a resister is zero. For a capacitor it is +90 °. That is, the current leads the
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voltage. We already know where the current is on our phasor diagram, It has to be in
the same place for the whole circuit because we have a series circuit. Therefore, the
current must be in the same spot on the phasor diagram for the capacitor as it is for the
resistor. So now we need to draw the voltage 90 © behind the current for the capacitor.
It looks like this.

AV

max
. ot

AV, i

For our inductor, ¢ = —90 °. The current must still be in the same place on the diagram.
But this time the potential will be 90 © ahead of the current. The phasor diagram looks
like this:

il ol

W, i
AV,

If we put all the phasors on the same diagram we get the following figure.
AVg t

ma AVg
ot

Av, i
AV,

and this is for a particular wt. At some later time the figure would look like this
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t

AVe
AVa

oty

max X
AV, i

AV,

and at a still later time it would look like this
t

AV,

., ol

AV, i

AV,

AVx

All the phasors circle at a rate w together. Let’s look at our phasor diagram at a

particular time, ¢ = 0 Then our figure would look like this
t

AV,

at=0

AVgp AV

From this view, we can see how we might find the total reactance of the circuit. The
phasors look just like vectors. We can find a resultant vector that would represent what
you would get by adding all the potential phasors together as though they were vectors.

We know that to add vectors we take components. In the y-direction we would get

Avy (1) = Avp — Ave
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and in the z-direction we would have only
Avx =Av R
Then the magnitude of the potential would be

AUmax = 1/A0Z 4+ Avg

= \/Avlz2 + (Av — Avg)?

The direction (in the phasor diagram) is given by

A
Y = tan™! (A—Zz>

~ tan-! Avp, — Ave
AUR

AV,

wt=0
AV,

max

3L 4

- A AV

AVg

}

AV

(37.12)

(37.13)

Note that in the figure we have Av called Awvy,,, . This is the length of our resultant

phasor. Of course as the phasors rotate, the actual potential difference for the circuit

will be
Av (t) = Avmax . sin (wt + 1)

AV,

Irnax '—\VR Av, i
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so at some later time, ¢, the potential drop could be less.
t

AVe

AV,

AV, i

We would still like to use Ohm’s law for LRC circuits. We would need to give a symbol
for the resistance like quantity due to the inductor, resistor, and capacitor. Let’s use Z.
Then Ohm’s law would look like

AViax = ImaxZ (37.14)
where this 7 is like the total resistance. We can do this by taking the magnitude of the

resulting vector

AVpax = \/Av%{ + (Avg, — Avc)2 (37.15)
and using it in Ohm’s law
Lo = \J A0, + (Avg, — Ave)? (37.16)

We know that the same current must "ow through the entire series circuit. So we can
write this as

ImaxZ = \/(ImaxR)2 + (ImaxXL - ImaxXC)2
TaxZ = \/I&lax ((R)2 + (XL — Xc)2>
ImaxZ = Imax\/((R>2 + (XL - XC)2>

2= \(R)? + (X1 - Xo)?
so we can “add” all the reactances together! It is just a little bit harder than adding

numbers! Since this is the magnitude of the combined reactance we should also worry
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about a phase.

Avp — A
W = tan~! (”LTR”C> (37.17)
= tan~! (ImaXX; — gnaXXC) (37.18)
= tan! (%) (37.19)

and we see that the phase is just the same as the phase of the potential.

We call this combined reactance the impedance, because it impedes or opposes the AC
current. Now suppose we don’t have all three types of circuit elements, can we describe
an impedance? Sure! The following figure gives the circuit elements present in a series
circuit, their impedance, and the phase.

Circuit Elements Impedance (Z) Phase Angle (y)
WA~ R 0
_{ }_ Xc ‘%
~0~ XL 3
MN—— Jre+x? ~g<vo
AN~ R? + X, 0<yp<z

. . Negative if Xc > X,
VA _H_ RZ 4+ (X,* = Xc%) Positive if Xc < X,

Resonance and LRC circuits again

Remember that when a driven harmonic oscillator was driven at the natural frequency
we had resonance. Let’s look at the current of our RLC circuit. It has an equation very

like a harmonic oscillator. The current is given by

A‘/rms
Irms = 37.20
p (37.20)
or AV
Lms = rms (37.21)

\/(R)2 + (XL - Xo)®
When X = X this will be a maximum. This is a form of resonance. Starting with
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X1 = X, we can find the frequency that will be the resonant frequency.
X, = Xc¢
1
2rfL = ——
wf 2 fC

then
1

A2 LC

1
b= Ve
S (37.22)

21V LC

Why do we care? This is a tuning circuit used in radios! We can include a variable

or

capacitor or a variable inductor in the circuit, and make it resonate with a desired
frequency. Usually a variable capacitor is used. So when you turn the dial on your radio
to adjust the frequency, you are changing the capacitance of a variable capacitor!

first we write the current as

Lims = (37.23)

= (37.24)

(37.25)

and remember that

= 3 . 6
Wo —/—C (37.26)
is the natural frequency of oscillation for a RLC circuit. so

A ™ms
= Vi (37.27)

I’f‘mS -
JEP+ B @)

w2

Let’s plot this for a few values
L=50x10"%H
C=20x10"°F
AVipns =5 x 1073V
w, =1x 107224

5x 1073

I?"ms
—6\2
\/(R)2 + —(5“52 2 (oﬂ —(1x 107)2)

2
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[_rms(x10"-3) | .

1.0T

0.0 —t——t——1—
9.0 9.5 10.0 10 1.0
W(x10°6)

I have included plots for three different resistances, R = 10€2, 52, and 2.5 ).

Power in an AC Circuit

Ideal capacitors and inductors store energy, but don’t loose or dissipate it. So they do
not have a power output. Real capacitors and inductors will have some resistance in
their parts. But for now we will assume this is small.

To find the average power loss in our LRC circuit, we will take

Pave = 12, R (37.28)
which is great because we can measure I, directly from our AC' ammeter. Remember
we also had a DC' power equation that had potential drop in it. We got it by using

Ohm’s law
A‘/Rﬂ‘ms = LrmsR
o AV,
o R,rms
= AIrms
then
AVgy
ave 12 5 37.29
P rms Al ( )
— L AVg (37.30)

We will write this equation in a funny way.

AV
i AV, - AV

AV
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In our diagram, we see that AVp is just the x—component of AV,,,.,. This is true for

our rms voltage as well (same triangle) so we can write
AVg, = AV.psco8 (37.31)
then

Pave = LrmsAVa, . cost) (37.32)

if you work with AC' circuits you might find cos ¢ called the power factor.

Note that I did not define the instantaneous power. We can certainly do that
Pinst = 1AV = Lpax cos (wt — 1) AVipax coswt (37.33)
= ImaxAViax cos (wt — 1) cos wt
which is messy. With a trig identity,
cos (wt — 1) = coswt cos Y + sin wt sin 9
we can show that this is

Pinst = ImaxAViax (coswt cos 1 + sin wt sin ) cos wt

Pinst = InaxAVinax COS° (wt) cos Y — Iax AVinax sin wt cos wit sin v
But we often are not able to view this because it changes so rapidly. Our meters usually
only take a time average.

P= / @naxAVinayx cos? (wt) cos pdt — / Tinax AVinax sin wt cos wt sin 1)dt
many T

many T
P = %ImaXAVmaX cosy — 0
or just
P = %ImaXAV;naX cos ) + 0 (37.34)
This is what a power meter would see.
[ Question 33.13 ||

Power for an LRC circuit

Now that we know about power in AC circuits, let’s look at the power in an LRC circuit
as a function of w. We just found that
Pave = IR (37.35)
AV?2 R

(B + & (2 — w2)?

It is convenient to rewrite this as

P AV?  Rw?

W2R? + L2 (w? — w?)’
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If we plot the same values for the components in our LRC circuit,

L=50x10"%H
C=20x10"°F
AVyms =5 x 1073V
wo =1 x 107124

we find that the power looks like this

Puve =

(5% 1073 V) Rw?

2
W2R? + (5.0 x 1070 H)? (w2 — (1 x 107224)%)

P ave (x10°-6 W) ']

W(x1076 rad/s}’

Note that the width of the power curve changes as a function of the resistance. The

“sharpness” of the curve is described by the quality factor

Wo

Aw

Q= (37.36)

This is often just called the “Q” of the curve. The Aw is measured at the half power

points. We can find them

so we find w when

Ppeak o %A‘/;‘Qmsm?)
2 T Rt Lwl-wl)
A 2
- % (37.37)
AV AVZR .
2R W2R? 4+ 2 (w? — wg)2 '
1 w?
2R T 2R2 4 L2 (02 — w2) G739
1
SRz (w2R2 + 17 (w2 — wg)2> = w? (37.40)
1 1
VR + = (W —w?)® = o (37.41)
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There are four solutions,

w2 L2 4 2 2 4 2
o + 2 (w — 2wiw, + wo) =w (37.42)
w? L? 4 2 2 4
5 o (W -2l w;) =0 (37.43)
I (W — 2022 +wl) =0 (37.44)
R2 o o :
L2 L2 L2
—w? 4 ﬁwél _ Qﬁwzwi + ﬁwi -0 (37.45)
L2 L2 L2
Lt (2 Loty 1) + Zud =0 (37.46)
1
— e _ 2,42 2 .
w1 — (R VA2 + R ) (37.47)
1
= o (R-VIZ ) 4
ws T (R WZ+ R (37.48)
1
w3 = —ﬁ (R + AV4 4L2w§ + R2> (3749)
1
wi = o= (R+VADZ T I2) (37.50)

We can see where these lie on our graph of P,

Wi

w2

w3

Wyq

(109 — /450 x 10-6H)? (1 x 107224)* 4 (109)2>
B 2 (50 x 10-6 H)

(1OQ - \/4(50 x 10-6H)? (1 x 107224)* 4 (10 9)2)
2(50 x 10-6 H)

(109 + \/4 (50 x 10-6 H)? (1 x 107124)? 4 (109)2>

- - —10100500(1)7%%

2 (50 x 106 H)

— 9900499. 95153831)

— —9900499. 9Q§3§2>

(109 + \/4(50 x 10-6 H)? (1 x 107224)* 4 (10 9)2)
2 (50 x 10-6 H)

— 10100500. 0%91.54)

Two of which are negative, so we will ignore them. The other two are centered around
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wo =1X 107%dl as we would expect. If we find the difference between the two

Aw = wqg—w; (37.55)

1 1
_ 2,42 2\ _ _ _ 2,42 2 .
T (R+\/4L wo—l—R) ( (R VAL wO+R))(3756)
1
= —R-_— 22+ 2 — (——R_ — 2,2 + R2 \(37.
2LR T VAL R ( R 2L«/4L wO+R)(3757)
= —R——\/ L2w2+R2+—R+%«/4L2w3+R2 (37.58)

R

- = (37.59)

Now let’s remember why we started this long mathematical mess. We wanted to know
the “Q-factor” for our LRC power curve. Since

@= Aw

then I
Wo

©="g

For a radio, we want to adjust the resistance to be high and the inductance to be low
enough that only one radio station frequency can be heard at a time. Because of this,
the LRC circuit in a radio tuner is usually tuned by changing the capacitance.

Retrospective

We have thought about many things in this class. It has been a class about science.

It has not been a class where we have tried to discover new science, or practiced the
scientific method. This is on purpose, this being an engineering class designed to teach
the principles of physics for use in designing machines.

But we should pause to think, just for a moment, about the philosophy of science.
Is everything in these lectures true? We did not perform experiments to show every
principle we learned. So does it all work?

The answer is—maybe. Experiments have been done to show that the equations we
have learned work at least sometimes. But science is an inductive process. We can’t
prove anything true with science. We can only prove things false. So what we have
studied is what has not been proven false, yet. Of course, even then, we have taken
approximations from time to time, but we pointed these out along the way. You will
know when the approximations will fail, because we talked about their valid ranges.

It is important to remember that we are not done discovering new things, and proving
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old things false. The laws of Newton are approximations that work at low speeds.
Relativity provides mechanical equations for very high speeds (e.g. the satellite motion
involved in the GPS system). But is Relativity correct? We think it works pretty well,
but really we don’t know. We may never know for sure. But we know it works within
the range of things we have tried.

There are physicists today that are working on a fundamentally new model of the
universe. It is called “String Theory” and it would replace most of our thoughts about
how matter is made and how it interacts. The equations would reduce to the ones we
used in class for the conditions we considered. That is because the new equations have
to match the results of the experiments that we have already done or they can’t be
correct. But the explanations might be very different.

Often, it is in using physics to build something that we learn about the limitations
of physical theory. You may be part of that process. It is a happy process because
extending our understanding allows us to build new things. But don’t be surprised if
some of the things we learned in this class are different by the time your children take

their engineering physics course. That is what we should expect of an inductive process.

It is also important to note that revealed truth is not an inductive process. It is still not
static (see article of faith 9), but it can prove something true as well as prove things
false. I hope your FDSCI 101 experience gave you some insight into doing science as

well as learning about science.

Some members view science and revelation as in opposition. But I think they are
complementary. The scientific process allows us to eliminate things that are not true,
allowing us to follow D&C 9:8 in preparation for seeking revelation. During a recent
convocation speech, Elder Scott described using this process as a nuclear engineer
during his engineering career . We can use this combination in our personal lives as
well. I hope you will consider this in your careers and lives.

I have tried to give at least equal time to conceptual understanding and mathematical
solving. I hope you review and refresh the conceptual understanding of the physics of
what you build. Most of my industrial career, we built what we designed very well.
We always did our calculations well. But we did, at times, build the wrong thing
because the conceptual basis of the design was wrong. Such mistakes are difficult to
fix. Conceptual understanding is a guiding principle for a successful design career. 1

hope this class has contributed to that conceptual understanding.



Summary of Right Hand
Rules

PH121 or Dynamics Right Hand Rules

We had two right hand rules on PH121 We didn’t give them numbers back then, so we
will do that now.

Right hand rule #0:

We found that angular velocity had a direction that was given by imagining you grab
the axis of rotation with your right hand so that your fingers seem to curl the same way
the object is rotating. Then your thumb gives the direction of &

You curl the fingers of your right hand (sorry left handed people, you have to use your
right hand for this) in the direction of rotation. Then your thumb points in the direction

of the vector.

Right hand rule #0.5:

To find the direction of torque, we used the following procedure



1. Put your fingers of your right hand in the direction of ¥

F

2. Curl them toward F

F

3. The direction of your thumb is the torque direction

T

F

4. The angle 0 is the angle between T and F



The magnitude of the torque is

T=1rFsin0

PH223 Right Hand Rules

We have four more right hand rules this semester having to do with charges and fields.

Right hand rule #1:

From this rule we get the direction of the force on a moving charged particle as it

travels thorough a magnetic field.

This rule is very like torque. We start with our hand pointing in the direction of v. Curl
your fingers in the direction of B. And your thumb will point in the direction of the
force. The magnitude of the force is given by

F =quBsinf (37.60)




Right hand rule #2:

From this rule we get the direction of the force on current carrying wire that is in a
magnetic field.

This rule is very like right hand rule #1 above. We start with our hand pointing in the
direction of I. Curl your fingers in the direction of B. And your thumb will point in the

direction of the force. The magnitude of the force is given by
F=1LBsinf (37.61)

Right hand rule #3:

From this rule we get the direction of the magnetic field that surrounds a long

current carrying wire.

This rule is quite different. It is reminiscent of the rule for angular velocity, but there
are some major differences as well. The field is a magnitude and a direction at every
point in space. We can envision drawing surfaces of constant field strength. They will
form concentric circles (really cylinders) centered on the wire. At any one point on the
circle the field direction will be along a tangent to the circle. The direction of the vector
is given by imaging you grab the wire with your right hand (don’t really do it). Grab
such that your right thumb is in the direction of the current. Your fingers will naturally
curl in the direction of the field.

T

A

Right Hand Rule #4:

From this rule we get the direction of the induced current when a loop is in a



changing magnetic field.

This rule is only used when we have a loop with a changing external magnetic field.
The rule gives the direction of the induced current. The induced magnetic field will
oppose the change in the external field, trying to prevent a change in the [ux. The
current direction is found by imagining we stick our right hand into the loop in the
direction of the induced field. Keeping our hand inside the loop we grab a side of the

loop. The current goes in the direction indicated by our thumb.
z

e
e
sr

In the figure above, the external field is upward but decreasing. So the induced field is

upward. The current [ows because there is an induced em f given by
Ad
E = —-N—
At
- _N (BQAQ COS 92 — BlA1 COS 91)

At







Integral Table

Some Helpful Integrals

rdr _ 3 5
Vitae VT

dx _ +x
/(II,‘Q:l:aQ)% Vit a?

xdx _ -1
/(302 iaQ)% Vit ta?

dz

T

In
dx _ 1

x? x
2T T
/ / sin 0dfd¢ = 4w
0o Jo
27 T R 4
/ / / r2drsin 0d0d¢ = —wR3
o Jo Jo 3
27 R
/ / rdrdg = mR>
o Jo






Table of Physical Constants

Charge and mass of elementary particles

Proton Mass m, = 1.6726231 x 10~ ?" kg
Neutron Mass my, = 1.6749286 x 102" kg
Electron Mass | m, = 9.1093897 x 10~3! kg
Electron Charge | q. = —1.60217733 x 10~ C
Proton Charge | g, = 1.60217733 x 1019 C

a-particle mass® | m,, = 6.64465675(29) x 10~2" kg
a-particle charge | g, = 2¢.

Fundamental constants

Permitivity of free space €, = 8.854187817 x 10_12NL:12
Permiability of free space | u, = 4 x 107712

Colomb Constant K = =— =8.98755 x 10°Nm*C™*
Gravitational Constant G =6.67259 x 107" m3 kg 52
Speed of light c=2.99792458 x 10° ms~1
Avagadro’s Number 6.0221367 x 1023 mol "
Fundamental unit of charge | ¢ = 1.60217733 x 10~'9C

Astronomical numbers

Mass of the Earth?’ 5.9726 x 10** kg
Mass of the Moon”® 0.07342 x 10** kg
Earth-Moon distance (mean)® | 384400 km

Mass of the Sun** 1,988,500 x 10** kg
Earth-Sun distance” 149.6 x 10% kg

Condetivity and resistivity of various metals

26
27
28
29
30
31

http://physics.nist.gov/cgi-bin/cuu/Value?mal
http://nssdc.gsfc.nasa.gov/planetary/factsheet/earthfact.html
http://nssdc.gsfc.nasa.gov/planetary/factsheet/moonfact.html
http://solarsystem.nasa.gov/planets/profile.cfm?Display=Facts&Object=Moon
http://nssdc.gsfc.nasa.gov/planetary/factsheet/sunfact.html
http://nssdc.gsfc.nasa.gov/planetary/factsheet/index.html



. Conductivity Resistivit Temp. Coeff.
Material (971 m_l) (Qm)}’ (Kfl)
Aluminum 3.5 x 107 28 x 1078 3.9x 103
Copper 6.0 x 107 1.7x10°8 3.9 %1072
Gold 4.1 x 107 24x10°% 3.4x 1073
Tron 1.0 x 107 9.7 %1078 5.0 x 1073
Silver 6.2 x 107 1.6 x10°® 3.8 x 1073
Tungsten 1.8 x 107 5.6 x 10°° 45 %1073
Nichrome 6.7 x 10° 1.5 x 107° 0.4 x 103
Carbon 2.9 x 107 35x10° | —0.5x1073




